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In this note I wish to present a simple development of the 
principal properties of the function T(z), based on the elements 
of the theory of functions of a complex variable. 

1. Let e(z) denote the function 


(1) as 42x (— r< arg x « +r), 


where that determination of ¢(z) is chosen which is real and 
positive when the complex variable z is real and positive. The 
function T(z) is defined to be 








iz lim ET gpa ee tat 
(n.= 0,1, 2,---; 2 +0, —1, — 2, ---).* 


It is necessary to establish first that the limit of the sequence 
exists. Denote. the (n + 1)th term of the sequence by 
?n(x). It is clear that none of these terms vanish, and that 
the question of convergence of the sequence is essentially the 
same as of the series 


(3) log polz) + log [pi()/po(z;, . 'og [p:(x)/p1(x)] + +++, 


where the principal logarithms are taken. 
We have at once the relation 


(4) quz) _ gatntD , 
m) (e+ nm)e(- n) 
* A similar formula has been obtained by Enneper, Dissertation, Göttin- 


gen A p. 10. 
*X IR 
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P 


Let us therefore consider the function logle(z + 1)/ze(2)], 


. Since from it may be obtained the (n + 1)th term of (3) by 


replacing x by z+ n. A substitution of the known value 
of (x) gives us at once 


tog SET = (2 +5) log (1 +2) — ] 


ve(z) : 
Load ud pd 
ar rer: 


the last member being the expansion of the function in powers 
of Le in the vicinity of z = ©. This expansion converges 
for |z| 1 since the function has no singularity save two 
branch points of infinite order at 0 and — 1; the expansion in 


. series will converge uniformly for |x| 2 d > 1, and the func- 


tion it represents may be written M (z)/z?, where M (a) remains 
finite and analytic for | z | Z d. That is, we have 


e@+1) Me) 


zolz) æ 


log (MG SK if |e] 24). 


The series (3) may now be written 


. M 1) M 
G) log ote) +4 EQ Sa 





Suppose first that z lies in the right half-plane and also that 
|z| 2d. In this case z+ 1, £+ 2, --- will exceed d in 
absolute value, and the (n + 1)th term of (3^) will be not. 
greater in absolute value than the nth term of the series of 
positive quantities ‘ 


K K K 
" [s epit [e 28 77 
For z in the right half-plane we haveu 20, if z = u + 4 — 1v, 
so that 
|e +n? — (um Fe xu 68-28 -|zp-Tu 
Accordingly each term of the above series is not greater in 
absolute value than the corresponding term of : 


; K K K 
= EME ET CAN 
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If we put x = d in this series we do not decrease the absolute 
value of any term, and obtain a convergent series of positive 
constants. "Therefore by Weierstrass's test the original series 
(3) converges absolutely and uniformly for | z | > d and x in 
. the right half-plane. This demonstrates that the limit (2) 

exists, is analytic, and does not vanish, for x restricted in 
the manner stated. P R 

By definition of p„(x) we obtain for k = 0, 1, -- » 


Exp 3f 1 | 
(7) Pal) = El Uta Paie +k+ 1) 


(@+0,—1,-..). 


Also for any x we may choose k so large that-x + k + 1 lies 
to the right of the imaginary axis, and exceeds d in absolute 
value. From what precedes we see that the last factor on 
the right in (7) will uniformly approach the limit T(z + k+ 1) 
different from zero, in the vicinity of this x, as n becomes 
infinite. Thus the limit (2) exists in all cases and represents a 
function Dia) nowhere zero, analytic in the entire plane with 
the exception of the points 0, — 1, --.. It is clear from the 
formula (7) that at these points T(z) has a pole of the first 
order. 

If in particular we put k = 0 in (7) and let n become infinite 
we see that T (g) is a solution of the functional equation in f(x) 


(8) . F(a + 1) = fl). 


. The function T(x) given by (2) is, for z+ 0, — 1, — er, 
a single-valued and analytic function different from zero a 
satisfying the relation T(x + 1) = aT(x). Atthe excluded points 
T(x) has a pole of the first order. 

2. It remains to characterize I'(z) in the vicinity of z = œ. 
For z in the right half-plane and | z | > d, we have seen that 
the (n + 1)th term of (3^) is not greater in absolute value than 
the nth term of (6); this in turn is not greater than the nth 
term of the series . 


K a. d 7 dë 
Rite fapret EJ repeat 
whose sum ee a In this way a . 


simple upper limit of the form K'/2|z| for the sum of the 
terms of (3^) after the first is obtained when | z | > d. 
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For z in the left half-plane and for | v | 2 d, all of the quanti- . 


ties z + 1,2-+ 2, ---, having the same imaginary component, 


are also at least as great as d in absolute value. Accordingly 
the (n+ 1)th term of (3’) is again not greater in absolute value 
than the nth term of (5). In this case the sum of the series . 
(5) is less than K'/| sl. In fact, the terms after the leading 
nth one for which z + n lies on or to the right of the imagi- 
nary axis constitute a series of the form before considered of 
sum less in absolute value than Eil x-+»|?+ Kv/2 | « -- m | 
and therefore less than K'/2| v |.. The remaining terms con- 
stitute a part of a similar series 


K K > 
ECKER 


also less in absolute value than the same quantity. 


If then J denotes the distance of the point x from the negative 
half of the real axis,* we find from (3’) that 


log T(@) = (x — 4) log æ — z + log V2r + aß), 


(9) ; 
‘(| u(x) | < K'/l for l 2 d.) 

This result gives at once the following: the function T(z) 
has the property that lim T'(x)/o(x) = 1 if the point x recedes 
indefinitely from the negative half of the real axis. . 

3. The fact that T(x) satisfies the functional equation (8) 
is of central importance. By means of this fact the function 
er" is/'(1 — x) can also be seen to be a solution of (8). The 
ratio of l'(x) to this new solution is periodic of period 1, for 
if æ is changed to z + 1 the equation (8) shows that the first 
and second members of the ratio are both multiplied by z. 
This ratio i 


, pe) = TOTU — 3e" 


may also be verified directly to be of period 1. 

Consider now p(z) in the period strip 0 < u < 1 where it 
has no singularities save a pole ‘of the first order at x = 0, 1; 
it is clear from the definition of p(x) that this periodic func- 
tion nowhere vanishes in the strip. 





* If u Z0 we have l = |v| and if u ZO we have l-= |z]. 
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Let us determine the asymptotic form of p(x) at the ends of 
the strip. We have by (9) 


log p(x) = (x — $log z — log — el — 1 + log 2 
i + ula) + 41 — 2) nV la. 


If x lies in the upper half of the strip, 1 — x lies in the lower 
` half of the strip, and vice versa. Let x tend to infinity in the 
upper half of the strip, then 1 — will tend to infinity in the 
lower half. By virtue of our convention we shall have 


log (1 — x) = — aN-1+ log(z — 1), 
where log(æ — 1) is the principal logarithm. Substituting, we 
find 


log p(z) = |- (2 _ 5) tog (1 -i) — :| 


4] 
— + log 2r + p(z) + ul — 2). 





This equation proves:that, as z becomes infinite in the upper 
end of the strip, 
lim plz) = — 2rv—1, 


since the first term and the last two terms on the right-hand 
side approach zero. Likewise, as x approaches infinity in the 
lower half-strip, we have 


log (1 — 2) = aV—1+ log (x — 1) 
and find u 
lim e Nine) = 2x 5 — 1. 


Accordingly if we write 
acer O | 


the strip in the a-plane is transformed into the complete 
z-plane, the upper and lower ends of the strips corresponding 
to z= 0 and z = © respectively; and at the same time it is 
evident that g(z) is single-valued, analytic in the extended 
z-plane save at z = l(z = 0), where it has a pole of the first 
order; furthermore q(z) vanishes nowhere save at z= ©, 


6 NOTE ON THE GAMMA FUNCTION. [Oct., 


where 29(z) takes the value 2r 4—1. These facts show at 
once that q(z) is the rational function d 2. 


27 V— 1 
a—1) 


Substituting the corresponding value for poi in the equation 
of definition, there results - 


(10) Dieu — x) = 








sin rg’ 


a fundamental formula. If both sides are multiplied through 
by +, the left-hand side may be written l'(x + UDO — x) 
and tends to I*(1) as x tends to zero; the right-hand side tends 
to 1. Since, by (2), T(1) is positive we obtain 


(11) 1 rd) = 1. 


4. According to the results of section 2, we have the im- 
portant relation 
Dis + y) 


ue) iae zz) "b 


where y is fixed and | again represents the distance of the 
point z from the nearest point of the negative half of the 
axis of reals; in fact these results show that this limit i is 
equal to 


e+ y uua SHE uhr 
(13) lim a p(z) s tim (1 +4 ) & "— 1, 





Now if we divide pa(«) by p,—1(1) we find at once 
pm _ - 1:2: $(rd-n--1) 
Mal) zz tl. ryn $n) C 


iffurther we make use of equations (11) and (13), letting n 
become infinite, we obtain Euler's formula 


1:2: 
a= a. +l. E 


It is to be noted that the final factor on the right, which 





(14) Tz) = (n+ 1). 


. replaces e(z + n + 1)/e(n + 1) in pa(x)/pa1(1), is not of 


such a nature as to affect the uniform convergence of the 


«i 
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logarithm of the sequence. This property is carried over 
from (3) since the final factor bears to the factor which it 
replaces a ratio which approaches 1 uniformly in any finite 
region as n becomes infinite. 

If we introduce Euler's constant 


C= tim (1 pss EI log a); 
we obtain the Schlómileh product formula 
e cz ke 
z Ic + zir 
In this case the final factor on the right in (14) is replaced by 


05) ` T(z) = 


KD 


5. Another form of solution of the functional equation is 
the definite integral 
Te 
f et idt, 


valid for z in the right half-plane. "The fact that this integral 
I(x) satisfies the functional equation may be verified by form- 
ing z/(z) and integrating by parts. It is furthermore evident 
that IO = 1. 

To prove that I(x) is identical with T(z) we can proceed as 
follows. The function /(x) is analytic for any x within the 
right half-plane, since the integrand is analytic in x fort > 0; 
and the integral is absolutely and uniformly convergent in 
the vicinity by the ordinary tests. The ratio function 


p(z) = I(z)/T (c) 


is periodic of period 1 in z in consequence of the fact that 
I(z) and T(z) are solutions of (8); and this function p(z) is 
analytic in x throughout any period strip such as 1 Su < 2. 
Now the path of integration along the positive half of the 
real axis may be modified to be any ray within the right half- 
plane from t= 0 to ¿= œ. In fact the integrand is con- 
tinuous in the sector formed by the positive half of the real 
axis and such a ray, and vanishes to infinite order at t = ©; 
thus Cauchy’s integral theorem may be applied to show that 
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the integral taken around the sector vanishes. Take the ray to 
pass through ¢ = x in the selected period strip and write {= xp; 
we obtain 


ts 
Ik) = x” f epdp, 


where p is a real variable. Hence we see that for 1 < w < 2 


e) s lol [dot f odo} <le], 


since if the second integral in the bracketed expression were 
taken from 0 to © it would give I(2) = I(1) = 1 by (8) and 
(11). Moreover by (9) it is clear that 


[T(z) >|] for. 1€ «v €2, |v| >A, 


if À is sufficiently large and positive. 
Consequently we obtain, for | v | sufficiently large, 


| | p(w) |< 2] 2]. 
As before, write A 
z= ee, ple) = al). 


It is apparent that q is single-valued and analytic at every 
point save z = 0 and z = œ, where however zg(z) and q(z)/a 
respectively tend to zero. It follows by Riemann’s theorem 
that q(s) is analytic in the extended plane, and thus is a 
constant which reduces to 1 since it has already been seen that 
Id) = DÜ) = 1. 

6. Differentiating Schlémilch’s infinite product logarith- 
mically, we obtain the series for the Euler #-function 





d je i a 1 I 
(16) Ai = igre) = —0-5-L |, al 
The differentiation is legitimate because of the uniformity of 
convergence of this product. From the properties of I'(z) 
it follows that p(x) is analytic in the finite plane save for poles 
of the first order at 0, — 1, . . . with residues — 1 at these points. 
We furthermore obtain . . 


Q7) die H — 96) — 2, We) - Wl- à) = r oot rz 
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directly from the functional equation for I) and from (10). 
To investigate the nature of Y(z) at x = œ, we differentiate 
(9), which then becomes 


VG) = Loge + Dat), 


and ‘consider the magnitude of the last term. Take a point x 
at a distance | 2 2d from the negative half of the real axis, 
and about it draw.a circle C of radius 1/2. Then we have by 
differentiating Cauchy’s integral for u(x), and using the upper 


limit for u(x) given in (9), 
— ] ' u(t) 2K" 
frs fiai- 


This desired inequality shows that du/dz is of the second order 
in 1/l and that lim Y(z)/log x = 1 as the distance of the point x 
from the negative half of the real axis becomes infinite in any 
manner. 

7. A final central theorem is the development of the function 
T(z) relates to the evaluation of the beta function 

















ET = 


1 
18) Bia) = | era geg 
0 
where z and y have positive real parts. The formula to be 


proven is 
(19) Be) = Fee. 


The attack is identical in spirit with that followed in section 5. 

First we observe that B(x, y) is analytic and symmetric in 
x, y in the domain under discussion and that B(1, 1) = 1. 
Also, integrating by parts, we find 

zB(z, y + 1) = yBae+1,y), 
and we find directly 
1 1 
Bia, y + 1) = f fd — 1) Id — f GO — t)" dt 
0 0 


.« 
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Thus we obtain the functional equation in z 


xB(z, y) 


B(x + 1, y) = are 


and likewise the same functional equation in y. It is‘readily ` 
verified that the right-hand member of (19) satisfies these : 


equations and hence that 


(x, y) = Ba, platy) 
PEUT Ir) 


is a function periodic in z and y of period 1 and analytic in the ` 


domain under consideration. 
Now hold y fixed of real part not less than 1, and let x be 


` arbitrary in the period strip 1 Su € 2. We have then 


Be |S fima- 91a 1 


Moreover we have for some & > 0 














Dit) T(z) kn 
Pet rer 2*1 
by (12) for |v | large enough. Thus there results 
: 
ip, | < E 


for | v| large enough. Since p(x, y) is analytic throughout 
the finite strip in +, and since this relation shows that p(z, y) 
is finite at both ends of the strip (see section 5), it follows that 
p(z, y) is finite throughout the strip. Hence p(z, y) is con- 
stant in z, and likewise in y, and therefore is constant in both 
variables, being equal to p(1, 1) = 1. This demonstrates the 
truth of (19). 


The general type of consideration given above admits of 
further development, but the material which I have presented 
will serve to indicate its nature. 


HARVARD UNIVERSITY, 
EE Mass. 
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SOME PROPERTIES OF SPACE CURVES MINIMIZING 
A DEFINITE INTEGRAL WITH DISCON- 
TINUOUS INTEGRAND. 


BY DR. E. J. MILES. 
(Read before the American Mathematical Society, February 25, 1911.) 


In a recent paper Bliss and Mason* considered the problem 
of the calculus of variations in which the integrand function 
is allowed to have a finite discontinuity along a given plane 
curve which separates the fixed end points. Later they made a 
systematic extension of the Weierstrassian theory of the 
calculus of variations to problems in space.t The object of 
the present note is to state the results obtained by applying 
the method used in the first mentioned paper to the case of a 
discontinuous integrand occurring in the space problem. 

The problem studied may then be stated in the following 
way: Among all curves which go from the point 1 to the point 
3 lying on opposite sides of a given-surface S, and which cross 
S but once, it is required to find the one which minimizes 
the sum of the two integrals 


J= fE yz a, y, zdi, j= JIE y, z uy adt, 
the first integral to be taken from the point 1 to the surface 
S and the second from S to the point 3. 

$1. Equations Defining the Minimizing Curves. 
In order to find the equations of the minimizing curves 


(1) x= z(t), y= y), z= 2), 


it will be supposed that all curves considered lie in the interior 
of a region R of space. The surface S defined by the equations 


8: z-—z(uv) y-y(uwv), z= z(u, 2) 


* Bliss and Mason: “ A problem of the calculus of variations in which 
the integrand is discontinuous,” Transactions, vol. 7 (1906). 

t Bliss and Mason: “ The properties of curves in space which minimize 
a definite integral,” Transaction, vol. 9 (1908). For brevity this paper 
will hereafter be referred to as I. 


12 CURVES MINIMIZING A DEFINITE INTEGRAL. ` [Oct:, 


is supposed to have no singular points in R and divides this 
region into two regions Rı and R, which contain the points 
land 3 respectively. In R; the variables and their derivatives 
will be denoted by capital letters while in R, small letters 


willbeused. Theninthe whole of Rit will beassumedthatthe - 


two functions F and f have the properties ordinarily imposed 
in the space problem. Hence the functions (1) must satisfy 


the Euler differential equations and if the parameter is chosen’ 
as the length of are and the problem assumed to be regular it . : 
follows that the extremals for J can therefore be written in: 


the form d S 
X = (8; Xi, Yi Zu, Xy, YY, Zi), 


(2) Y = Y (s; Xi, Yi Zi, Xy, Yy, Z’), . 
| Z = X(s; Xi Y, Zi Xi, Yy, Zy), 

where |: 

(3) EL PL 7," =1 
` and the following initial conditions are satisfied 

(0; Au Yi zd Xy, P, Zi) m X, 
,(0; Xy Yi, Zi, Xy, Yy, Zi) = Xj, 
(4) Y(0; X1, Fa, Zu Xr, Y, Zi) = Yy | 


Y.(0; db Yi Zi Xy, ri, Zi) EI Yy, 3 


X(0; X, Yi, Zu Xy, Yi, Zi) = Zi 
X,(0; Xi Y, Zu Xy, Y;/, Zy) = Zr. 


A similar set of extremals exists for the integral 5 which can 
be denoted by the equations 


z= eler ët, Yr, 21, v, y a), 
(5) | . Y = die: 21, Yu 21, Tr, Yr, m), 

3 = X(8; zy, yi 81, vi, Yıl, 21); 
where the functions o, V, x satisfy initial conditions similar 
to (4). 

Let 2 be the point where the minimizing curve joining 1 
and 3 intersects the surface S. Then since the arcs C1» and 
C5; must minimize the integrals J and 7 with respect to all 
curves joining 1 and 2, 2 and 3 respectively and lying in the 


regions Rı and Rz it follows that the regular conditions I SE 
IT are necessary: 


+ 


- > : 
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I. The arcs Cy, and Cs, are extremals for the integrals J 
and j, respectively, and therefore belong to the sets (2) and (5). 

IL. The functions F, and fı must be positive along the arcs 
` Cu and Cas satisf ying I. 
e F 


82. The Third Necessary Condition. 


The third necessary condition is found to be a restriction . 
on the direction of the extremal arcs C: and Cs; at the point 
of intersection 2 with the surface S. 

' In order to find what this restriction is let it be supposed 
that the minimizing curve is imbedded in a one-parameter 
family of curves 


(6) x= al, u), y= blt, u) z= c(t, u), 


which has the following properties. The curves all intersect 
the surface S for ¢ = tz, pass through the point 1 for ¿= à, 
through 3 for t= ts, and contain the curve C for u = t. 
Thus it has been assumed that the point 2 varies along the 
u-parameter curve of S. The sum of the two integrals J 
and j taken along any number of the set (6) from 1 to 3 is 
evidently a function of u which may be denoted by F(u). But 
if C is to furnish a minimum the derivative Z’(u) must vanish 
when u= us. By the ordinary methods of variations this 
leads to the following result: 


N [Fx felest [Fr — fy lye + [Fo — fos = 0, 


where the arguments of the derivatives of F are the values of 
X, Y, Z, X’, Y', Z’ on the curve C3 at the point 2, while those 
of the derivatives of f are the values x, y, z, 2’, y’, x’ on Cas 
at 2 and z,, Yu) Zu define the direction of the u-parameter line 
on $. 

Likewise when the point 2 varies on the v-parameter line 
of the surface there results the corresponding equation 


(8) [Fg — fole, + IP» — fylys + [Er — felt = 0. 


The third condition is then 

III. The extremal arcs Cis and Css together with the surface 
S must satisfy equations (7) and (8) at the intersection point | 
2 on the surface. , l 
` Since the direction cosines of any curve on S are propor- 
tional to 
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ty! ome, yu’ + Yt, Séil + 2,0’, 


it follows that equations (7) and (8) will be satisfied when the 
point moves on any curve passing through 2 and furthermore 


the bracketed quantities in these equations are proportional ` 


to the direction cosines of the normal to the surface at 2. 


$3. The System of Extremals for j Determined by Those of J 
and Condition III. 

It can now be shown that if a curve Cis has been found 
which satisfies conditions I, II and III then each extremal 
C35, of the set (2) determines uniquely in connection with III 
one of the set (5). 


In order to see this, think of equations (2) as a set of er" 


tremals through the fixed point (Xi, Yı, Zi) intersecting the 
surface at points 2’. Xy, Yy, Zy are then parameters 
satisfying the equation (8). 


In place of the parameters Xj’, Yi’, Zy it will be found 


advantageous to introduce the values of the u and v parameter 
lines of S. This can be accomplished by solving* the equations 


Ps; Xy, Va, Zu, Xi, Yy', Zr) = glu, 2), 

(9) Ye; Xi, Yi, Zu Xi, Yy, Zi) = y(u, v), 

Ze: X1, Yi, Zu Xr, Yi, Zr) = zu, 0), 
Stëll 


for s, Xx, Yi’, Zi! in terms of u and e and substituting the 
values of X;', Ya’, Zi! thus obtained in (2). Equations of the 
following form result 


(10) X= G&(s,u,r), Y=V(s,u,0), Z= X(s, u, 2). | 
Consider now the equations 
23^ + yi^ + m" = 1, 
(11) fotut fyyu + fen = Fotu + Frys + Fu, 
forte + fols + fet = Fr + Fry + Fee, 
* This is always possible for points 2’ on S ke eg near 2, provided 


the point 2 on Cj: is not conjugate to 1. See Bliss Mason, I, p. 446 
and following. 
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of which the last two are simply the equations (7) and (8) 
written in a separated form. By means of the equations of 
the surface S and (10) it is possible to express X», Ya, Ze; 
+ V2, Vas 22; Cus Yus Zu; Loy Yos Ze and Xs', Vo’, Zy in terms of u 
and v. Equations (11) are then functions of zz’, yo’, za’, u 
and v, having one solution corresponding to 2. Hence there 
will be a unique solution for 24’, ys’, 23’ as functions of u and 
v provided the functional determinant of the left hand members 
of (11) is different from zero. 

` This determinant is found to have the value* 


elas’ (f£, — Fr} + ww fy — Fy'} + wif/- Fail 
Pie" + s? + 29”), 


an expression which can vanish only when the term in brackets 
vanishes. This can happen only when the arc Cs; is tangent 
to S at 2—a case which will be excluded. Hence there is a 
unique solution for za’, yo’ and 23’ in terms of u and v, and when . 
these values are substituted in equations (5) it is seen that 
they assume the form - 


(12) t= gls, u, ?), y= dis, u, v), 2 = x(8, u, 2), 


where of course zs, js, # have also been replaced by the 
functions z(u, v), y(u, v), z(u, v) defining the point 2 on S. 

It has therefore been shown that of Cias is a curve satisfying 
conditions I, IL, III, then to each extremal through 1, Ciy of 
the integral J and near Ci there corresponds one extremal of the 
integral j, which with Cy satisfies the corner condition III at 2’. 
The two parameter set of extremals for J thus defines another 
two parameter set for j with initial points on S. The equations 
of the two sets with u and v as parameters can be put in the forms 
(10) and (12) 

Furthermore the functional determinant A of the functions 
defined in (12) 


Ps Pu Po k d 
Ais, u,9) = |e Vu Yo 
Xs Xu X» 


is found to be different from 0 for.the point 2 and hence from 
continuity conditions for points near 2. 


* For a method of evaluating see Bliss and Mason, I, p. 447. 
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If however it is assumed that A does vanish for some point 
4 on Co3 and that at least one of the three-rowed determinants 
of the matrix 
A, Ay A, 


Xe Xu Xs 


does not vanish with A, it then follows* that the extremals (12) 
have an enveloping surface D which touches the curve Ci; 
at 4. Moreover it is known from the general theory that there 
is a single definite curve 


d: t= z(a), y= yla), s — z(a) 


on S which touches Gs at 4 and is the envelope of a one 
parameter family of extremals selected from (12) and con- 
taining Ces for a= 0. The equation of this last family may 
be written in the form 


(13) z= (50), y=¥(s,0), z= x(s, o). 


Furthermore it is possible to select from the two-parameter 
family (10) a one-parameter family involving the parameter a 
and satisfying the direction conditions III. For in connection 
with these equations it was shown that any Cis determined 
uniquely a Cy, with initial point on S. Since however the 
functional determinants for both sets of extremals are different 
from zero at 2 it follows that the converse also holds. Con- 
sequently when a one-parameter family (13) satisfying the 
imposed conditions is chosen from (12) there goes with it a 
definite one-parameter family of the set (10), say 


(14) X= 8(,a), Y=WV(s,a), Z = X(s, a), 


containing Cx for a = 0. 


$4. The Jacobi Condition. 

By means of the two one-parameter families just given and ` 
their enveloping curve d it can now be proved that an arc 
C3 which joins 1 to 3 and minimizes the sum of the two in- 
tegrals J and,j cannot have upon it a point of contact 4 with 


* See Bliss and Mason, I, p. 449. 
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the enveloping surface D. For consider the sum of the integral 
J taken along Cy’ from 1 to S, plus the value of j taken along 
Cox: from S to the contact point 4’ of Cyy with d and then, 
along d from 4’ to 4. It is found that this sum has a constant 
value, for its derivative with respect to « is zero. 

In fact it is readily verified by the ordinary methods that 


dJ 
da (C12?) = SE x! + Ya y! + ES 


where z,, Yas Za are the direction cosines of a line on S. Like- 
wise 


d ^ DH ` r 
TOOS- e'ta + foe - fes! + PG, Y, 2 qe SA, 


and 


dj (d's) _ : , 
de . — f(z, Y, 8, Las Yar SS 





Recalling now the direction condition at the point 2’, it is 
seen that the sum of these three derivatives is zero and there- 
fore the sum of the three integrals J(C,,), j(Cy,) and j(dy,) 
is constant in value and in particular is equal to the sum of 
J (Cis) and Ca). 

The usual argument with regard to the envelope d not being 
a solution of the Euler equations can now be applied, from 
which it follows that if 4 is not a singular point of d then the 
arcs (is and Cs, cannot minimize the sum Js + jes if 4 lies 
on the arc Gs, Therefore as a fourth necessary condition 
it can be stated that : 

IV. The extremal arcs Ci; and Cs; can contain no points 
conjugate to their initial points 1 and 2. Therefore the curve 
d on the enveloping surface D of the extremals C's’ must not 
touch the arc Css before the point 3. 


"85. Sufficient Conditions. F 


Suppose now that a curve C123 has been found which satisfies 
conditions I, II, III and IV strengthened by the assumption 
that: IV’, the curve d does not touch the arc (23 even at the 
point 3. It is desired to see if C193 actually minimizes the 
sum of the two integrals under these conditions. 

It has already been shown that if the arc (1: does not contain 
the point conjugate to 1 it can be imbedded in a two-para- 
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meter family of extremals C12’ passing through 1. Moreover 
the functional determinant of this family is different from zero 
and it follows therefore that the set Ci’ forms a field F’ 
about Cı. Further, on account of condition IV’, the de- 
terminant A(s,.u, v) of the set Cy’4’ determined by Cis’ and 
condition III is different from zero along C23 and so the set 
Css forms a field F” about the are C23. In each of these 
fields the properties of the extended invariant integral* hold. 
Consider then any curve . 
C: z= al), y=y@, z= 20 
which joins the two fixed points 5 and 7, crosses S once at 6 
and lies entirely in the fields F’ and F". It can be proved 
that the following theorem holds: The sum of the two integrals 
J* (Cse) and j*(Co7) is independent of the path of integration and 
- depends only on the end points 5 and 7. NRA 
In order to prove this consider any comparison curve C 
which joins 5 and 7, lies.entirely in the fields F’ and F", and 
crosses S once at the point 6. Since each of the integrals is 


invariant in its respective field the two following equations 
result 


J*(Cs0’) + J* (he's) = J*(Cs9), 

Gv) + Ziel = J* (Cor), 
where & is any curve on S. Combining the two equations, 
I" (Use) + Zeie — [F*(Cse) + 2" (092] 

= — J*(kee) — J* (keo) = J* (kes) — 2* (Eso). 


If expressed in the form of a definite integral, the right hand 
member of this equation is 


d Let + OF y+ Ey — af, — Vfy — Gléi 

6 

where a’, b’, c’ are the direction cosines of k. But condition 

III tells at once that the integrand is identically zero and the 

above statement follows. | 
Hence if Cser coincides with an extremal for J from 5 to 6 

and with an extremal for j from 6 to 7, then 


| J*(Cse) + j* (Cer) = ICs) + (Co). 
* For a statement of these properties see Bliss and Mason, I, p. 458. 
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Therefore when C is any curve in F’ and F” joining the points 
1 and 3 and C is the corresponding curve satisfying conditions 
I, II, III, IV’, the preceding equations give the relation 


` Jet) Zeil = die + j*(02)) = IC) + 3(029). 
This equation may also be written in the form 


IC) + Ate) — II (Cia) + Zelt 
= IC) — J*(Cu^) + (C3) — jr (Cvs) 


= f za f edt, 
Gr G's : 


where E and e are the extended Weierstrass E-functions. Om 
account of IT these functions are nowhere negative and there- 
fore 


J (Ci) 23 (Co's) > J(Cw) + j( Cos). 


Hence the conclusion: Under the hypothesis imposed the 
curve Cys actually minimizes the sum of the integrals J and jj 
if it satisfies the conditions I, II, III, IV’. 


SHEFFIELD SCIENTIFIC SCHOOL, 
YALE UÜNIVEBBITY. 


THE DEGREE OF A CARTESIAN MULTIPLIER. 
BY PROFESSOR D. R. CURTISS. 


(Read before the Chicago Section of the American Mathematical Society, 
April 8, 1910, and April 5, 1912.) 


1. A large part of Laguerre’s numerous and important 
contributions to the theory of algebraic equations* is based on 
Descartes’ rule of signs, and especially on its application to^ 
infinite series. One of the most fertile ideas developed is that 
an upper limit for the number of real roots of a polynomial with 
real coefficients, f(x), in an interval [0, a] results from the 
application of the rule of signs to a product fo(x) = fi(x}f(x) 

* developed in a power series which converges for |z | < a, but 








* See in particular the memoir, “Sur la théorie des équations numé- 
` riques," Oeuvres, pp. 3-47 


amc 


> 
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diverges for + = a. Thus integral functions fi(x) exist for 
which this method gives, in general, a better approximation for 


` ` the number of positive real roots of f(x) than could be ob- 


tained by the direct use of the rule of signs on f(z) itself. In 
particular Laguerre has shown (loc. cit.) that if the product 
e"f(z) is developed according to ascending powers of v, the 
number of variations of sign in the sequence of the coefficients 
will be exactly equal to the number of positive real roots of 
f(x), provided z is a sufficiently large positive number. Re- 
cently it has been proved by Fekete and Pélya* that the 
rule of signs applied to the power series for f(a)/(1 — x)” gives 
the exact number of real roots of f(x) in the interval [0, 1] if 
n is sufficiently large, a result easily modified so as to apply 
to the interval [0, ©]; and in the same paper it is announced 
that the multiplier (L + x)”, with a similar restriction on m, 
may also be used to obtain the number of positive real roots. 

A question of particular interest is the existence and char- 
acter for a given polynomial with real coefficients, f(x), of what 
I have elsewheret styled Cartesian multipliérs, i. e., poly- 
nomials f(x) such that the rule of signs applied to the product 
fo(x) = fi(x)f(x) gives exactly the number of positive real 
roots of f(z). A discussion of such multipliers for polynomials 
having no positive roots has been given by E. Meissner,i 
andin the general case by the present writer in the paper above 
cited, where their existence is made a corollary of Laguerre’s 
theorem concerning the product e*f(x). Their existence, of 
course, also follows from the results obtained by Fekete and 
Pólya. : 

In the present paper I shall give a proof of the existence of 
Cartesian multipliers which is in some ways simpler than any 
yet given.§ That the construction of a multiplier by the 
method indicated would require a knowledge of the roots seems . 
an objection, but this is met, by a theorem of my Annalen 
paper above referred to, which states that if there is a Car- 

*tesian multiplier of degree r, there is always at least one of, 





aol jj bes Pin Problem von Laguerre,” Palermo Rendiconti, vol. 34 
, p. 89. 
SCH extension of Descartes’ rule of signs,” Math. Annalen, vol. 73 
(1912)... p, 424. 

t “Uber positive Darstellungen von Polynomen," Math. Annalen, 
vol. 70 (1911), p. 223. 

$ This proot possibly antedates the others, having been announced in 
April, 1910, as noted above. 
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that degree for which the product function f(x) has no more 
than n + 1 non-vanishing coefficients, where n is the degree 
off(x). The number of product functions of degree r + n with : 
r terms lacking is evidently finite; if we pick out those func- 
tions of this set whose coefficients present the minimum 
number of variations of sign, and divide each by f(x), we 
obtain Cartesian multipliers whose coefficients are rational 
in the coefficients of f(x). From this point of view it is 
important to obtain as low a value for r as possible, and in a 
form not requiring a knowledge of the roots of f(z). Since 
f(x) is for all positive integral values of k a Cartesian 
multiplier of f(x) if f(x) has this property, it is obvious that 
there exist Cartesian multipliers of all degrees greater than 
the minimum r. Although the evaluation for the degree of a 
Cartesian multiplier obtained in the following pages is far too 
large, in general, for practical applications, it has at least the 
interest of a first attempt at an explicit formula. 

2. We shall consider first the case where f(x) is a quadratic 
with imaginary roots. Fora very ingenious geometric method 
the reader should consult the paper of Meissner above cited. 

The case of interest is, of course, where f(x) has the form 
- a? — az + b (a? < 4b), a and b being positive real numbers, 
this being the only form for which Descartes' rule is inexact. 
The problem is to assign a multiplier f(x) such that the product 
f(a)f.(x) will have no negative coefficients. 

An especially simple solution is the following: If we multiply 
a? — ax + b by z? + ax + b, the result will be of the form 
xt — a,x? + b?; if a, is negative, we stop here, otherwise we 
multiply the last expression by z4 + a? + b°, and keep up 
the process thus indicated. When this has been carried 
sufficiently far we shall obtain a product of the form 22^ — 
aye? + b?*, where a; is negative or zero. The truth of this is 
evident if the roots of f(z) are pe'?, pe**, so that a = 2p cos $ 
and b — SE it then follows at once that a; = 2p? cos 2¢, and 
ax = 2p* cos 2*6. Since a is positive, p can be taken as an 
angle of the first quadrant, and k may be chosen as the least 
positive integer for which 2:6 2 7/2. 

The value 2**1—2 thus obtained as the degree of a Cartesian 
multiplier for a quadratic of the above form is not, in general, 
the minimum one. This has been proved by Meissner, in the 
paper cited, to be the least positive integer r for which 
(r+ 2)9 Zr. The same result has been obtained by the 


0 ye. | 
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author (loc. cit.) as a corollary of the theorem that there is a 
Cartesian multiplier of minimum degree such that the product 
function is of form a^? + Ax®-+ B. The coefficients A and 
B are easily determined from the fact that the roots of f(x) 
- must be roots of the product; s may be any positive integer. 
less than r + 2. The corresponding Cartesian multipliers are 
easily computed. 

Though a solution.of our problem in this case has been thus 
obtained, the interest attaching to Laguerre's multiplier e 
will perhaps warrant a brief digression to examine the Cartesian 
multiplier formed by taking m + 1 terms of its development 
in powers of z. If the product is arranged in the form 


co + agt + oS aem, 
the coefficients are given by the formulas 


ae | 
= XT (P2 — 2pak cos p + k(k — 1)) (k € m), 


: gm 
Em = "ap ( 202 cos ó + m), 


gm 
Cm42 = mil . 
We can make c, positive or zero for all values of k < m, no 
matter how large m is taken, if 


1 


E 2p(1 — cos ai) 


and ei will then be positive if 


cos } 
=1-—-cos®d' 


If we compare this degree m with r in the preceding para- 
graph, we see that m is never less than r, and is much larger 
for small values of ¢. 

3. We shall now form a multiplier for any polynomial f(x) 
of degree n by a method which depends upon a knowledge of 
the roots, leaving for the following section the: problem of 
obtaining an upper limit M for the degree of this multiplier 
in an explicit expression in terms of the coefficients of f(x). 
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According to $1 we are then assured of the existence of 
Cartesian multipliers of all degrees = M whose coefficients 
are rational in terms of those of f(x). 

Let us write our polynomial of degree n in the form 


(1) Fa) = Pam (2)as (ssi), 

where each of the factors Pany na $4, is & polynomial of the 
degree indicated by its subscript, the first having imaginary 
‘roots only, the second only zero or negative roots, and the last 
only positive roots. Ifm, = Otherule of signs for f(x) is exact, 
hence the case to be considered is that where n, > 0. 

We have just proved that each quadratic factor of pon, has a 
multiplier such that the product has all its terms positive. 
The product P(x) of these multipliers will then be a Cartesian 
multiplier for Zen, (2)gn,(2), since the coefficients of qn,(z) are 
all of like sign. Let us designate the degree of the product 
P(x) Pon,(Z)Gn,(%) by N. Since we are considering the case 
where nı > 0, we must have N > 2. 

The polynomial 8a,(«) has the factored form 


(x) = k Ir (x — on), 


where k is a real constant, and the numbers o; are all real 
and.positive. If this is multiplied by 


fon; 
S(2) = IT (a + Ta; + DEE + gett BECH + arD, 


where AN has the value indicated above, we shall have 


LST 


dien, 
Sana) = EL @" — a) = KL C Delors 
i=1 


where every A; is-positive. It is now evident, if S(a)é,,(2) 
and P(t)Din. (la, DEI are arranged as polynomials in descend- 
ing powers of x, that their product will present n; + 1 se- 
quences of terms such that all coefficients of the same sequence 
will have the same sign, which will be opposite to that of the 
coefficients in the succeeding sequence. The product will 
thus present na variations of sign, where n; is the number of 
positive real roots of f(x). But 


P(x) Pan m) S (2) 8n3(2) = P(x) SG (x), 
so that P(x)S(x) is a Cartesian multiplier of f(z). 
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4. It remains to obtain an upper limit for the degree of the 
multiplier P(x)S(x) described in § 3, and to put this in a form 
depending explicitly on the coefficients of f(z). 

The polynomial P(x) was obtained as the product of Car- 
tesian multipliers for each of the quadratic factors of ps, (x). 
Hence if m is not less than the degree of any of these multi- 
pliers, the degree of P(x) will be at most mn. From its 
definition, the number N verifies the equation 


N = mm + 2m + m, 

if mın is the degree of P(x). Since 
| n = 2m + m+ ns, 
the above may be written 
N= mn + n — n. 
Hence, the degree of S(x) being n3(N — 1), the degree of 
P(a)8(«) is at most equal to 
m = mm + NN — 1) — myni (1 + m3) + na(n — ng — 1). 


But 
2n, € n — ns, 
so that 


ms mi 2 a (1 + n3) + n(n — n — 1). 





This expression is a quadratic in ns whose maximum value, 
reached when n; = (n — 1)/2, is easily obtained. In case 
this is an integer, it will serve for M, or, more generally, 


i mı n—1\ m 

e uz (F+1)( Gei EK 
where the symbol E(a) denotes the largest integer not greater 
than the real numberam 

This number M will be the degree of a Cartesian multiplier 
in all cases. To be sure, it was obtained under the hypothesis 
nı > 0, but as before observed, if m = 0 the rule of signs is 
exact for f(x) itself, so that 2™, for instance, will be a multiplier 


of degree M. 
We now proceed to express the number m; in the above 
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formula in terms of the coefficients of f(z). This number, it 

‘will be recalled, is a positive integer large enough to be the 

degree of a Cartesian multiplier for any quadratic factor of 

f(z) corresponding to a pair of conjugate imaginary roots. 
We have seen in § 2 that a quadratic 


x? — 2p cos $-z + p? 


has a multiplier of degree r, where r is the least positive integer 


such that 
(r T 2)¢ 2 7, 


and there will be multipliers of any degree greater than that 
given by this formula. It follows that if y is a positive angle : 
less than all the positive arguments of the imaginary roots of 
al, we can take for m the least positive integer verifying 
the inequality 

(3) (m + 2)y 2 m. 


A simple method for obtaining an evaluation for y in terms 
of the coefficients of f(x) is suggested by Cauchy’s treatment 
of the problem of determining a minimum absolute value for 
the differences of real roots of a polynomial.* 

Since the removing of multiple roots from f(z) involves only 
rational processes, we will here suppose that they are absent. 
Let the roots of f(x), all distinct, be designated by 25, 2», +-+, 
t4, and the discriminant of f(x) by D. "Then, by a well-known 
formulat 


a(r—1) 


D =(— 1) ? a] (a, = 2.) 
An 
($-—12,---,n—l;iu-^-c-LA-c2,--.,n). 


If the minimum positive argument of imaginary roots is dj, 
the corresponding pair of roots being p;e***!, and if p denotes a 
superior limit for the moduli of roots of f(x), we have, since 
| UT Lu | = 2p, 


| D | S (ox |?773(2p, sin $1): (2p)^ 0-0 
< | a | (99) 0-0 (sin $i 


or 





* Netto, Vorlesungen tiber Algebra, vol. 1, p. 272. 

t Netto, l. c., p. 177. 

{Such a limit is, for example, given by the formula p = 1 + r/ro, 
where ro = lao|, and r is the greatest of the numbers Jal, [ai], ---, (Gal. 
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; | D | 
sin dı 2 [ay (2p) DE 


Solved for qu, this gives 


be D jt 
- (4) . $i 2 sin ' Ta pre 


Since > sin dı, (4) may be replaced by 


m à 2 Ta OT 


If the coefficients of f(x) are integers, D is a whole number, and 
| D | > 1, so that (4) and (5) can in this case be replaced by the 
stronger but simpler inequality 


1 
(6) $12 Top pner 


We may take for y the right-hand side of (4) or (5) or, in the 
case indicated, of (6). | 
The problem of obtaining the degree of a Cartesian multiplier 
is thus solved by formulas (2) and (3), d being taken equal to the 
right-hand member of either (4), (5), or (6). 
. It must be confessed that the evaluation thus obtained is 
absurdly high, even in simple cases. Thus, to take an ex- 
ample somewhat at random, if f(a) = af + a? — 20+ 2z +3, 
the least value of mı as given by (3) and (4) is not far from 
8,500, and (2) would give M as greater than 19,000. I have 
shown in my Annalen paper that this polynomial has a 
Cartesian multiplier of degree 2. It is not likely that the 
methods here given, even if improved, will have much value 
for numerical computation. There remains, however, the 
interest attaching to a formal solution of the problem in hand. 


e NORTHWIESTERN UNIVERSITY. 
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ON CLOSED CONTINUOUS CURVES. 


4 


BY PROFESSOR ARNOLD EMCH. 


(Read before the Southwestern Section of the American Mathematical 
Society, November 30, 1912.) 


1. In a paper soon to be published it will be proved that 
in every closed convex curve which is analytic throughout at 
least one square may be inscribed. Conversely, if in a 
Cartesian plane an arbitrary square is given, the problem is to 
find the parametric equations of any convex curve through the 
vertices of the given square. It is the purpose of this paper to 
establish these equations. 

2. First assume the square A:14:4344 symmetric with 
respect to the z- and y-axes and on the circle 


D 


à - 2at a EM 
OU). © = 5 V2 cos w^ y—5V2sin-7, 


where ¢ is the parameter and w the period. The coordinates 
of A1, As, As, As are in the same order (a/2, a/2); (— a/2, a/2); 
(—a/2, —a[2); (a/2, —a/2), and the corresponding parameters 
t = (2k + 1)-w/8, (k = 0, 1, 2, 3). Designating by ai. 
w(t) two uniform continuous functions for all values of t, and 
with the = w, then 


ser SV? mL m ^ sin (= = 7) sin (= = Zon, 


w 
SV? 2 duc T usin (= — 7) sin =- Ze, 


where A and u are arbitrary constants, represent a closed curve 
through the vertices of the square. Now any closed continue 
ous curvef may be represented parametrically by 


(3) gc P, y= GQ, 


* In this expression it is sufficient to take the product of two sines as 
indicated, not as in the abstract of the paper which appeared in the 
BULLETIN of February, pp. 221-222, where & product of four sines was 
introduced. 

t Osgood: Lehrbuch der Funktionentheorie, vol. 1, 2d ed., pp. 146-150. 


(2) 
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in which F and G are of the same general type as $ and y. 
Hence any closed curve through 414543544 may be represented 
in the form (3). We simply have to choose F(f) and G(t) in 
such a manner that for t= (2k + 1)-w/8, k = 0, 1, 2, 8, 
they assume the same values as + and yin (1) and (2). Suppos- . 
ing that F(t) and GO satisfy this condition, it must be shown 
that pt) and W(t) in (2) can be determined as continuous co-- 
periodic functions of t, defined for all values of t, such that the 
right-hand members of (2) become respectively F(t) and G(t). 
Evidently for all values of t, except t = (2k + 1)-w/8(mod w), 


F(t) — E n 


e ü = Zar? 
G(t) — 2 y2 sin 77 ' 


"AR ee 
pean er ee: 
For all values of 2, different from odd multiples of w/8, d 
and y(t) as defined by (4) are continuous and well defined. 


Fort = (2k + 1)-w/8 both éi) and ve) become indeterminate. 
We find, however, 











F'( + ie = in 
oe wu} = TUN Ain . (= ) 

SLL SS GE 

K 20 w 
F'O + an sin (2k + 1) 1 

= Ai 
: > 8m (2k — jt 3 
2r OI + ar 
2AT i 


which is evidently a finitè quantity. The same is true of 
lim (V(t)) for the same values of t. 

From this follows that pt) and y(t) as defined by (4) are 
continuous for all values of ¢ and, consequently, that any 
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closed analytic curve through the vertices of the given square 
may be parametrically represented by (2). 
3. Applying to the points (x, y) of the Cartesian plane a 
combined rotation and translation 8, p, q, so that after the 
‘motion the coordinates of the displaced points with respect to 
the same plane are 


EN 


(5) p + z cos 8 — y sin 6, 
y = q + zsin 0 + y cos 6, 
and choosing the side a of the square properly, the transformed 
square Au del 4; A, may represent any square in the plane. 
Putting 
6) Aalt cos 0 — vlt sin 0 = f(t), 
AG) sin 0 + uy(t) cos 6 = g(t), 


the parametric equations of the closed curve through the 
square in the new position, after substituting in (5) for z and 
y their expressions as given in (2), and reducing, may be written 


Il 


= p+ $V 2008 (er + d 
. {2rt : 2rt 3 
+ sin (= — J sin (Et 7 lan, 
(7) - 


ERN a 5an [Ze ) 
y = q+ $v2sin( 40 


| Irt ach. (änt 3r 

+ sin ( ms 7) sin (2 — 7 len, 

In (6) à(f) and Y(t) may always be determined in such a 

manner that f(t) and g(t) are any two distinct continuous and 
co-periodic functions of t. 

A closed analytic curve through the vertices of a square may 

therefore always be represented by the parametric equations (7). 

As it is always possible to inscribe at least one square in an 

analytic convex curve* (ordinary oval), the parametric equa- 

tions of such a curve may always be written in the form (7). 
University op ILLINOIS. 








* The proof for this theorem will appear in the American Journal of 
Mathematics. Recently I have been able to prove that the theorem holds 
for any closed analytic curve without singular points. 


30 LET US HAVE OUR CALCULUS EARLY. [Oct., 


LET US HAVE OUR CALCULUS EARLY. 


The Calculus for Beginners. By J. W. Mercer. Cambridge’ 

(England), University Press, 1910. xiv + 440 pp. 

Tue decline of the Greco-Roman empire over our collegiate 
studies has been most marked and is apparently extending 
almost to extinction. Many reasons may be assigned for this 
fall. One is the widening range of knowledge and interest, 
another the passing of the professional and utilitarian aspects 
of Greek and Latin, another the failure of these subjects to 
make good. 

We must not forget that our colleges were for the most part 

` started by ministers of the gospel, and chiefly as divinity 
schools. In the.early days, even if not to such an extent at 
present, Greek and Latin were just as utilitarian and necessary 
professional subjects for the young student of divinity as 
mathematics now is for the electrical engineer and the physi- 
cist. The talk of their value as cultural and disciplinary 
studies is probably of later and comparatively recent date, 
an invention of those vast vested interests who would delay, 
even though they cannot stay, the march of progress away 
from them. The percentage of our present undergraduate 
collegians for whom the ancient languages are utilitarian and 
professional is very small. 

That culture and valuable intellectual discipline are best 
obtained by application to subjects which are neither useful 
nor interesting to the student, and over which he never obtains 
even a mediocre mastery, is an idea which is losing ground 
and must necessarily lose ground despite the extent and 
intrenchment of the aforesaid vested interests. The fact is 
that Greek and Latin do not make good. After studying 
them for six to eight years the student cannot read them with 
ease or profit; they form but a comparatively small part of 
his mental outfit, whether for pleasure or work. 

If the classics were still of widespread professional necessity, 
or if the study of them throughout the preparatory course and 
for two or three years in college gave a pleasurable mastery 
over them, it is far from likely that they would occupy their 
present low estate even in the face of the widening range of 

. knowledge, the transfer of executive interest in our colleges 
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from accomplishment to equipment and from high standards to 
numbers, and the accompanying transition of student interest 
from study to sport. 

We mathematicians, however, are in no position to gaze 

-upon the motes in the eyes of our classical brethren, to whom we 
can hardly compare ourselves favorably. For there has been a 
great decline in the sway of mathematics over collegiate 
education. We cannot attribute this decline nearly so much 
as in the case of classics to a passing of professional or utili- 
tarian interest. Fifty years ago who needed mathematics? 
Those who were to teach it, a few theoretical astronomers, 
some terrestrial surveyors. Now, added to these, there is the 
vast host of engineers, civil, mechanical, electrical, and others, 
who should be familiar with the calculus. We cannot so well 
attribute the decline to the widening range of knowledge; for 
to some of the newer subjects, notably physics, mathematics 
is complementary rather than competitive. We suffer, of 
course, in common with all the severer disciplines, by the 
introduction of large numbers of “cultural” and “snap” 
courses, by the presence in college of great numbers of fellows 
neither primarily nor seriously there for the sake of intellectual 
advancement. But our chief difficulty is that we do not 
make good. 

By not making good is meant that after a long course in 
preparatory mathematics and a couple of years in college 
most students, indeed all except the most extraordinary, are 

. unable to use their mathematics, that is, they find their 
mathematics, especially that learned in college, an ineffective 
part of their mental outfit whether for pleasure or work. 
Were it not for a fancied unique training, more imaginary 
than real, that mathematics is supposed to give, were it not 
for the obvious professional necessities of the engineer, we 
should find collegiate mathematics worse off than classics, 
and most of us mathematicians without a job. With a full 
realization of the fact that our students cannot get out of our 
courses as much as we may wish them to get, with all proper 
disdain for those practical persons who desire the student to 
acquire mathematics merely as a tool—an impossibility—, 
those of us who are honest and not too conceited cannot fail 
to feel that we do not make good. As external evidence of 
this fact we need only consider the large number of texts (by 
incompetent mathematicians) now appearing under such titles 
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as Mathematics for the Chemist, Engineering Mathematics, 
and so on. 

One of the main troubles with us is that we do not select the 
right subjects to teach in the early collegiate years.* There is 
no sense in giving the freshman a considerable course on. 
advanced algebra. The subject is abstract and deals with 
topics and ideas relatively unimportant for the student. Yet 
advanced algebra is often taught as a prerequisite to calculus. 
It is unfortunate to force the freshman through an extensive 
course in analytic geometry. So much of the subject as deals 
with rectangular (and possibly polar) coordinates and with the 
tracing of simple curves is indeed necessary, and is closely 
related to methods in use in a wide variety of everyday 
studies. This much we may call graphical representation. 
But the real essence of analytic geometry, the obtaining of 
geometric results by algebraic means, is of small use save to the 
pure mathematician and is rarely comprehended by the im- 
mature student. 

That mathematical subject which is most vitally important 
for the general student is the calculus, differential and integral. 
It is no less important for the infrequent future mathematician. 
It is the calculus which should form the greatest possible ` 
portion of the ordinary freshman course in mathematics. 
When the calculus is postponed until the sophomore year and 
follows somewhat elaborate courses on trigonometry, advanced 
algebra, or analytic geometry, it can be made so abstract, so 
formal, so purely mathematical as to leave little impression 
upon any save the best students. This is the chief danger in 
postponing it. Ifthe teacher can rely upon only a very meager 
preparation, he has to keep the analysis elementary to the 
point where it offers small difficulty even to the student who is 
not particularly facile with his algebra, he is able to give his 
time to a variety of simple but fundamental applications which 
rivet the attention of the student, he has a chance, which he 
otherwise does not have, to make good. 

Such considerations as these are probably at the back of the 


* In an engineering school where the student is required to take mathe- 
matics for a definite period the order and treatment of topics does not 
need to be so tempered to the shorn lamb as in a college where there is a 
tolerably free range of election, where many more will take one year 
of mathematics than two, and where the conduct of the first year is there- 
fore of prime importance both for the general good and for subsequent elec- 
tions in mathematics. 
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somewhat general, and the highly commendable, tendency 
which we are now witnessing toward the earlier introduction 
of the calculus. This is undoubtedly the idea which has in- 
spired The Calculus for Beginners by J. W. Mercer, head of 
.the mathematical department at the Royal Naval College, 
Dartmouth, England. The author states in his preface: “T 
have been guided by my conviction that it is much more 
important for the beginner to understand clearly what the 
processes of the calculus mean, and what it can do for him, 
than to acquire facility in performing its operations or a wide 
acquaintance with them. I had much rather that a boy, 
confronted with a problem, should, after analyzing it, be able 
to say ‘If I could differentiate (or integrate) this function of T, 
I could solve the problem,’ than that he should be able to. 
perform the operation without seeing its bearing on the 
problem... . A boy is supposed to know his elementary 
algebra and trigonometry and to have some slight acquaint- 
ance with the coordinate geometry of the straight line. He 
should be able to write down the equation of a line through a 
given point with a given gradient and should know the relation 
between the gradients of perpendicular lines. He is also ex- 
pected to have had some practice in drawing graphs from their 
equations and to know what these graphs mean. . . . The 
subject has been taught here during the last few years to 
boys of 16 on the lines of this book. . . ." 

Mercer must be a careful teacher; he explains everything 
very clearly and with great detail, indeed some would say 
with too great detail. There is no reason why he or any one 
else should fail in teaching this book. to boys of sixteen. 
Except for the definition of the tangent of an angle no trigo- 
nometry is required before page 261, which is two thirds of the 
way through the book (exclusive of answers and index). To 
this point the analysis involves merely polynomials in powers 
(not necessarily integral) of the variable; yet all the primary 
ideas of differential and integral calculus have been presented, * 
and all the usual applications to maxima and minima, areas, 
volumes, moments of inertia, and the like, have been given. 
The requisite amount of coordinate geometry could be given in 
ten lessons surely, and probably could be explained inci- 
dentally to the study of the text without even those preliminary 
ten lessons. 

The exercises set for the student are exceedingy varied and 
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numerous.* They are distributed a few at a time throughout 
the text as each new principle is explained. An especially 
valuable feature, however, is found in the long collections of 
miscellaneous exercises after Chapters VI, VIII, and XI, 
which allow the student to be tried out in review upon the 
chief sections of work, namely, the differential calculus of z^, 
the integral calculus of 2^ (n + — 1), and the differential and 
integral calculus of the other elementary functions. It would 
be safe to say that the student who has been led carefully 
through the’ first 260 pages of the text, although being re- 
stricted to using only polynomials in z”, would have a better 
grasp of the calculus, whether for pleasure or ior profit, than 
he could acquire from the ordinary run of texts on calculus. 
This ground could probably be covered convincingly in about 
sixty lessons, and with freshmen. i 

Chapter I treats uniform speed, average speed, speed at an 
instant, rate of increase, function, uniform gradient, average 
gradient, gradient at a point, tangent to a curve, rate of 
increase as a gradient, test of approximate equality, ratio of 
continually diminishing quantities. The last two sections 
give a very clear idea of infinitesimals without the introduction 
of technical terms. The second chapter, called differentiation 
from first principles, treats of ds/dt, its connection with As/At, 
of dy/dx as a rate of increase, as the ratio of time rates of 
increase of x and of y, as a gradient, of the significance of the 
sign of dy/dx. Observe that the author uses speed or rate as 
primary concept instead of gradient. This is a good thing. 
Speed and rate are more concrete than slope. The student 
should learn to think in physical terms, to consider @ curve as 
a convenience in representing physical phenomena, not as an 


-end in itself. The great trouble with students who know 


something about curves and analytic geometry is that they 
try to use too much of this knowledge. To them a circular 
plate suggests coordinate axes and the equation 2? + y? = a’, 
whereas in most problems in the application of calculus these 


' gre entirely superfluous. 


‚After these preliminaries, which fill 74 pages, we come to the 
differentiation of z^, to maxima and minima, to small errors 
and approximations, and to the inverse of differentiation, all 
of which occupies 78 pages, and is followed by a collection of 50 








- e exercises have also been reprinted and published separately from 
e 
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review exercises. It is interesting to observe that the author 
treats some problems in maxima and minima where he has to 
use such a device as finding the maximum or minimum of the 
square or reciprocal of the given function, because the differ- 
entiation would otherwise be impossible (unless obtained from 
first principles) with the formal methods thus far developed. 
Some would consider this unfortunate. But it seems to us one 
of the most fortunate things that can arise. Ingenuity is a 
very desirable trait to cultivate. The advantage of studying 
calculus with small preparation and with restricted formal 
development is precisely that there is wide play for that sort 
of ingenuity which the student who will later use his calculus 
is most likely to need. As a matter of fact unless an engineer 
can squeeze out a solution of his problem by simple analysis 
alone, he is not likely to trouble to obtain a solution himself.* 

Chapter VII is on the integral as a limit of a sum, areas of 
curves, mean or average ordinate. Simpson’s rule is explained 
and applied. The author nowhere shuns a reasonable amount 
of calculation, and this is one of the elements that makes his 
work concrete, practical, and full of meaning. In the eighth 
chapter further applications are taken up: finding the distance 
when the speed is given, calculating the work done by a force, 
finding fluid pressures, volumes of revolution, moments of 
inertia, centers of gravity, and centers of pressure. Here 
follows another set of 50 miscellaneous exercises. 

The title of Chapter IX is the differentiation of trigono- 
metrical ratios, but we observe that the integration of simple 
trigonometric expressions is taken up simultaneously. This 
is as it should be. The exercises are well chosen so far as they 
go, but it would have been better if they had been more 
numerous and decidedly more varied. The chapter on polar 
coordinates (the fourteenth and last in the book) might well 
have been introduced at this point, furnished with some really 
satisfactory exercises, and elaborated to include the calculation 











* The idea that an engineer should have in his course only this minimum 
simple analysis which he is deer? himself to use is entirely mistaken; 
he should have far more. Indeed any student who has such an excellent 
freshman course as the first eight chapters of this book would make 
should then have a systematic drill in formal analysis, including differential 

uations, with varied applications among which should be found con- 
siderable mechanics. This would leave him at the end of his second col- 
legiate year with a very effective knowledge of mathematics. 
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than by rectangular coordinates. It would have been an 
excellent review and elaboration upon all the previous ideas 
in the text. - 

In Chapter X we find the differentiation of the product, 
quotient, and function of a function, of inverse and of implicit 
functions. This is pure formal differentiation, with a trifle of 
integration, and relatively few applications. In the following 
chapter we come to the differentiation of n*, and a general 
treatment of the exponential and logarithmic function, in- 
cluding simple integrations, the compound interest law, and ° 
simple differential equations. The treatment of ¢ is excellent. 
The author computes with the aid of tables the derivatives of 
27, 37, 2.5%, and concludes that there must be a number e 
such that if y = e”, then dy/dz = y. The student checks this 
by differentiating with the tables the function 2.7183*. The 
chapter is followed by a collection of 100 miscellaneous exer- 
cises. 

Chapter XII contains the approximate solution of equations 
(Newton’s method). In Chapter XIII methods of integration 
by substitution and by parts are given, and the work closes 
(except for answers and index) with the previously mentioned 
unsatisfactory chapter on polar coordinates. 

We consider that the author would have improved his book 
had he placed the chapter on the exponential and logarithmic 
function before Chapter X on the rules of formal differentia- 
tion; indeed it might have been still better to have placed 
this chapter before that on the trigonometric ratios, and to 
have given more attention to problems requiring statement 
in a simple differential equation integrable by logarithmic or 
exponential functions. Such equations arise very frequently 
in the applications. This, however, is a small matter.” 


Epwin BrpwenL WILSON. 
MASSACHUSETTS INSTITUTE oF TECHNOLOGY. N 
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SHORTER NOTICE. 


Introduction to Analytical Mechanics. By ALEXANDER ZIWET 
and PETER Fretp. Macmillan and Company, New York. 
ix + 379 pp. 

Tue book is about of the size and character of Bowser’s 
well-known text. It is based to a large extent on the senior 
author’s Theoretical Mechanics, but the applications to 
engineering are omitted and the analytical treatment has been 
broadened. A general knowledge of differential and integral . 
calculus and solid analytics is assumed; the reader is gradually 
introduced into the subject matter of differential equations 
and vector analysis but the authors have not deemed it wise 
to use the symbolic vector notation. The excellence of Pro- 
fessor Ziwet’s texts is a matter of common knowledge and 
that before us is no exception. Likewise the publishers have 
maintained their established reputation as experts in the way 
of producing college and university text-books. 

The contents of the work can be very well described by: 
Mechanics of a particle and of the solid body. These two 
parts have not been kept separate from each other; instead, 
they are spread out under the three headings of kinematics, 
statics, and kinetics, so that the reader who follows the text 
successively will at a rather early period of his study be intro- 
duced into the kinematics of the solid body. From a peda- 
gogical standpoint this seems less desirable, since the reader is 
then generally not mature enough for this subject. Still 
experience with the book has shown that a teacher may well 
change the order of material to suit his own convictions. 
` In the mechanics of a particle the authors have given to 
part 1, Kinematics, a larger space than one would generally 
allot to it. There does not seem to be any cogent reason to 
list the material of pages 42.to 72 under Kinematics instead 
of Kineties. where it really belongs. Most likely this was 
done in the recognition that, for the introduction into the 
kinematics of the solid body, the reader’s mind required a 
wider familiarity with mechanical problems. "The examples are 
generally well chosen and sufficiently easy to make the stu- 
dent grasp the significance of the theory. "They are decidedly 
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easier than some of those in Jeans’ Theoretical Mechanics. 
A gradation between the two classes of problems should be 
effected by the introduction of illustrative examples which 
gradually increase in difficulty and to which hints are appended 
to lead the student to the right solution. We may never be 
able to attain the proverbial capacity of the English student 
for solving difficult problems, still we need not rest satisfied 
with being distanced by them as we are at present. The 
authors have in general refrained from giving references to 
standard works in mechanics. The only footnotes appear to 
be those on pages 256 and 258, the first of which refers to 
Professor Bécher’s Integral Equations, whilst the second calls 
attention to Professor Bolza’s Calculus of Variations in 
Teubner’s edition. It is difficult to see the good of these 
references in a text which is written for beginners. A much 
more appropriate reference would seem to have been Mach’s 
Science of Mechanics or Pearson’s Grammar of Science. The 
finished form of Kirchhoff’s Mechanics appeals to us today 
less than it did thirty years ago, and even an elementary text 
should well take cognizance of the changed attitude towards 
the foundations of mechanics since Mach’s fundamental 
contributions. 

The mechanics of the solid body has received special atten- 
tion and care from the authors. The geometrical discussion 
precedes the analytical treatment and prepares the way for 
a better understanding of this rather difficult subject. A 
short account of the fundamental concepts of vector analysis 
would have been most welcome. -The introduction of the 
symbolic vector notation would have helped the understanding. 
The remarkable success of Fóppl's texts on mechanics, which 
were originally written for engineering students, shows an 
advance in this direction which, a decade or two ago, could 
hardly have been expected. The derivation of Euler’s equa- 
tions and the presentation of the material leading to them are 
extremely clear and elegant. The authors might well have 
gone a step further in their presentation and introduced the 
reader to the concept of elliptic functions. There is hardly a 
better opportunity for this than in mechanics, since we are used 
to have the dependent variable in terms of the independent 
and not the reverse. The careless reader requires special 
attention to have this fact over and again pointed out to him.. 
A graphic demonstration of the amplitude function is so easily 
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brought to the understanding of even a dull student that all 
elementary texts on mechanics presupposing the calculus 
should not omit this important finishing touch. 

A small list of misprints which have come to the attention 
_ of the reviewer is herewith given. 


27, line 12 from below: omit index in v. 

37, line 5 from above::read acceleration times Al. 

40, line 7 from below: read rô instead of r6. 

44, line 3 from below: read vo sin (4). 

56, line 3 from above: read a(cos e cos ut+sin e sin ul). 
61, line 2 from above: read = OPs. 

200, line 4 from above: read the potential is constant. 
256, line 6 from above: read vk/z. . 

324, line 11 from below: factor dt left out on right side. 
361, Article 7, problem 7: 47 miles. 

373, Article 56, problem 7: first inside bracket is to be squared. 
378, Article 334, problem 7: 44° 34’. 


"dd rd tud EE 


Kurt Laves. 


NOTES. 


Tus July number (volume 14, number 3) of the Trans- 
actions of the American Mathematical Society contains the 
following papers: “Proof of the finiteness of modular covari- 
ants,” by L. E. DicxsoN; “On transcendentally transcendental 

.functions," by R. D. CARMICHAEL; “Sur les classes V nor- 
males,” by M. Frécmer; “Implicit functions defined by 
equations with vanishing Jacobian," by G. R. CLEMENTS; 
“On the approximate representation of an indefinite integral 
and the degree of convergence of related Fourier's series," 
by D. Jackson; “Certain continuous deformations of surfaces 
applicable to the quadrics," by L. P. E18ENHART. 


Tue July number (volume 35, number 3) of the American 
Journal of Mathematics contains the following papers: “The 
primitive groups of class twelve,” by W. A. Manning; “The 
cartesian oval and the elliptic functions p and c," by CLARA 
L. Bacon; “The indices of permutations and the derivation 
therefrom of functions of a single variable associated with the 

. permutations of any assemblage of objects,” by P. A. Mac- 
Manon; “Conjugate line congruences of the third order 
defined by a family of quadrics,” by Heren B. Owens. 
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UNDER the auspices of the Edinburgh mathematical society 

a mathematical colloquium was held at Edinburgh during the 
“week August 4-9. Courses of five lectures each were given 
by Professor A. W. Conway on “The theory of relativity and 


the new physical ideas of space and time”; by Professor ` 


D. M. Y. SOMERVILLE on “Non-euclidean geometry and the 
foundations of geometry”; and by Professor E. T. WHITTAKER 
on “Practical harmonic analysis and periodogram analysis; 
an illustration of mathematical laboratory practice.” 


Tue firm of Martin Schilling in Leipzig announces three 
new sets of models: | 

By Professor M. Wren, Jena: Series XLI, no. 2. Two 
pendula connected by an elastic spring. Price M 200.. No. 3. 
Two pendula, one suspended on the other. Price M 46. 

By Dr. W. KôniG, Giessen. Series XLI, no. 4 Thread 
model to illustrate astigmatism. Price M 75. 

By Dr. H. ScmmoEpEm, Reformrealgymnasium, Halle. 
Series XLIII, nos. 1-7. Central surfaces of the quadric 
surfaces: elliptic paraboloid (three models); hyperbolic para- 
boloid (one model); ellipsoid (three models). “Price M 110. 


AT a recent session of the Paris academy of sciences the 
following prizes were awarded. 
Poncelet prize (fr. 3000) to Professor MAURICE LEBLANC, 


for the totality of his researches in mechanics. Pontécoulant : 


prize (fr. 1500) to Dr. SCNpatAN for his contribution to the 
problem of three bodies. Binoux prize (fr. 2000) to Professor 
J. Morx, of the University of Nancy, for his services to the 
French edition of the encyclopedia of mathematical sciences. 


IN connection with the sixth international congress of mathe- 
maticians, to be held in Stockholm in 1916, King Gustav V 
: of Sweden has founded a prize, consisting of a gold medal 
bearing a portrait of Weierstrass and a cash sum of 3000 
cfowns, for the best contribution to the theory of analytic 
functions. Either the general theory of analytic functions or 
any special branch of important analytic functions may be 
treated. Competing memoirs should be written in French, 
German, or English, and sent, under a pseudonym and motto, 
to the editors of the Acta Mathematica by October 31, 1915, 
the centenary of the birth of Weierstrass. All manuscripts 
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will be submitted to a.jury consisting of the members of the 
first class of the Swedish academy of Sciences, namely, Pro- 
fessors Mittag-Leffler, Falk, Phragmén, Wiman, Bendixson 
and von Kock, and Professor Fredholm by invitation. 

‚The prize-winning memoir and others of high merit will 
be published in the Acta, and must not be published elsewhere. 


Tux Adams prize for 1914 will be awarded to the author of 
the best essay on the following theme: 

“The phenomena of the disturbed motion of fluids, including 
the resistances encountered by bodies moving through them.” 

The competition is open to any graduate of Cambridge 
University. The prize is £220. 


ON May 25, 1913, Professor FELIX KLEIN, of the University 
of Göttingen, was presented by his former pupils with a portrait 
of himself and with a congratulatory letter. The portrait, 
painted by Max Liebermann, will appropriately adorn the 
wall of the mathematical institute of the University as soon 
as the building is completed. ` 


Prans have been completed for publishing the complete 
works of the late Henri Poincaré. The publication will be 
undertaken at once by Gauthier-Villars under the direction of 
the French minister of public instruction and the academy of 
sciences of Paris. 


OwING to the mass of new material which has been found 
at St. Petersburg and at other places, the Euler commission 
realizes that it must face a deficit in the publication of Euler's 
works, unless further funds are provided. The publication 
of this new matter will necessitate several additional volumes 
and involve an unforeseen expense of at least $40,000. To 
defray this expense it is proposed to form an Euler Society, 
with dues of ten francs per year, the receipts of which are to 
be devoted entirely to this purpose. 


Tae annual list of American doctorates published in Science 
presents, for the academic year 1912-1913, 461 names, of 
which 231 are credited to the sciences. The following 19 
‘successful candidates offered mathematics as major subject 
(the titles of the theses are appended): D. F. Barrow, 


D 
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Harvard, “Oriented circles in space"; H. Bateman, Johns 
Hopkins, “The quartic curve and its inscribed configurations”; 
E. T. Bet, Columbia, “The cyclotomic quinary quintic”; 
Miss J. E. Burns, Illinois, “The abstract definitions of the 
groups of degree eight”; G. R. CLEMENTS, Harvard, “ Implicit 
functions defined by equations with vanishing Jacobian”; 
C. W. Cons, Michigan, “The asymptotic development for a 
certain integral function of zero order”; Miss L. P. CoPELAND, 
Pennsylvania, “On the theory of invariants of plane n-lines”’ ; 
W. A. Cort, Boston, “Introduction to modern geometry"; 
W. H. CaAMBLET, Yale, “On intermediate functions, being 
an extension of semi-continuous or upper and lower functions 
to a classification of discontinuous functions”; G. M. GREEN, 
Columbia, “Projective differential geometry of triple systems 
of surfaces"; R. A. JonwsoN, Harvard, “An analytic treat- 
ment of the conic as an element of space of three dimensions"; 
Miss F. P. Lewis, Johns Hopkins, “A geometrical application 
of the theory of the binary quintic"; C. E. Love, Michigan, 
“The asymptotic solutions of linear differential equations"; 
Miss M. L. SANDERSON, Chicago, “ Formal modular invariants 
with an application to binary modular covariants”; J. 
Setran, Harvard, “On the functions of a complex variable 
defined by an ordinary differential equation of the first order 
and the first degree"; L. L. Smart, Columbia, “Some gen- 
eralizations in the theory of summable divergent series”; 
W. H. Srone, Boston, “The elements of harmonic ratio”; 
L. E. Wear, Johns Hopkins, “On self-dual plane curves of 
the fourth order”; K. P. Wrzzraws, Princeton, “ The solutions 
of non-homogeneous linear difference equations and their 
asymptotic form.” 


"Ture following advanced courses in mathematics (elementary 
courses not included) are offered at the Italian universities 
during the academic year 1913-1914: | 


Unrversity or Boroana.—By Professor P. Bureartt: . 
Mathematical theory of elasticity, three hours.—By Professor 
L. Donatrt: Thermodynamics in its relation to the electro- 
magnetic field and especially to radiations, three hours.—By 
Professor F. Enniques: Theory of algebraic functions, three 
hours.—By Professor L. PINcHERLE: Theory of functions of a i 
real variable, Lebesgue’s integral, the existence theorems; 
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elementary theory of the functions of a complex variable 
with applications to algebraic functions and their integrals, 
- three hours. 


- University oF CaTANIA.—By Professor E. DANIELE: 
Electromagnetic field with special regard to the production of 
energy, three hours.—By Professor M. DE Francas: Geom- 
etry on algebraic curves from the transcendental point of view, 
four hours.—By Professor G. PENNACCHIETTI: Hydrodynam- 
ics, four hours.—By Professor C. SEvERINI: Advanced part 
of calculus, integral and integro-differential equations, four 
hours. 


UNIVERSITY OF GENOA.—By Professor E. E. Levr: Differ- 
ential and integral equations, four hours.—By Professor 
G. Loru: Pure synthetic geometry, three hours.—By Pro- 
fessor O. TEDONE; Selected chapters from, the theories of 
potential and of integration of Laplace's equation, three 
hours. 


University op NapLes.—By Professor F. AuopEo: History 
of mathematies: The epoch of Newton and Leibniz, three 
hours.—By Professor A. DELRE: n-dimensional analysis of 
Grassmann with applications to geometry and mechanics, 
four and one-half hours.—By Professor R. MaARCOLONGO: 
Analytic mechanics: algebraic integrals; problem of three 
bodies, three hours.—By Professor D. MoxrEsANo: Linear 
Systems' of surfaces; birational correspondences in space, 
four and one-half hours.—By Professor E. PAscAL: Selected 
chapters of analysis, differential equations, three hours.—By 
Professor L. Dro: Propagation of heat, four and one-half 
hours. 


University op Papusa.—By Professor F. p’Arcaıs: Func- 
‘tions of a complex variable, calculus of variations, four hours.—* 
By Professor P. Gazzanica: ‘Theory of numbers, three 
hours.—By Professor T. Levi-Civira: Kinetic and statistic 
theories with application to quanta, four and one-half hours.— 
By Professor G. Ricci: Absolute differential calculus, po- 
tential, elasticity, four hours.—By Professor F. SEVERI: 
Differential geometry, four hours.—By Professor A. Sic- 
NORINI: Elasticity with technical applications, three hours.— 
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By Professor G. VERONESE: Foundations of geometry, four 
hours. 


University OF PALERMO.—By Professor G. BAGNERA: 
Theory of automorphic functions, modular functions, three. 
hours.—By Professor M. GzBBIA: Electricity and magnetism, 
four and one-half hours.—By Professor G. B. Gucci: Gen- 
eral theory of algebraic curves and surfaces, four and one- 
half hours.—By Professor A. VENTURI: Potential, form of 
celestial bodies, elementary theory of the tides, four and one- 
half hours. 


Unrversiry or Pavıa.—By Professor L. BERZOLARI: 
Birational transformations in the plane and in the space with 
applications, three hours. —By Professor U. Cisorri: Poten- 
tial, propagation of heat, three hours. —By Professor F. 
GERBALDI: Functions of a complex variable, elliptic functions, 
three hours. —By Professor G. Vıvantı: Theory of trans- 
formation groups, three hours. 


UNIVERSITY op Pisa.—By Professor E. BERTINI: Geometry 
on an algebraic curve, three hours.—By Professor L. Brancut: 
Curves, surfaces, and curved three-dimensional spaces, four 
and one-half hours.—By Professor U. Drxr: Complements of 
infinitesimal analysis, integral equations, four and one-half 
hours.—By Professor G. A. Maaar: Abstract of potential 
theory, formation and properties of the equations of elastic 
motion with application to theoretical optics, formation and 
properties of the equations of the electromagnetic field, electro- 
magnetic theory of light, four and one-half hours.—By Pro- 
fessor P. Pizzerti: Interpolation formulae, principles of 
spherical astronomy, mechanical theory of the shape of celestial : 
bodies, four and one-half hours. 


* Unyrversrry or Rome.—By Professor L. Amoroso: Theory 
of function of a complex variable and of elliptic functions, 
three hours.—By Professor G. Bisconcini: Geometrical 
applications of infinitesimal analysis, three hours.—By Pro- 
fessor G. CasrELNvOvO: Topics having a bearing on ele- 
mentary mathematics, abelian functions, three hours.—By 
Professor L. Sırra: Elasticity with technical applications, 
three hours.—By Professor V. VOLTERRA: Thermodynamics, 


1903] ` NOTES. 45 


three hours.—Mechanical problems as application of the 
functions of lines and of their analysis, three hours. 


Untversity op Turix.—By Professor T. Bocaro: Analytic. 
.dynamies, three hours.—By Professor G. Fusrxi: Ordinary 
differential equations, classic and recent results, three hours.— 
By Professor G. Sannu: Ruled surfaces, investigation of 
congruences and complexes of rays by means of differential 
quadratic forms determining them, two hours.—By Professor 
C. SEGRE: Selected topics of hypergeometry, three hours. 
—By Professor C. SOMIGLIANA: Electricity and optics, three 
hours. 


Tue following courses are announced in mathematics for 
the winter semester 1913-1914: 


Untversity or BERLINX.—By Professor H. A. SCHWARZ: 
Analytic geometry, four hours; Synthetic geometry, four 
hours; Applications of elliptic functions, one hour; Collo- 
quium, four hours; Seminar, two hours.—By Professor G. 
FnosENIUs: Theory of numbers, four hours; Seminar, two 
hours.—By Professor F. Scuorrxy: Theory of elliptic func- 
tions, four hours; Theory of space curves and surfaces, four 
hours.—By Professor D. LEgMANN-FiLHuÉs: Integral calculus, 
four hours; Determinants, four hours.—By Professor G. 
Hetrner: Theory of probabilities, two hours.—By Professor 
J. KNonLAvCH: Differential calculus, four hours; Elliptic 
functions, four hours; Quadrature of the circle, one hour.— 
By Dr. K. Knopp: Theory of functions, II, four hours; 
Algebra, four hours.—By Professor O. Kricar-MENZEL: Me- 
chanics of a particle, four hours. : 


University op Boxx.—By Professor E. Stroy: Differential 
geometry, two hours; Higher geometry, one hour; Theory of 
functions, four hours; Seminar, two hours.—By Professor H: 
London: Analytic geometry, four hours; Synthetic geometry, 
with exercises, three hours; Seminar, two hours.—By Pro- 
fessor I. Schur: Differential and integral calculus, four hours; 
Linear substitutions and elementary divisors, two hours.— 
By Dr. J. O. Mëzzer: Theory of determinants, two hours; 
Calculus of variations, three hours. 
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UNIVERSITY OF GÔTTINGEN.—By Professor D. HILBERT: 
Analytic mechanics, four hours; Electromagnetic oscillations, 
two hours.—By Professor W. Vorer: Theory of the potential, 
four hours.—By Professor C. Runge: Differential and integral 

‘calculus, six hours; Mechanics of continua, two hours.—By, 
Professor L. PRANDTL; Hydrodynamics, three hours.—By 
Professor E. Lanpau: Theory of numbers, four hours; 
Seminar, two hours.—By Professor C. CARATHÉODORY: Pro- ° 
jective geometry, four hours; Conformal depiction, four hours; 
Seminar, two hours.—By Professor F. BERNSTEIN: Mathe- 
matical statistics and insurance, three hours; Theory of 
probabilities, three hours.—By Professor O. Tog»rrrz: Partial 
differential equations, four hours; Elementary mathematics, 
four hours.—By Dr. R. Courant: Infinite series with applica- 
tions, four hours.—By Dr. M. Born: Elements of mathe- 
matical physics, four hours.—By Dr. E. Hxcxx: Historical 
development of the fundamental concepts of mathematics, 
two hours; Exercises in mechanics, two hours.—By Dr. L. v. 
SENDEN: Graphical statics, three hours; Vector analysis, two 
hours. 


UNIVERSITY or Letpzic.—By Professor K. Roun: Analytic 
geometry of space, with exercises, five hours; Determinants, 
two hours; Seminar, two hours.—By Professor O. HOLDER: 
Differential and integral calculus, with exercises, six hours; 
Partial differential equations, two hours; Seminar, two hours. 
—By Professor G. Heretorz: Differential geometry, three 
hours; Mechanics, five hours; Seminar, two hours.—By 
Professor A. v. OETTINGEN: Geometric-perspective drawing, 
one hour.—By Professor P. Korze: Elliptic functions with 
applications, five hours; Seminar, two hours.—By Dr. R. 
Konic; Higher algebra, two hours. 


University oF \Jcnicu.—By Professor F. LINDEMANN: 
Differential and integral calculus, five hours; Differential 
"geometry, four hours; Geometry of the line and sphere, two 
hours; Seminar, two hours.—By Professor A. PRINGSHEIM: 
Foundations of arithmetic and analysis, four hours; Elliptic 
functions, four hours; Seminar, two hours.—By Professor A. 
Voss; Algebra, four hours; Introduction to the theory of 
ordinary differential equations, four hours; Seminar, two 
hours.—By Professor F. Harroas: Descriptive geometry, 
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with exercises, seven hours; Trigonometry with applications, 
two hours.—By Professor H. Brunn: Elements of higher 
mathematics, four hours.—By Dr. H. Doten: Elementary 
mathematics from a higher point of view, four hours; History 
of mathematics, two hours; Foundations of mathematics, 
two hours.—By Dr. F. Boum: Plane analytic geometry, four 
hours; Problems of life insurance, four hours; Life insurance 
companies, one hour.—By Dr. A. ROSENTHAL: Synthetic 
geometry, four hours; Proseminar, two hours. 





UNIVERSITY OF STRASSBURG.—By Differential 
and integral calculus, four hours.—By Professor F. ScHUR: 
Analytic geometry of the plane and of space, four hours; 
Selected chapters of differential geometry, two hours; Seminar, 
two hours.—By Professor M. Simon: History of mathematics 
in antiquity, two hours.—By Professor J. WELLSTEIN: Intro- 
duction to the theory of ‘functions and of elliptic functions, 
four hours.—By Professor R.'v. Mises: Mechanics, I, four 
hours; Graphical and numerical methods of integration, two 
hours; Seminar, two hours.—By Professor S. EPSTEIN: 
Determinants and invariants, two hours. TP Dr. A. SPEISER: 
Fourier series, two hours. 


PROFESSOR G. CANTOR, of the University of Halle, and Pro- 
“ fessor G. RODENBERG, of the-technical school at Hannover, 
have been decorated with the order of the crown of the third 
class. E 

Proressor M. Denn, of the University of Kiel, has been 
appointed professor of mathematics at the technical school 
8t Breslau. 


Dr. R. Wertzengöck and Dr. P. Rora have been appointed 
docents in mathematics at the University of Vienna. 


Dr. E. SrEiNITZ has been appointed docent in mathematics 
at the University of Breslau. 


Dr. C. THAER has been appointed docent in mathematics 
at the University of Greifswald. 


Dr. L. BieBErBAcH, of the University of Königsberg, has 
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accepted a professorship of mathematics at the University of 
Bern. 


Dr. S. Dumas, of the Swiss bureau of insurance, has been 
appointed associate professor of the mathematics of finance 
at the University of Lausanne. 


Dr. W. Maras, of the University of Münster, has been 
_ appointed professor of mathematical physics at the University 
of Basel. 


Dr. H WEYL, of the University of Göttingen, has been 
appointed professor of higher mathematics at the technical 
school of Zurich, as successor to Professor C. F. GEISER, who 
has retired. Dr. G. Dvaias has been promoted to an associate 
professorship of mathematics at Zurich. | 


Proressor M. ABRAHAM, of the technical school at Milan, 
has been promoted to a full professorship of rational mechanics. 


Proressor G. Scorza, of the University of Cagliari, has 
been transferred to the professorship of projective and de- 
scriptive geometry at the University of Parma. 


Dr. L. Amoroso has been appointed docent in mathematics 
at the University of Rome. 


Dr. G. BorDIGA, of the University of Padua, has been 
promoted to an associate professorship of projective geometry. 


Dr..E. DANIELE, of the University of Pavia, has been 
appointed associate professor of mathematical physies at 
the University of Catania. 


Dr. L. ToNELL, of the University of Bologna, has been 
appointed associate professor of analysis at the University of 
Cagliari. 


Mr. S. B. McLaren, lecturer of mathematics at the Uni- 
versity College, Reading, has been appointed professor of 
mathematics at the same institution. 
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At the University of Chicago Professors G. A. Brrss and 
H. E. Suauaut have been promoted to full professorships of 
mathematics. 


‚Dr. N. J. Lenners, of Columbia University, has been ap- 
pointed professor and head of the department of mathematics 
in the University of Montana. 


AT Stanford University, Professor H. F. BL1iCHFELDT has 
been promoted to & full professorship of mathematics and 
Professor W. A. Mannine has been promoted to an associate 
professorship of applied mathematics. 


At the University of Oregon Dr. W. M. Sats has been 
promoted to & full professorship of mathematies. Dr. R. M. 
WINGER, of the University of Illinois, has been appointed to. 
an assistant professorship of mathematics, 


At Northwestern University, Dr. EJ Mouton has been 
appointed assistant professor of mathematics. Dr. C. R. 
Dives and Mr. P. M. BAcHELDER have been appointed in- 
structors in mathematics. 


Dr. L. L. Dives, of Columbia University, has been ap- 
pointed associate professor and acting head of the department 
of mathematics in the University of Arizona. 


Proressor F. ANDEREGG, of Oberlin College, has been 
granted a year’s leave of absence to study in Europe. 


Dr. Henry BLUMBERG has been appointed instructor in 
mathematics in the University of Nebraska. 


Proressor W. P. WEBBER, of Bethany College, has been 
appointed instructor in mathematics in the University of 
Pittsburgh. 


Dr. T. H. Brown has been appointed instructor in mathe- 
matics at the Sheffield Scientific School of Yale University. 


AT the University of Minnesota Dr. W. E. ANDERSON, 
Dr. W. O. Bear, and Dr. W. L. Miser have been appointed 
instructors in mathematics. 
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De. Mrnpen L. SANDERSON has been appointed instructor 
in mathematics at the University of Wisconsin. 


Dr. G. W. Hess has accepted the professorship of mathe- 
matics at Shurtleff College, Alton, Illinois. | 


Dr. D. M. Surrg and Dr. D. L. SrAw?x have been appointed 
instructors in mathematics at the Georgia School of Tech- 
nology. 


. Dr. R. E. Root, of the University of Missouri, has been 
appointed instructor in mathematics in the U. S. Naval 
Academy. 


At Dartmouth College Professor R. M. Barron, who has 
been absent on leave for two years, has resigned. Mr. M. G. 
GABA has gone to the University of Chicago for further study. 
Mr. E. S. ALLEN has been appointed instructor in mathematics. 


Prorzssor Tu. FRIESSENDORFF, of the technical school at . 
St. Petersburg, died March 6, at the age of 42 years. 


Professor J. Konia, of the University of Budapest, died 
_ April 8, at the age of 63 years. 


Proressor J. G. Warre, of Kentucky University, died 
July 18, at the age of 67 years. 


Prorzssor C. G. Rocxwoop, of Princeton, University, died 
on July 2, at the age of seventy-one years. He had been a 
member of the American Mathematical Society since 1891. 


Lucian Avatstus Wart, emeritus professor of mathe- 
matics at Cornell University, died September 6, 1913, at the 
age of 67 years. He had been a member of the American 
Mathematical Society since 1891, and was a member of the ` 
Council for six years. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


AGREE E SE Böschungsstrahlen und Böschungsflächen. (Diss.) 
e, 1 | 


SENG (P.). ie über eine Funktion, die eine partikuläre 
einer linearen homogenen Differentialgleichung 2ter Ordnung 
iss.) Bern, 1912. Svo. 65 pp. 


a (H.). Theorie der Polaren in Bezug auf Dreiecke in SS 
tischer B ung. Bern, 1912. 8vo. 94 pp. 


BnuaNATELLI (L.) Matematica all con appendice, non mâtematica; 
ma abbastanza allegra. Milano, Saita, 1912. 8vo. 92pp. L. 2.00 


Corrzph (C.). Classificazione topologica delle superficie di Lamé alge- 
briche. Firenze, Calasansiana, 1912. 8vo. 46 pp. 


CaupmLr (U.). Compendio ed esercizt di calcolo differenziale e di calcolo 
integrale. Milano, Albrighi, Segati e C., 1913. 8vo. 8+ Ce pp. 
. 4 60 


Cuts (C. E.). Matrices and determinoids. Volume I. (University of 
Calcutta ership Lectures.) Cambridge, University Press, 1913. 
8vo. : 21 8. 

Fasry (E.). Problèmes et exercices de mathématiques érales. 2e 


édition revue et trés augmentée. Paris, Hermann, 1918. ‘8vo. 496 
pp. Fr. 10.00 


Guacissera (K.). Die Konchoide der kubischen Parabel. ` (Digs.) 
Bern, 1912. 8vo. 39 pp. 


Has (A. R.). Das Fermatsche Prinzip. Darmstadt, 1912. 8vo. M 8 PD: 


Harton (J. L. 8.). The principles of projective geometry ms to the 
straight line and conic. Cambri ge, University Press, 1913. Geo, 
376 pp. ; 10 s. 6d. 


Deg (H.). Ueber eine Gleich Bien Grades der komplexen Multi- 
plikation der elliptischen Modulfunktionen. (Diss) Basel, 1911. 
8vo. 78 pp. 


Jourdan (P. E. B.). The nature of mathematics. (The people's books, 
No.94.) London, Jack, 1913. 

Karani (P.) Die Gleichung zm + y^ = z* und der Fermatsche Sats. 
Hamburg, 1913 


Kneser (A.). Mathematik und Natur. (Rektorats-Rede.) 2ter Ab- 
druck. Breslau, Trewendt und Granier, 1918. 8vo. 18 PP: ok 


Knarrr (G.) Ueber die merkwürdigen Punkte des Tetraeders im SC 
| euklidischen Raume. (Diss.) Strassburg, 1912. 8vo. 37 pp. 


(W.) und Trier (V.). Wo steckt der Fehler? Trugschlüsse 
und Schülerfehler, (Mathematische Bibliothek. Nr. 10.) Leipzig, 
Teubner, 1913. 8vo. 4 + 57 pp. - M.0.80 
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LILIENTHAL (R. v.). “Vorlesun, n über Differentialgeometrie. 2ter Band: 
E Fl&chentheorie. iter Teil. (Teubners Sammlung. 28ter Band 
IL) Leipzig, Teubner, 1913. 8vo. 8 +270 pp. Cloth. M. 13.06 


Micnzıson (P.). Die bestimmten braischen Gleichungen des 1-4 
Grades. Nebst einem Anhang: Unbestimmte Gleichungen. 3te Auf- 
lage. Hannover, Meyer, 1918. 8vo. 8 +306pp. Cloth. M.4.50 


Nicopemr (R.). Piani quotati. Napoli, Pironti, 1913. 8vo. i PP. 


——. Spostamento di una figura piana nel suo piano. Napoli, Pironti, 
1913. 8vo. 59 pp. L. 2.00 
Pazzo (P. Del). Principi di geometria Nm lezioni dettate nell’uni- 
versità di Napoli. 3a edizione. Napoli, De Rubertis, 1913. 8vo. 
431 pp. L. 14.00 


Porerr (L.) La tavola dei numeri primi l'intervallo da 10,000,000 
à 10,020,000. Pontremoli, Cavanna, 1918. 8vo. 8pp. . 


RussmLL (B.). See Warrexrap (A. N.). 

SCHENKER (O.). Das Dreieck und die Kiepert’sche Parabel. (Diss.) 
Bern, 1912. 8vo. 52 pp. . 

SCHLUSSER (H.). ‘Die Fokaltheorie der linearen Strahlenkongruenzen. 
(Diss.) Strassburg, 1912. 8vo. 49 pp. 


Scam (A.). Abzählungen bezüglich der Ebene im n-dimensionalen Raum 
in algebraischer Behandlung. (Diss. Tübingen, 1912. 8vo. 26 
pp. 5 

Voar (H.). Eléments de mathématiques supérieures. Edition réduite, 
à l'usage des élèves chimistes. Paris, Vuibert et Nony, 1913. 8vo. 
6 + 357 pp. ; 

Voss (A.). Ueber das Wesen der Mathematik. (Rede.) Erweitert und 
mit Anmerkungen versehen. 2te, sorgfältig durchgesehene und 
vermehrte Auflage. Leipzig, Teubner, 1913. 8vo. 4 + 123 DP 

. 4.00 


WEITEBEAD (A. N.) and RussEgLL (B.). Principia mathematica. Volume 
III: Theory of series (continued); theory of measurement. Cam- 
bridge, University Press, 1913. 8vo. 21 s. 

Wuson (H.). Untersuchung einer linear-quadratischen Berührungs- 
pranistormation. (Diss., Rostock.) Weida i. Thür., Thomas & Hubert, 

ZünLkm (P.). Konstruktionen in begrenzter Ebene. (Mathematische 
Bibliothek, Nr. 11.) Leipzig, Teubner, 1913. 8vo. 4 + 40 pp. 

M. 0.80 


IL ELEMENTARY MATHEMATICS. 


Buck (H.). See Sräcxær. (P.). | 
Bowen (S.. Methodisches Lehr- und Uebungsbuch für den ersten 
Unterricht in Algebra. 2ter Teil Zürich, Schulthess, 1913. 8vo. 
5 + 64 pp. . M. 1.00 
BoncnanpT (W. G.) and Prrrotr (A. D.). Geometry for schools. Lon- 
don, Bell, 1913. 8vo. Volume 6, 118 pp., 1s. 6d. Volumes 1-6, 
in one volume, with answers, 544 pp. ; ' 4g. 6d. 
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BonrETTI (F.). Celerimensura, con tavole logaritmiche a quattro decimali 
e tavole tacheometriche. 2a edizione rifatta. Milano, Hoepli, 1913. 
24mo. 14 + 298 + 7 pp. L. 4.00 


CAMMAN (P.) et Répours (A. G.). Cours élémentaire de géométrie. ler 
cycle B. 2e cycle A, B. Paris, Gigord, 1913. 8vo. 481 pp. 

GarPPELLONI (A.). Algebra elementare. Firenze, Salani, 1913. 16mo. 
360 pp. . L. 2.50 


CORSANEGO (F.). Geometria, sistema metrico e monetario. 2a edizione. 
. Città di Castello, Lapi, 1913. 8vo. 150 pp. L. 1.25 
Diersch (C.). See Smverr (H.). 


DowNapT (A.). Repetitorium der Schulmathematik. 2ter Teil: Geom- 
etrie. Leipzig, Brandstetter, 1913. 8vo. 7 + 295 pp. s 
. 9.50 


EXAMINATION papers for scholarships and exhibitions in the colleges of the 
University of Cambridge. December, 1912-March, 1918. Volume - 


67: mathematics. Cambridge, University Press, 1913. ` 18. 6d. 
Fazzını (U.). Complementi d’algebra. 2a edizione riveduta. Livorno, 
Giusti, 1913. 16mo. 72 pp. L. 0.50 
Fiscaer (P. B.). Anschauungsmittel im mathematischen Unterricht. 
Leipzig, Teubner, 1913. 8yo. 40 pp. M. 0.60 


Guznsr (L). Metodi per resolvere i jenem di geometria elementare. 
2a edizione rifatta. Milano, Hoepli, 1913. 24mo. 271 pp. L. 2.50 


, LANDGREBE und WEIDER. Arithmetik und Algebra für 
Mittelsehulen. Berlin, Oemigke, 1913. Svo. 172 pp. C oth: EN 
InGozn (L.). See Kenyon (A. MI. id 


Kenyon (A. M.) and Ixaozp Ae Plane and spherical trigonometry. 
Edited by E. R. Hedrick. New York, Macmillan, 1913. 8vo. With 
brief tables, 11+132+18+12 pp., $1.00. With complete tables, 
114-132--18--124 pp., $1.35. Logarithmic and trigonometric tables 
(separate), 84-124 pp., $0.60. 


Lôrrrer (E.). See Lürcxer (O.). 
LöRCHER (O.) und LórrLER (E.) Methodischer Leitfaden der Geometrie. 


Stuttgart, Grub, 1913. 8vo. 84-147 pp. Cloth. M. 2.20 
Manrus (H.). Mathematische Aufgaben III. 3te Auflage. Dresden, 
Koch, 1913. M. 4.60 
MONKEMEYER (K.). Vollständige vierstellige Logarithmentafel. Frank- 
furt a. M., Diesterweg, 1913. 8vo. 110 pp. Cloth. M. 2.00 


MtrTa (G.). Leitfaden für den geometrischen Anfangsunterricht an den 
hóheren Lehranstalten. Berlin, Weidmann, 1913. 8vo. TES PP 


Naarpon (G.). Cent problèmes de géométrie et d’algèbre, avec solutions. 
Paris, Hachette, 1913. 16mo. 195 pp. Fr. 1.25 


Pernorr (A. D.). See Borcæarpr (W. G.). 
Ránous (A. G.). See Caman (P.). 


Rısı (D.). Aufgaben über die Elemente der Algebra. Auflösungen. 
Herausgegeben von G. Wernly. lites Heft. 6te Auflage. Bern, 
Francke, 1913. Svo. 63 pp. M. 1.30 
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Scatzxn (A.). Aufgabensammlung aus der reinen und angewandten 
Mathematik. 2ter Teil. 2te Auflage. Leipzig, Teubner 1913. 
8vo. 91 pp. M. 2.40 


SæverT (H.) und DrgTscH (C.). Lehrbuch der Elementar-Geometrie. 
3 Teile. Leipzig, Deichert, 1913. Svo. 189+59+105 pp. M. 5.60 


Sars (D. E.). See Wentworts (G.). 


SrAcKEL (P.) und Beck (H.). Lösungen der Aufgaben aus Baias 
Elemente der Mathematik. I: Arithmetik und Algebra. II: Geom- 


etrie. Leipzig, Teubner, 1913. 8vo. 44+39 pp. : M. 8.00 
Txsr (G. M). Elementi di mathematica. Fascicolo 3°. 5a edizione 
corretta. Livorno, Giusti, 1918. 16mo. 8+110pp. . L. 0.90 
Wentworts (G.) and Saura (D. E.). Academic algebra. Boston, Ginn 
1913. Svo. 5--442 pp. $1.20 


WILDBRETT (A.). Algebra. Nürnberg, Koch, 1913. 8vo. 11+340 pp. 
Cloth. ` M. 3.60 


III. APPLIED MATHEMATICS. 


ANDREIS (L. De). Manualetto di elettricità. 2a edizione, rivedute. 
Milano, Sonzogno, 1912. 24mo. 258 pp. L. 2.00 


Barrow (C. W. C.). Mathematical piya, Volume I: Rss and 
magnetism. London, Clive, 1913. 8vo. 320 pp. 48. 6d. 


Bovezer (C.) Cours de mathématiques. Eléments d'analyse et de 
. géométrie analytique à Pus SE élèves architectes et ingénieurs. 2e 
édition. Paris, Gauthier- rs, 1913. Svo. 6+252 pp. 


——. Eléments de statique graphique. Paris, Hachette, 1913. 8vo. 
156 pp. Fr. 7.50 


Bucxzey (R. B.). Irrigation pocket book. Facts, figures, and formulæ 
for irrigation engineers. 2d edition. London, Spon, 1913. 8vo. 
492 pp. Leather. 158. 


CaMPBELL (N. R.). Modern electrical theory. 2d edition. Cambridge, 
University Press, 1913. 8vo. 412 pp. Qs. 


Cary (E. R.). The solution of railroad problems by the slide rule. New 
York, Van Nostrand, 1918. 16mo. 9+136 pp. $1.00 


CmworsoN (O. D.) Lehrbuch der Physik. 4ter Band: Die Lehre von 
der Elektrizität. 2te Hälfte, lte Abteilung. -Uebersetzt von H. 
Pflaum und A. B. Foehringer. Braunschweig, Vieweg, 1913. 8vo. 
446 pp. M. 7.50 


Czerxm (A. M.) and others. The concise knowledge astronomy. New 
edition. London, Hutchinson, 1913. 8vo. 614 pp. 5s. 


, Cortese (E.).: Planetolo ogia. (Manuali Hoepli, serie scientifica, numeri 
397-898.) Milano, Hoepli, 1913. 24mo. 74-387 pp. L. 3.00 


Crantz (C.). Lehrbuch der Ballistik. 3ter Band: Experimentelle Ballis- 
tik oder Lehre von den ne Me und Beobachtungs- 
Methoden. Herausgegeben von C. Cran K. Becker. Leipzig, 
Teubner, 1913. 8vo. 8+339 pp. Cote M. 15.00 


Duncan (J.). Mechanics and heat. An elementary course of applied 
physics. London, Macmillan, 1913. 8vo. 13+381 pp. as. 6d. 
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ErrrEL (G.). The resistance of the air and aviation. 2d edition, revised 
and enlarged. London, Constable, 1913. 4to. 428. 
ESTOURNELLES DH Constant (d’) et PAINLEvÉ (P.). Pour l'aviation, 4e 
édition. Paris, Librairie aeronautique. 16mo. 320 pp. Fr. 3.50 
FonTEscum (C. L.). Wireless Lal we (Cambridge manuals of science 
- and literature.) Cambridge, University Press, 1913. 16mo. Eid 
pP. | 8. 
GABRIEL (E.). Problèmes de mécanique. , Paris, Gigord, 1913. 8vo. 
1 4-509 pp. 
Gress (J. W.). Elementary principles of statistical mechanics. New 
Haven, Conn., Yale University Press, 1913. , $4.00 
Guittor (L.). Cours de mécanique. Tome 3: Chaudières à vapeur, 
machines à vapeur. Paris, Béranger, 1913. 8vo. 414 pp. 
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THE TWENTIETH SUMMER MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


. "Tur twentieth summer meeting and seventh colloquium of 
the Society were held at the University of Wisconsin during 
the ‘week September 8-13, 1913. The attendance, which 
exceeded that of any previous summer meeting, included the 
following fifty-seven members: 

Professor R. C. Archibald, Professor R. P. Baker, Professor 
G. N. Bauer, Professor G. D. Birkhoff, Professor H. F. 
Blichfeldt, Professor G. A. Bliss, Professor Oskar Bolza, Dr. 
H. T. Burgess, Professor W. H. Bussey, Professor R. D. 
Carmichael, Dr. G. R. Clements, Dr. A. R. Crathorne, Pro- 
fessor D. R. Curtiss, Professor S. C. Davisson, Professor L. E. 
Dickson, Professor L. W. Dowling, Professor Arnold Dresden, 
Dr. F. T. H’Doubler, Professor E. R. Hedrick, Dr. T. H. 
Hildebrandt, Dr. Dunham Jackson, Dr. A. J. Kempner, 
Professor Kurt Laves, Professor G. H. Ling, Professor A. C. 
Lunn, Professor H. W. March, Professor Max Mason, Mr. 
J. S. Mikesh, Professor C. N. Moore, Professor E. H. Moore, 
Professor W. F. Osgood, Professor B. L. Hemick, Professor 
R. G. D. Richardson, Professor W. J. Risley, Professor W. H. 
Roever, Dr. J. E. Rowe, Miss I. M. Schottenfels, Mr. A. R. 
Schweitzer, Professor J. B. Shaw, Dr. H. M. Sheffer, Mr. 
T. M. Simpson, Professor E. B. Skinner, Professor H. E. 
Slaught, Professor C. S. Slichter, Professor E. R. Smith, 
Dr. E. B. Stouffer, Professor E. J. Townsend, Professor A. L. 
Underhill, Dr. S. E. Urner, Professor E. B. Van Vleck, Pro- 
fessor E. J. Wilezynski, Professor F. B. Wiley, Professor R. 
E. Wilson, Professor R. M. Winger, Professor H. C. Wolff, 
Professor B. F. Yanney, Professor Alexander Ziwet. 

The four sessions of the summer meeting proper occupied 
the first two days of the week. The first session opened with 
an address of welcome by Professor C. S. Slichter on behalf 
.of the University of Wisconsin and the local members of the 
Society. At this session, and also at the final session, the 
President of the Society, Professor E. B. Van Vleck, occupied 
the chair. Professor Bolza presided at the second, and 
Professor Osgood at the third session. The Council an- 
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nounced the election of the following persons to membership 
in the Society: Mr. W. E. Anderson, University of Minnesota; 
Professor W. O. Beal, Illinois College; Dr. C. A. Fischer, 
Columbia University; Professor A. E. Landry, Catholic Uni- 
versity of America; Lieutenant Salih Mourad, Ottoman Navy; 
Miss E. A. Weeks, Mount Holyoke College. Thirteen appli- 
cations for membership in the Society were received. 

The Secretary reported that Columbia University had pro- 
vided a separate office for the Society and that under the new 
plan of administration the work of the Secretary, Treasurer, 
Librarian, Committee of Publication, and the sales department 
would now be handled in this one office with the assistance of 
a clerk. 

Professor L. E. Dickson was elected Editor-in-Chief of the 
Transactions. It was decided to hold the summer meeting 
of 1915 at San Francisco, in connection with the Panama 
Exposition. 

The Register of the Society will hereafter be issued at inter- 
vals of two or three years. In the intervening years only a 
list of officers and members will be published. 

The arrangements made by the local committee for the 
comfort and entertainment of the members throughout the 
week were most hospitable. No place in the middle west 
could be more ideal for such a series of meetings than Madison. 
The spacious lecture halls, the beautiful campus occupying 
an elevated position overlooking the capitol building and the 
adjacent lakes, Mendota and Monona, the commodious 
University Club, used as headquarters, and the hospitality 
of President Van Vleck and other members of the faculty 
who opened their homes for the entertainment of the members, 
—these and many other items contributed to the success of 
the farthest west summer meeting, except that at St. Louis 
(1904), and the only western colloquium of the Society. 

On Monday evening, Professor Van Vleck entertained at 
dinner the members of the Council and the colloquium 
lecturers. On Wednesday afternoon the committee provided 
a two-hours’ special excursion on Lake Mendota, ending at 
the Golf Club House in time for the dinner, at which fifty-five 
persons gathered. President Van Vleck, acting as toast- 
master, called upon Professors Osgood, Bolza, Moore, Blich- 
feldt, Dickson, and Dr. Jackson for informal talks, and 
Professor Slaught read a telegram to be sent to the Secretary, 
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expressing appreciation of his services to the Society and great 
regret at his enforced absence. At the close of the dinner 
Professor Ziwet voiced the unanimous sentiment in expressing 
thanks to the University and to the committee on arrange- 
ments for their generous hospitality. The dinner was followed 
by a moonlight ride on the lake back to the University Club. 
On Thursday the members were conducted by Professor 
Skinner about the campus and buildings of the University; 
and on Friday an automobile ride, provided by the mathe- 
matical faculty of the University and their friends, gave the 
members a fine opportunity to see the immediate surroundings 
of Madison. This ended in a most enjoyable buffet dinner 
at-the home of President Van Vleck. 

An account of the colloquium will appear later in the 
BULLETIN. 

The following papers were presented at the four sessions of 
the summer meeting. 

(1) Dr. E. B. Lyris: “Note on iterable fields of integra- 
tion." . 

(2) Professor W. H. Bussey: “The tactical problem of 
Steiner." 

(3) Dr. JosgenuiNE E. Burns: “The abstract definitions of 
the groups of degree eight.” 

(4) Professor Wura MARSHALL: “The functions of the 
parabolic cylinder." 

(5) Professor L. C. Karprnsxr: "The algorism of John 
Killingworth.” 

(6) Professor R. D. CARMICHAEL: “On series of iterated 
linear fractional functions.” 

(7) Professor R. D. CARMICHAEL: “Some theorems on the 
convergence of series.” 

(8) Mr. T. E. Mason: “The character of the solutions of 
certain functional equations." 

(9) President E. B. Van VLeck and Dr. F. T. H'DovsrEn: 
* On certain functional equations." 

(10) Professor Oskar Borza: “On the so-called ‘abnor- 
mal’ case of Lagrange’s problem in the calculus of variations.” 

(11) Professors E. R. Heprick and W. D. A. WESTFALL: 
* An existence theorem for implicit functions.” 

(12) Professor R. G. D. Rıcmarpson: “A solution of the 
Rayleigh minimum problem in the theory of sound.” 

(13) Professor G. C. Evans: “The Cauchy problem for 
integro-differential equations.” 
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(14) Dr. Dunxam Jackson: “A formula of trigonometric 
interpolation." 

(15) Mr. J. W. ALEXANDER II: “Proof of the invariance of 
certain constants of analysis situs." 

(16) Dr. J. E. Rowz: “On Fermat’s theorem and related 
theorems (first paper). " 

(17) Dr. J. E. Rowz: “On Fermat's theorem and related 
theorems (second paper). " 

(18) Professor Maxıme Bócnzem: “The infinite regions of 
various geometries." ` 

(19) Professor W. F. Oscoop: “On functions of several. 
variables which are meromorphic or analytic at infinity.” . 

(20) Professor W. F. Osaoon: “Note on line integrals on 
an algebraic surface f(z, y, z) = 0.” 

(21) Professor E. H. Moors: “On a class of continuous 
functional operations associated with the class of continuous 
functions on a finite linear interval” (preliminary communica- 
tion). 

(22) Mr. A. R. Scawærrzer: “On a general category of 
definitions of betweenness." 

(23) Mr. A. R. Schweitzer: “The theory of linear vectors 
in Grassmann’s extensive algebra.” 

(24) Mr. A. R. Scawærrzer: “Remarks on functional equa- 
tions." 

(25) Mr. A. R. Scawerrzer: “The general logical signifi- 
cance of uniformity of convergence of series.” 

(26) Professor Epwarp Kasner: “On the ratio of the arc 
to the chord for analytic curves." 

(27) Dr. E. L. Dopp: “The arithmetic mean as approxi- 
mately the most probable value a posteriori under the Gaussian 
law." 

(28) Professor E. J. Wizczynsxi: “On the surfaces whose 
directrix curves are indeterminate." | 

(29) Professor J. B. Saaw: “On the transverse of a linear 
vector operator of n dimensions." 

(30) Professor FLoRIAN Cayorr: “Zeno’s arguments on 
motion." 

(31) Professor O. E. Guenn: “Note on a translation prin- 
ciple connecting the invariant theory of line congruences with 
that of plane n-lines." 

(32) Professor F. R. SuanPz: “Conics through inflections 
of self-projective quartics.” 
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(33) Professor F. R. Sxarpe and Dr. C. F. Crare: “Plane 
curves with consecutive double points.” 

(34) Dr. More» L. SaNpERSON: “A method of construct- 
ing binary modular covariants.”  : 

.(85) Dr. H. M. Suerrer: “Superpostulates: introduction 
to the science of deductive systems." 

(36) Dr. H. M. SHEFFER: “A set of six independent postu- 
lates for Boolean algebras." 

(87) Professor R..M. Wiwarn: “Self-projective rational 
sextics.” 

(38) Professor R. M. Warr: “Self-projective rational 
septimics ” (preliminary report). 

(39) Professor M. FRÉCHxT: “Sur la notion de différentielle 
d'une fonction de ligne." je. 1 

(40) Professor Kurt Laves: “A new theorem concerning 
the motion of two satellites of finite masses circulating in 
nearly commensurable motions of type $ about a central and 
homogeneous body of ellipsoidal shape." 

(41) Professor H. F. BuricgrELpT: “On the order of linear 
homogeneous groups (fifth paper). 

(42) Professor T. R. RuwwiNa: “Graphical solutions of 
differential equations between two variables." 

(43) Professor R. P. Baxer: “The genus of a group.” 

(44) Professor R. P. Baker: “The topological configura- 
tions occurring in finite geometries." 

(45) Professor R. D. CARMICHAEL: “On Fermat's theorem 
and certain related theorems.” 

(46) Professor H.W. Marca: “Integral and series representa- 
tions of an arbitrary function in terms of spherical harmonics.” 

Dr. Burns’s paper was communicated to the Society through 
Professor Miller; Professor Fréchet’s through Professor Dick- 
son. Mr. Mason was introduced by Professor Carmichael; 
Dr. Sanderson by Professor Dickson. The paper of Professor 
Bécher was read by Professor Osgood. The papers of Dr. 


Lytle, Miss Burns, Mr. Alexander, Dr. Dodd, Professors Mar- , 


shall, Karpinski, Evans, Cajori, Glenn, Sharpe, Kasner, Run- 
ning and Baker, the third paper of Professor Carmichael, and 
all the papers of Mr. Schweitzer except the first were read by 
title. Abstracts of the papers follow, with numbers corre- 
sponding to the titles in the above list. 


1. In a former paper in the Transactions, volume 11 (1910), 
page 25, Dr. Lytle showed that a property, which he defined 
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as iterability of the field of integration, was a sufficient con- 
dition for a certain integral inequality. In the present note 
he shows that iterability is also necessary, and thus finds a 
necessary and sufficient condition that all limited functions 
simultaneously satisfy this inequality. 


2. In this BULLETIN, volume 16, pages 19-22, Professor 
Bussey proved the existence of an arrangement in triads, 
tetrads, etc., for every number n of the form 2/ — 1. In the 
present paper he proves the same thing in a more simple way 
and gives a method by which the triads, tetrads, etc., can 
easily be written down in any particular case. 


9. Dr. Burns points out that the symbolic definitions of the 
abstract groups which may be represented as substitution 
groups on a small number of letters are effective in displaying 
the fundamental abstract properties of that important class of 
groups. The problem of finding the abstract definitions of the 
substitution groups of degree eight necessarily involves the 
detailed study of a large number of distinct groups, but the 
work may be materially simplified by considering several larger 
categories, each of which embraces several of the desired 
definitions. Such categories are represented by all groups 
which may be generated by two operators satisfying the fol- 
lowing fundamental conditions: 


1. B = 3a, (nes) = 1, sin = 881"; 

2. sii = s, (818)? = 1, 81785? = si 

3. 8 = 8, (818) = 1, (sfs) = 1; 

4. 81° = 89°, (5,5)! = 1, sj and sj invariant; 
5. $15 = $9, (8182)? = 1, 81384 = $9933; 

6. 8j = oi, (55) = 1, 81°82 = 898)". 


In each case the equations given define a small category of 
abstract groups of finite order, many of which may be repre- 
sented as substitution groups on eight or a smaller number of 
letters. 


4. It is the object of Professor Marshall’s paper to place 
the so-called functions of the parabolic cylinder on the same 
footing, as far as the possibility of numerical calculation is 
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concerned, as Bessel’s functions, for example. To this end 
power series valid in the entire plane are deduced, which series 
contain only a single parameter, namely the ratio of the two 
constants « and À which appear in the defining equation 


e + (ru? + DU = 0. 


Then semi-convergent expansions suitable for computation 
when the argument is large are developed, and the connection 
between these and the convergent series established. Finally, 
formulas for the roots of these functions are deduced. The 
paper is to appear in the Archiv der Mathematik und Physik. 


5. Prominent among the English mathematicians and 
astronomers of the fifteenth century was Jobn Killingworth 
of Merton College, Oxford. Professor Karpinski presents a 
study of Killingworth’s algorism, which is preserved in manu- 
script Ee. ITI. 61, Cambridge University Library. This work, 
which explains our present system of arithmetic, was written 
in 1444 4. D. From the standpoint of the history of method 
and the development of science in England this is an important 
document. The study shows that the technique of the 
arithmetical operations as taught in Oxford had improved 
but little in the centuries between Adelard of Bath (c. 1125) 
and Killingworth. A comparison with the writings of con- 
temporaries, such as Peurbach of Vienna'and de Beldamandi 
of Italy, indieates that much greater progress in the art of 
arithmetic had been made on the continent. Doubtless the 
faulty instruction in arithmetic contributed to the general 
decline of mathematieal science in England, which continued 
until the time of Newton. 

This paper will appear in the English Historical Review. 


6. Among the most important series known to mathematical 
analysis are the two classes of power series (ascending and 
descending) and the factorial series. Closely associated with 
the latter are the so-called binomial coefficient series. In his 
first paper Professor Carmichael introduces a common general- 
ization of descending power series and factorial series and 
also of ascending power series and binomial coefficient series. 
These are the series of iterated linear fractional functions 


Oni 
ad Yn “to: 
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: a + 2,0. 5 G)8s(2) ne Sax), 
where 


6 ; aS b 
Sm) EE, ad—be 0; Sim SET, 


a, b, c, d being constants. For the case where the substitution 
x' = Six) has two double points and the multiplier of the 
substitution is in absolute value equal to unity, the theory of 
both series is altogether exceptional; and consequently this 
case is not treated in detail. The general case subdivides 
into several special cases in each of which the general theory 
is essentially different from that in all the others. In each of 
these cases the fundamental elements of a general theory are 
developed. The nature of the region of convergence, of abso- 
lute convergence, of conditional convergence, and of uniform 
convergence is determined in every case; precise formulas 
also are obtained for the magnitude of these regions in terms 
of the coefficients of the series. It should be noted that the 
general results are in some respects in marked contrast to the 
simpler ones for the special cases which have been investigated 
heretofore. 


k>1, 


7. No general criteria are known for the study of the con- 
vergence of a series of complex terms when the series does not 
converge absolutely. The object of Professor Carmichael’s 
second paper is to generalize one of the few special methods 
which are already available for such study. Typical of the 
theorems obtained is the following: Let ai, as, as, --- be any 
infinite sequence of numbers such that each of the limits 


lim S,, lim nS,¢~, lim n 28,0-9, ..., lim nts, 
exists and is finite, where 
S,0 = Ya; S,® == Ser, (t > 1). 
t=1 Al 


Let c, Ca, C3, **- be an infinite Sequence of numbers such that 
| Ate; | + | Atos | + | Aëc; | + --- is convergent, where A is 
the difference symbol of the difference calculus. Then the 
series @101 + gaps + gp + --- is convergent (but not neces- 
sarily absolutely sonversent): 
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8. Mr. Mason studies the solutions of the equations 


A(x) 9(«) + B(z) _ A(z)e() + Re 
C(z)e(z) + Dis) C(z)e(z) + Dia)’ 


where A(z), B(x), C(x), D(a) are rational, with respect to their 
rational, algebraic non-rational, algebraically transcendental, 
and transcendentally transcendental character. A partial 
treatment. of these problems has been given by Tietze and 
Stridsberg. In the present paper methods are developed for 
finding all possible rational and algebraic non-rational solu- 
tions. For the case where C(x) + 0 and there are no algebraic 
solutions, if we exclude a certain well-defined and quite 
restricted class of equations of exceptional character, then a 
necessary and sufficient condition that an equation of either 
of the types above have an algebraically transcendental 
solution is that a certain third order difference equation have 
a rational solution. The author shows how to find all the 
possible rational solutions of this equation. These algebraic- 
ally transcendental functions also satisfy a certain Riccati 
differential equation with rational coefficients. These func- 
tions are asymptotic to the formal solutions of the equation 
in power series in Us or in 1/ Vz. Equations are given which 
have no algebraic solutions but which do have algebraically 
transcendental solutions. The author finds a necessary and 
sufficient condition that an equation of the forms considered 
has only transcendentally transcendental solutions. A list 
of comprehensive classes of equations which have only trans- 
cendentally transcendental solutions is given. In the case 
when A(z) = D(x) = 0, there is a simple necessary and 
sufficient condition for algebraic solutions; if there are no 
algebraic solutions, then all the solutions are transcendentally 
transcendental. : 











e(z4- 1)= and (gz) 


9. The paper of Professor Van Vleck and Dr. H'Doubler 
is devoted to a treatment of the functional equations 


ple + y)é(s — y) = RE) — V GG), 
V + yu y) = VG) — e Ge). 


From these equations the properties of the Jacobi -functions 
can be rapidly unrolled. The only real solutions not trivial - 
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are, except for certain constant factors, pairs of #-functions, 
or degenerate cases of the latter, such as the sine and cosine. 
In the complex plane there exist solutions of the functional 
equations which are non-analytic. 


10. In his classical paper on Lagrange’s multiplier rule, 
A. Mayer met with a certain exceptional case, which has 
since received the name of the “abnormal case of Lagrange’s 
problem” (anomaler Fall, Hahn). In the present paper, 
Professor Bolza gives a detailed discussion of this abnormal 
case for the following generalized Lagrange-Mayer problem: 
To minimize the expression 


D 
U= f FY. tt, Ym a, 2055 Yn dt 
to 
+ Gio +", Yao; Yiv cts Yat) 
with respect to the totality of curves 


Y= FAQ) (to St S D: t= 1; 2*5, n), 
which satisfy p differential equations 


PAY t's Ys Us, ys) =O @= 1,2, +++, p), 
q finite equations 
Yu, 3) = 0 B= 52, +--+, 9), 
and r initial conditions 
Xy o ** ts Yno; Vin ts Mail =0 (y=12,:...,r), 


(Yio ***, Yno) and (Yu, ***, Ynı) denoting the coordinates of 
the two end points of an admissible curve. 


11. In this paper Professors Hedrick and Westfall prove a 
series of theorems on the existence of the solutions of implicit 
equations without any assumption concerning the existence 
of any derivative. The theorems cover the existence of 
solutions of single equations for one unknown, and of systems 
of equations; and they yield the classical theorems in those 
cases in which the derivatives exist. The fundamental 
assumption in the case of one equation f(x, y) = c is that the 
difference quotient [f(z, y) — f(zo, yo)]/[y — yo] be definite in a 
region about the fixed point (ao, yo). 
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12. What is the form of that plane region of unit area which 
furnishes a minimum value to the particular characteristic 
parameter value A of the differential equation 


Om | Oz 
da? 2 97? FM 

which corresponds to a solution vanishing on the boundary? 
In other words, what is the shape of that drum head of pre- 
scribed area which emits the lowest fundamental tone? By 
means of a method similar to that used in simpler problems 
of the calculus of variations, Professor Richardson shows to 
be correct the surmise of Lord Rayleigh that the region must 
be circular. The desired solution of the differential equation 
is the solution of the following minimum problem: Of all 
functions z(z, y) which vanish on the boundary C of a unit 
region R in the plane and which satisfy the condition 


[var = 1, 


which function z and which region R give to the integral 


MOHOJ 


a minimum value? The first necessary condition furnishes 
an equation which shows that the greater the. curvature of C, 
the greater the normal derivative of z. From this funda- 
mental formula the theorem is derived. . 


13. Professor Evans extends the Cauchy existence theorem 
for partial differential equations to integro-differential equa- 
tions of so-called “static type,” i. e., equations in which the 
variables of differentiation are different from those of inte- 
gration. The method of generalization adopted, which is 
that of the algebra of permutable and non-permutable func- 
tions, permits the partial extension of the idea of characteristics 
to equations of this kind. These curves are given in terms of 
the variables of differentiation, and are called ordinary 
characteristics. For special equations every curve in the 
plane may be an ordinary characteristic; but equivalent 
equations may sometimes be found whose characteristics are 
‘defined. If a curve is not tangent to an ordinary character- 
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istic, analytic values of the function and its proper derivatives, 
assigned on the curve, will determine an analytic solution; 
along a characteristic these values may not be assigned 
arbitrarily, and do not by themselves determine a unique 
solution. 


14. The ordinary formula of trigonometrie interpolation 
for a function f(x) of period 2r gives a trigonometric sum of 
order n which coincides in value with f(x) at 2n + 1 points 
evenly distributed over a period. The formula is closely 
analogous to that for the partial sum of the Fourier series 
for f(x), and the convergence properties of the interpolating 
function, as n becomes infinite, are similar to those of the 
Fourier sum. In particular, the mere continuity of f(x) is 
not a sufficient condition for convergence. Dr. Jackson 
shows that an interpolating function suggested by Fejér's 
arithmetic mean in the theory of Fourier's series does always 
converge, uniformly, if f(x) is continuous; it is a trigono- 
metrie sum of order n — 1l, taking the values of the given 
function at n equidistant points. The formula which he 
introduced, for the sake of the rapidity of its convergence in 
certain cases, in a paper presented at the February meeting 
of the Society, also converges for every continuous function 
f(x), but does not coincide exactly with f(x) at the given 
points, as the present one does. The new formula is ex- 
amined as to its convergence for certain classes of discontinuous 
functions; for convergence at any one point, for example, it 
is sufficient that f(x) be continuous at that point and remain 
finite everywhere. A simple transformation gives a formula 
of polynomial interpolation with given points unequally 
spaced. 


15. It has been shown by Poincaré that if two complexes 
which define the same manifold be made up of a finite number 
of analytic pieces, their Betti numbers and coefficients of 
torsion are the same. In this paper, Mr. Alexander proves 
the invariance of the Betti numbers, the coefficients of torsion, 
and the numbers which are obtained by reducing the matrices 
of the complex modulo 2, without assuming the analytic 
character of the complexes. 


16. It is the purpose of Dr. Rowe's first paper to present 
and illustrate a method of attacking certain problems in regard 
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to the sums of powers of integers. The four important 
theorems follow. 

'(1) The difference of the nth powers (n an odd number 
1) of two odd integers cannot be the kth power (k an 
integer = n) of an integer if the difference of the odd intégers 
is different from zero mod 2*. 

(2) The sum of the nth powers of two odd integers cannot 
be the kth power of an integer if the sum of the odd integers 
is different from zero mod 2”. 

(3) The difference of the nth powers of two odd numbers, 
one of the form 4r + 1, and the other of the form 4r — 1, 
cannot be the k’th power (k’ an integer > 1) of an integer. 

(4) The sum of the nth powers of two odd numbers, both 
of the form 4r + 1, or both of the form 4r — 1, cannot be 
the k’th power of an integer. 

Applied to Fermat’s theorem, theorems (3) and (4) above 
invalidate one half of all possible solutions of the equation 
z^ + y” = z^. Theorems (1) and (2) together with the work 
of Kummer are shown to prove the impossibility of & solution 
of z*-L y^ = z^ in integers for all values of n so long as 
z(z > zx, z > y) is a number not greater than 10”. 

Further, the theorems of the paper are important quite 
apart from their application to Fermat’s theorem. ' 

This paper has been published in the Johns Hopkins 
Circular, July, 1913. 


17. Dr. Rowe's second paper is concerned with the appli- 
eations of the theorems of the first paper to more restricted 
sets of integers. Possibly the most important result is that 
the first two theorems of the first paper together with Dickson's 
work (Quarterly Journal, volume 40) show that there is no 
solution of the equation x" + y" = 2” in integers x, y and a 
all prime to n for any value of n if z (the greatest of the in- 
tegers) is an integer of not more than 2,063 digits. 

'The one theorem of the paper which i is in & different class 
from the others is: The sum of even powers of two odd 
integers cannot be the Sth power (S an integer > 1) of an 
integer. 


18. In plane and solid projective geometry the infinite 
region is a line and a plane respectively; in the real geometry 
of inversion, a point. Much less familiar are the infinite re- 
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gions for other geometries, for instance in the geometry of 
inversion in the 'complex plane. Here the infinite region con- 
sists of two. ideal minimal lines, one of each set; and in the 
geometry of inversion of complex three dimensional space it 
consists of a minimal cone, In the real or complex plane of 
analysis (cf. Osgood, Transactions, volume 13 (1912), page 
159) the infinite region consists of the two real straight lines 
z = co and y = œ; and in the three dimensional space of 
analysis, of three planes. "These facts are elaborated in Pro- 
fessor Bócher's paper, and the attempt is made to make it 
clear that these infinite regions are Just as useful in their 
proper places as the more familiar line and plane at infinity 
of projective geometry in theirs. 


19, Professor Osgood's first paper contains the following 

theorems.  : 
‘Theorem A. If f(a, -++, zn) is analytic in every point of 

the coordinate axes in the space of analysis, then f is a constant. 

Theorem A’. If f(z, +++, Za) is analytic in those points of 
the infinite region of the space of analysis which correspond 
to any n — 1 north poles combined with any point whatever 
of the nth sphere, then f is a constant. 

Corollary. If f(z,---, Za) is analytic in every point of 
the infinite region of the space of analysis, then f is a constant. 

Theorem B. If f(z, --+, Za) is analytic at all points out- 
side a fixed hypersphere 


a + yr? + aa? + +++ + y,? > G, 
and if f is finite in this region, then f is a constant. 


20. Professor Osgood’s second paper calls attention to the 
behavior at infinity of integrals f (Pdz + Qdy) on an algebraic 
surface f(z, y, 2) — 0, which are everywhere finite there. 
Some integrals of this class are analytic at infinity in the 
space of analysis, others are analytic at infinity in projective 
space. 


21. The purpose of Professor E. H. Moore’s preliminary 
communication is to indicate an instance of his general Fred- 
holm theory of linear integral equations on the basis 24 (cf. 
Buiter, April, 1912) in which the independent variable p : 
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of the functions involved is itself a function v, the functions 
thus becoming functional operations on the variable func- 
tion +. : 


22. In the American Journal, volume 31 (1909), page 396, 
is given a definition of “a is between By” in terms of sameness 
of sense of tetrahedra. On page 388, I. c., is given an analogous 
definition based on the relation righthandedness of tetrahedra, 
On page 366, 1. c., it is noted that in addition to the relations 

“sameness of sense" and “righthandedness” the relations 
OS is +++ Bp, op +++ as DÉI, and esIfifs - -- B5 also 
generate n-dimensional geometry. This is evident at once, 
if it is recognized that corresponding definitions of between- 
ness are given, by employing as a guide the definition in terms 
of sameness of sense. Mr. Schweitzer points out that the 
five definitions of betweenness indicated have the common 
characteristic that they define affirmatively a linear conception 
in terms of a spatial conception. The problem of phrasing 
corresponding geometric systems so that the basal relations 
function most naturally in each instance is considered in-a 
memoir “A theory of geometrical relations" which is not yet 
concluded. 


28. Using his "Foundations of Grassmann's extensive 
algebra," American Journal (1913), pages 37-56, as a basis 
Mr. Schweitzer deduces in detail the theory of linear vectors, 
The first part of the paper is concerned with the deduction of 
the relation 8 — 8' = g(a — a’), where q is any number, and 
its fundamental properties; a feature is the use of the author's 
definition of.parallellines,]. c. In the second part the relation 


(a+ b 4- a+ d) = ae + bp + ey + dô, 


where a, b, c, d are any numbers, is derived. In the third part 
the regressive product of two vectors is defined, also their 
metrical properties such as congruence, length, etc. The 
concluding part investigates to what extent the author's 
fundamental properties (l. c.) induce the equality of domains 
of points. This part represents essentially an application of 
Grassmann's statement: 

. “Die Gleichheit zweier Theile eines Elementarsystems 
besteht im allgemeinsten Sinne darin, dass beide von dem 
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in einfachem Sinne erzeugten Systeme von Elementen gleiche 
Gebiete umfassen, nämlich so, dass wechselseitig jedem Ele- 
' ment des einen Gebietes ein, aber auch nur ein Element des 
andern entspricht. ` 


24. In Mr. Schweitzer's third paper the following theorems 
on Grassmann’s synthetic and analytic associations are 
proved: 

I. {(yUz)nz} = y and {(ynz)Uy} = z imply (ynz) 
= (any) and {yU (yUz)} =z. 

“Th ígU(zUuz)-ízu(zuy) and {(yUz)nz}=y 
and {(y nz) Uy} = z imply (yn (znz)) = {zn eny)}. 

DL (yn(enz)- {an(æny)} and {(yUz)n 3} = 7 
and {(ynz) Uy} = z imply {yU (zUz)) = {z U (zUy)]. 

As an application, theorems on the author's functional rela- 
tions are obtained by replacing the associations (z ny) and 
(zuy) by é(z, y) and f(x, y) respectively. Finally, the 
problem of finding the quasi-transitive function fi(z, y) such 


that NN 
| AG, y) a} = fifi, 2), iy, 2)}; 


where f(x, y) is quasi-transitive, is considered. An actual 
and not merely formal solution is obtained by using certain 
well known functional relations due to Abel and Schroeder. 


25. The uniformity of convergence of series is justly con- 
sidered one of the most important conceptions that underlie 
analysis. Mr. Schweitzer first reviews the manner in which 
this conception enters into various analytic disciplines; then 
discusses its relation to the general concept iteration and finally 
takes account of uniformity of convergence by means of his 
* principle of continuation," which is stated thus: 

“The existence of a class of particular elements (or operands) 
affected by particular operations implies the existence of a 
class of general elements affected by general operations.” 

Two special applications of this principle must here be noted, 
viz., (1) invariance of domain of elements under generalization 
of operations; and (2) persistence of operational properties 
' under generalization of operands. 


. 90. Professor Kasner shows that for imaginary analytic 
curves the limit of the ratio of the arc to the chord may not be 
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unity. The limit is always real, and if it is not unity is at 
most equal to $ V2 = .94..., A different result is obtained 
for irregular (singular) points. An extension is made to space. 


27. Under the postulate that each real number is equally 
likely a priori to be the true value, the attempt has been 
made to deduce from the Gaussian law the principle that the 
arithmetic mean of n measurements is a posteriori the most 
probable value of the unknown true value. But this postu- 
late has already* been shown to be untenable. Dr. Dodd 
investigates several postulates, and finds each of the following 
three postulates to be inadequate: (1) The a priori probability 
is constant in a certain interval, and is zero outside this 
interval. (2) The a priori probability is continuous, and is 
zero outside a certain interval. (3) The a priori probability 
is continuous for all real values and does not vanish. 

But if the a priori probability is such that the derivative of 
its logarithm is numerically less than some constant for all 
real values, then a posteriori under the Gaussian law, after n 
measurements have been made, the arithmetic mean of these 
measurements differs from the most probable value by an 
infinitesimal, as n increases indefinitely. Other conditions 
less restrictive are found under which the arithmetic mean 
approximates the most probable value. 


28. The linear complexes which osculate the two asymptotic 
curves of a surface point at their point of intersection have 
in common a linear congruence of whose directrices one passes 
‘through the surface point while the other lies in the correspond- 
ing tangent plane. If these directrices be constructed for 
every point of a surface, there arise two congruences, the 
directrix congruences of the surface. There exist, in general, 
two one-parameter families of curves on the surface such that 
the directrices of the points of such a curve form developables. 
Professor Wilezynski's paper is devoted to the exceptional 
case where these so-called directrix curves are indeterminate, 
i. e., where the directrices of all points of an arbitrary curve 
on the surface form developables. It is shown that every non- 
ruled surface of this kind is a projective transformation of an 
integral surface of the completely integrable system 





* This BULLETIN, June, 1913, p. 481. 
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where 0 is a non-vanishing constant or any solution of the 
partial differential equation 
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where k is a constant, which is or is not equal to zero according 
as the corresponding surface ‘has asymptotic curves which 
do or do not belong to linear complexes. In the former case, 
the explicit equations of the surface can be found by quadra- 
tur 


es. 

One of the directrix congruences of any surface of this class 
consists of all of the lines through a fixed point, while the 
second directrix congruence is composed of all of the lines of a 
fixed plane. These are called the directrix point and directrix 
plane of the surface, and are united in position if and only 
if k= 0. 

If the asymptotic curves of the surface are projected from 
the directrix point on the directrix plane, there is obtained a 
net of plane curves which has very remarkable properties. 
It is periodic of period 3 under Laplace transformation, and 
the two nets distinct from it obtained by Laplace trans- 
formation are so related as to have at each pair of correspond- 
ing points a common osculating conic. These properties are 
characteristic; i. e., any net of plane curves which has these 
properties may be regarded as a projection of the asymptotic 
curves of a surface with indeterminate directrix curves. A 
net of this kind is determined except for three arbitrary con- 
stants by means of one curve of each of its two families, and 
these may be assigned arbitrarily. There exists a single 
infinity of surfaces with indeterminate directrix curves which 
correspond to a given net of this kind and a given point as 
directrix point. 

Incidentally a complete geometrical interpretation is ob- 
tained for the equality of the invariants h and k of a single , 
partial differential equation of the form 


1913.] THE SUMMER MEETING OF THE SOCIETY. 75 


020 
Ou0v 





900 , , 06 
tan + ba + cb = 0, 


a case which has received considerable attention especially 
from Darboux and Moutard, but whose geometrical signifi- 
cance apparently has not been discussed so far. 


29. In this paper Professor Shaw calls attention to the neces- 
sity of considering the axes of a linear vector operator (which 
are foreign to a matrix). For the transverse the shear regions 
are made up of vectors which are conjugate to those defining 
the shear regions of the original linear vector operator, but 
respectively reversed in order. In the case of self-transverse 
operators when the multiplicity of any root is m > 1 the shear 
regions are representable in the forms 


Wir + V= 1j.) pit N— Lima), ve: 
Wi, LC UA War LA 
di — V> 159). 


In this r = im for m even, $(m + 1) for m odd. In case 
mis odd jr = 0. The vectors Ze j, form a mutually orthog- 
onal system, and y has an inverse. 


30. Professor Cajori's paper is a study of the purpose of 
Zeno's arguments as it is reported by Plato and as it is set 
forth by modern writers, particularly by E. Zeller, W. Windel- 
band, M. Cantor, V. Cousin, G. Grote, P. Tannery, G. 
Milhaud, P. Natorp, and J. Cohn. 


31. Professor Glenn defines and applies & translation prin- 
ciple by which every invariant of a plane n-line corresponds to 
a contravariant of a definite line congruence in 3-space. The 
idea of a tangential equation of the congruence is developed 
from the invariantive point of view. 


32. Ciani (Rendiconti di Palermo, 1899; 4nnali di Matematica, 
1901) has discussed the systems of conics through 8 inflections 
on the various self-projective quartics. In this paper Professor 
Sharpe confirms Ciani’s results by a different method and also 
proves the existence of systems of conics through 6 inflections, 
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the Klein quartic having 2100 such conics in addition to the 
112 found by Ciani. 


33. The existence of irreducible plane curves with any 
number < i(n — l)(n — 2) of distinct double points was 
proved by Snyder (this BULLETIN, volume 15, page 1, 1908). 
Guecia (Supplemento Rendiconti Palermo, volume 5, page 1, 
1910) proposed the problem of the maximum number of 
consecutive double points for an irreducible plane curve of 
order.n. In this paper Professor Sharpe and Dr. Craig 
show that the maximum number is at least the greatest integer 
in }(n? + 3n — 14). The rational sextics with consecutive 
double points are shown to be projectively equivalent and 
their equation in & canonical form is determined. 


34. In this paper Miss Sanderson shows a way of construct- 
ing modular covariants of & binary form similar to that in 
which ordinary covariants are constructed as symmetric 
functions of the roots. A form of the nth degree is written 
as the product of n linear factors, the ratios of whose coeffi- 
cients are the roots of the form when it is equated to zero. It 
proves simpler to construct the covariants as functions of these 
coefficients rather than as functions of the roots. It is found 
that many different types of symmetric functions may enter 
in addition to the two simple types which suffice for the ordi- 
nary covariants. Some covariants are found to be easily 
obtainable, as in the ordinary theory, from the coefficient of 
the leading term. 


35. By means of uniform sets of “superpostulates” Dr. 
Sheffer is enabled (1) to determine, by one type of formula, the 
class of deductive systems having a postulated property; (2) 
to determine completely, by the same type of formula, a given 
deductive system; (3) after the reduction of an ordinary 
postulate set to its corresponding superpostulate set, to solve 
by inspection (a) the problems of consistence, independence, 
and one-valuedness, (b) a new problem, that of internal 
independence. 


36. Dr. Sheffer determines Boolean algebras by six inde- 
pendent postulates involving a non-commutative operation. 
The existence of the special element u is postulated; that of 
z and of a' is proved. 
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37. In a former paper, to be published in the American 
Journal, Professor Winger tabulated the varieties of self-pro- 
jective rational curves of the fourth and fifth orders. In the 
present paper he considers the case of the rational sextic, 
exhibits the types associated with the different groups, and 
points out some of the more immediate inferences. 

There are one or more projectively distinct curves attached 
to each of the following groups: cyclic Ga, dihedral Gon (2 < n S 
6), the tetrahedral Gi, the octahedral G24, the icosahedral Geo, 
and an infinite group. Thus the sextic is the first curve to 
admit the tetrahedral group (simply) or the icosahedral, the 
group of maximum order for rational curves. 


38. This is a continuation of the preceding paper. The fol- 
lowing general theorem is proved: A rational plane curve Cn 
of odd order cannot admit the tetrahedral Gi», the octahedral 
GO, the icosahedral Ga, nor a dihedral Ga n even. Combined 
with a former theorem, this limits the types of septimics to 
those invariant under cyclic groups of orders 2, . . . , 7 and 
dihedral groups of orders 6, 10, and 14. All types are found to 
occur. 


39. Following J. Hadamard, Professor Fréchet criticizes the 
definition of derivatives in functional calculus given by V. 
Volterra. He shows that one definition of differentials must 
be given before that of derivatives, and gives a new definition 
of differentials in general analysis. He then proves that the 
differential of a function U, of a line L can be written 


n (yo'Az — %’Ay)dp + f (län — ao Az)dq 


b 
+ f (ay Ay — yo'Ax)dr 


+ Rizo (a) -Az(a) + yo (a)  Ay(a) + %/(a) -Az(a)] 
+ Sizo (b) Az (b) + yo (b) -Ay(b) + »’(b) -Az(b)], 


‘where 20’, yo’, 20’ are the derivatives of the coordinates <o(t), 
yo(t), z(t) on Lo, (a € t € b); Axt), Ay(t), Az(t) are the pro- 
jections of the displacement; A, B, C; A’, B’, C’ are constants; 
p(t), q(D, r(t) are functions with limited total fluctuation, and 
where the integrals are Stieltjes's integrals. The paper will 
appear in the Transactions. 


Les 


E 


78 THE SUMMER MEETING OF THE SOCIETY.  [Nov., 


40. Under the assigned conditions of Professor Laves’s paper 


the system of two satellites is assumed to be placed at the time f _ 


at such a distance from the central mass that the sum of the 
angles of recession of the nodes of the two orbits on the equa- 
torial plane of the central mass equals twice the angle of elonga- 
tion. The angles of inclination y and y’ are considered small 
quantities of the first order at the time &. The following 
theorem is obtained: Even if the original inclinations of the 
orbits are small, by the mutual perturbations of the satellites 
additional terms are created of à librational character. The 
“imparted” inclination of each satellite contains four factors: 
(1) the mass of the perturbing satellite, (2) its inclination, (3) the 
ratio of the mean daily motion n of the perturbed body to the 
mean daily motion of the point of conjunction with the perturbing 


Bn B'n’ 


1 j ; 
satellite, (4) I where x = An — 2n) Bn and B'n' measure 





the recession of the line of nodes of each body upon the 
equator. 

The close proximity of « to unity makes the librational term 
in the case of one of Saturn's inner system of satellites of 
primary importance. The theorem explains the existence of 
considerable inclinations in this system, first discovered by H. 
Struve. 


41. Let G be a primitive group of linear homogeneous sub- 
stitutions of determinant unity in n variables. In Professor 


Blichfeldt's paper the following points are noted: (1) Theorder . 


of an abelian subgroup of G of variety m is X 5™ jf it is 
free from similarity substitutions. If the order is at the same 
time a power of a prime p + 2 or 5, then it is S 4"1, (2) 
If the order of a Sylow subgroup of G be p` where p > 3, 
> n/2, and + n, then that subgroup is abelian. (3) Let these 
subgroups be arranged as follows: 


n< pı € $n + 1, the order being mäi: 
gn+ 1 < p; € n + 1, the order being. p; 
( = 2, 3, 5,0; Di Fn); 


n + 1 € py the order being p,¥ G=atl:--,b). - 


. 
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Then there is in G an abelian subgroup of order 


^ a b 
X -1 
si. 112". TI 2, 
i=2 J=a+1 


where [M] = 0 or À — 1, according as M < 2 or > 2. (4) 
The order of G must be < 4n[(n -+ DI. 53672 . 40-1), where 
g represents the number of primes that are > 2 and X n/2. 


42. In Professor Running's paper different values are as- 
signed to y in the equation 


f(dyldz, x, y) = 0 


and curves corresponding to the resulting equations are traced 
with dy/dx as ordinate. Starting from the point represented 
by the initial condition, points on the curves are joined in such 
& way as to make the area under each connecting line equal to 
the difference between corresponding values of y. The derived 
curve is approximated to by the connecting lines. The co- 
ordinates of points on the integral curve are read from the 
figure. The method is applied to differential equations of the : 
nth order where the initial conditions are represented by the 
first n — 1 derivatives at a given point. 

The first part of this paper will appear in the November 
number of the American. Mathematical Monthly. 


.48. In a previous paper Professor Baker showed that the 
genus of a Cayley diagram representing a group might fall 
below the Dyck genus if the group were abelian. In the 
preseht paper an example of reduction is shown to occur in 
the case of three generators not abelian, namely, the genus of 
Ge, Burnside, page 81, XIV, m = 2, can be reduced to 10, the 
Dyck genus being 13. For diagrams not having self-touching 
polygons the genus is not less than the sum of the genera of the 
generational “ Nebengruppe," that is, those lines of a rectangu- 
lar table of the group which are extensions of a subgroup by 
the power of the remaining generator. 


44, Professor Baker’s second paper is in abstract as follows: 
The S(8, 2, 7) can be represented by 7 points, 21 arcs, and 
14 triangles on an anchor ring. Seven of the triangles may 
have the points of the lines of the system, and the other seven 
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the points of the lines of another system; or the arrangement 
of the seven lines may appear as one triangle and six routes. 
This alternative is general for all the systems S(s+ 1, 2, 
Last 1). The S(5, 2, 21) can be exhibited by a configura- 
tion of 21 pentagons, corresponding to the columns of.the 
system, and 21 skew pentagons. The genus is 22 and the 
arrangement is invariant under a rotation of 27/21. It is 
possible so to choose the notation that the three real points 
and the two Galois imaginary points on each line are.simul- 
taneously separated. 

The S(s + 1, 2, 2+ 8 + 1), ¢ an odd prime, is not repre- 
sentable by a simple Ma. The polygons representing the lines 
fall into at least two cycles at a point. For s(4, 2, 13) the 
representation may be made by a body with one ordinary hole 
and thirteen holes only joined up at a pinch point. At these 
pinch points eight quadrilaterals come together in two sets 
of four, two of the system and two of an auxiliary system in 
each. 

To represent further invariances under the group it is 
necessary to use more complicated manifolds. For example, 
tetrahedra hanging together on edges, in pairs in an R not 
of simple connectivity in an Ra are needed for the case 
S(4, 2, 13). 


45. In this paper Professor Carmichael proves several 
general theorems concerning the positive or negative integers 
x, y, z and the integers n and E (each greater than unity) 
which satisfy the equation 


a^ — y^ = 2, 


Typical of these results is the following: the greatest divisor 
d of x — y which is prime to x, y and n is a perfect kth power. 
In addition he proves the following special theorems: the 
difference of the fourth powers of two relatively prime integers 
cannot be the cube of an integer; neither the sum nor the 
difference of the sixth powers of two integers can be the 
square of an integer. 


40. In the first part of Professor March's paper it is shown 
_ that the double integral representation of an arbitrary function 
in terms of spherical harmonics, 
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10) = ada. eos 0) (1608. atcos ») sin ydy, 


established in his Munich dissertation,* “Ueber die Ausbrei- 
tung der Wellen der drahtlosen Telegraphie auf der Erdkugel," 
for the case where f(0) is continuous in the interval (0, 7) and 
is subject to certain other restrictions, is also capable of rep- 
resenting a function which has a finite number of finite dis- 
continuities in this interval, and that at such a point of dis- 
continuity the integral represents the mean of the two limiting 
values of the function. 

In the second part of the paper use is made of the method 
employed in establishing the integral representation to obtain 
the well-known development of an arbitrary function in & 
series of spherical harmonics. The method has the advantage 
of not requiring a proof of the possibility of the development, 
as this is made to depend upon the possibility of the develop- 
ment of an arbitrary function in a Fourier series of special 
form. 

H. E. SLAUGHT, 
Acting Secretary. 


INTUITIONISM AND FORMALISM.+ 
BY DR. L. E. J. BROUWER. 


(Inaugural address at the University of Amsterdam, read October 14, 1912.) 


Tre subject for which I am asking your attention deals 
with the foundations of mathematics. To understand the 
development of the opposing theories existing in this field 
one must first gain a clear understanding of the concept 
“science”; for it is as a part of science that mathematics 
originally took its place in human thought. 

By science we mean the systematic cataloguing by means 
of laws of nature of causal sequences of phenomena, i. e., 
sequences of phenomena which for individual or social pur- 





+ See note in Jahresbericht der Deutschen Mathematiker-Vereinigung, 


T3 Se (1911), 353-363. 
ranelated à for the BULLETIN by Professor ARNoLD DRESDEN. 
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poses it is convenient to consider as repeating themselves 
identically,—and more particularly of such causal sequences 
as are of importance in social relations. 

That science lends such great power to man in his action 
upon nature is due to the fact that the steadily improving 
cataloguing of ever more causal. sequences of phenomena 
gives greater and greater possibility of bringing about desired 

‘phenomena, difficult or impossible to evoke directly, by 
evoking other phenomena connected with the first by causal 
sequences. And that man always and everywhere creates 
order in nature is due to the fact that he not only isolates 
the causal sequences of phenomena (i. e., he strives to keep 
them free from disturbing secondary phenomena) but also 
supplements them with phenomena caused by his own activity, 
thus making them of wider applicability. Among the latter 
phenomena the results of counting and measuring take so 
important a place, that a large number of the natural laws 
introduced by science treat only of the mutual relations 
between the results of counting and measuring. It is well to 
notice in this connection that a natural law in the statement 
of which measurable magnitudes occur can only be understood 
to hold in nature with a certain degree of approximation; 
indeed natural laws as a rule are not proof against sufficient 
refinement of the measuring tools. 

The exceptions to this rule have from ancient times been 
practical arithmetic and geometry on the one hand, and the 
dynamics of rigid bodies and celestial mechanics on the other 
hand. Both these groups have so far resisted all improve- 
ments in the tools of observation. But while this has usually 
been looked upon as something accidental and temporal for 
the latter group, and while one has always been prepared to 
see these sciences descend to the rank of approximate 
theories, until comparatively recent times there has been 
absolute confidence that no experiment could ever disturb the 
exactness of the laws of arithmetic and geometry; this con- 
fidence is expressed in the statement that mathematics is 
“the” exact science. 

On what grounds the conviction of the unassailable exactness 
of mathematical laws is based has for centuries been an object 
of philosophical research, and two points of view may here 
be distinguished, in£uitionism (largely French) and formalism 
(largely German). In many respects these two viewpoints 
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have become more and more definitely opposed to each 
other; but during recent years they have reached agreement 
as to this, that the exact validity of mathematical laws as 
laws of nature is out of the question. The question where 
mathematical exactness does exist, is answered differently 
by the two sides; the intuitionist says: in the human intellect, 
the formalist says: on paper. 

In Kant we find an old form of intuitionism, now almost 
completely abandoned, in which time and space are taken to 
be forms of conception inherent in human reason. For Kant 
the axioms of arithmetic and geometry were synthetic a priori 
judgments, i. e., judgments independent of experience and 
not capable of analytical demonstration; and this explained 
their apodictic exactness in the world of experience as well as 
in abstracto. For Kant, therefore, the possibility of dis- 
proving arithmetical and geometrical laws experimentally was 
not only excluded by a firm belief, but it was entirely un- 
thinkable. 


Diametrically opposed to this is the view of formalism, 
which maintains that human reason does not have at its 
disposal exact images either of straight lines or of numbers 
larger than ten, for example, and that therefore these mathe- 
matical entities do not have existence in our conception of 
nature any more than in nature itself. It is true that from 
certain relations among mathematical entities, which we as- 
sume as axioms, we deduce other relations according to fixed 
laws, in the conviction that in this way we derive truths from 
truths by logical reasoning, but this non-mathematical con- 
viction of truth or legitimacy has no exactness whatever and 
is nothing but a vague sensation of delight arising from the 
knowledge of the efficacy of the projection into nature of these 
relations and laws of-reasoning. For the formalist therefore _ 
mathematical exactness consists merely in the method of de- 
veloping the series of relations, and is independent of the 
significance one might want to give to the relations cr the en- 
tities which they relate. And for the consistent formalist 
these meaningless series of relations to which mathematics are 
reduced have mathematical existence only when they have 
been represented in spoken or written language together with 
the mathematical-logical laws upon which their development 
depends, thus forming what is called symbolic logic. 
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Because the usual spoken or written languages do not in the 
least satisfy the requirements of consistency demanded of this 
symbolic logic, formalists try to avoid the use of ordinary 
language in mathematics. How far this may be carried is ` 
shown by the modern Italian school of formalists, whose 
leader, Peano, published one of his most important dis- 
coveries concerning the existence of integrals of real differential 
equations in the Mathematische Annalen in the language of 
symbolic logie; the result was that it could only be read by a 
few of the initiated and that it did not become generally 
available until one of these had translated the article into 
German. 

The viewpoint of the formalist must lead to the conviction 
that if other symbolic formulas should be substituted for the 
ones that now represent the fundamental mathematical rela- 
tions and the mathematical-logical laws, the absence of the 
sensation of delight, called “consciousness of legitimacy," 
which might be the result of such substitution would not in 
the least invalidate its mathematical exactness. To the phi- 
losopher or to the anthropologist, but not to the mathema- 
tician, belongs the task of investigating why certain systems 

-of symbolic logic rather than others may be effectively pro- 
jected upon nature. Not to the mathematician, but to the 
psychologist, belongs the task of explaining why we believe in 
certain systems of symbolic logic and not in others, in partic- 
ular why we are averse to the so-called contradictory systems 
in which the negative as well as the positive of certain propo- 
sitions are valid.* 


As long as the intuitionists adhered to the theory of Kant it . 
seemed that the development of mathematics in the nineteenth 
century put them in an ever weaker position with regard 
to the formalists. For in the first place this development 
showed repeatedly how complete theories could be carried 
over from one domain of mathematics to another: projective 
geometry, for example, remained unchanged under the inter- 
change of the róles of point and straight line, an important 
part of the arithmetic of real numbers remained valid for 
various complex number fields and nearly all the theorems of . 
elementary geometry remained true for non-archimedian 


* See Mannoury, “Methodologisches und Philosophisches zur Elemen- 
tarmathematik,” pp. 149-154. . 
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geometry, in which there exists for every straight line segment 
another such segment, infinitesimal with respect to the first. 
These discoveries seemed to indicate indeed that of a mathe- 
matical theory only the logical form was of importance and 
that one need no more be concerned with the material than 
it is necessary to think of the significance of the digit groups 
with which one operates, for the correct solution of a problem 
in arithmetic. 

But the most serious blow for the Kantian theory was the 
discovery of non-euclidean geometry, a consistent theory 
developed from a set of axioms differing from that of elemen- 
tary geometry only in this respect that the parallel axiom was 
replaced by its negative. For this showed that the phenomena 
usually described in the language of elementary geometry 
may be described with equal exactness, though frequently 
less compactly in the language of non-euclidean geometry; 
hence, it is not only impossible to hold that the space of our 
experience has the properties of elementary geometry but 
it has no significance to ask for the geometry which would be 
true for the space of our experience. It is true that elementary 
geometry is better suited than any other to the description of 
the laws of kinematics of rigid bodies and hence of a large 
number of natural phenomena, but with some patience it 
would be possible to make objects for which the kinematics 
would be more easily interpretable in terms of non-euclidean 
than in terms of euclidean geometry.* 


However weak the position of intuitionism seemed to be 
after this period of mathematical development, it has recov- 
ered by abandoning Kant’s apriority of space but adhering the 
more resolutely.to the apriority of time. This neo-intuitionism 
considers the falling apart of moments of life into qualitatively 
different parts, to be reunited only while remaining separated 
by time as the fundamental phenomenon of the human intel- 
lect, passing by abstracting from its emotional content into 
the fundamental phenomenon of mathematical thinking, the 
intuition of the bare two-oneness. This intuition of two-one- 
ness, the basal intuition of mathematics, creates not only the 
numbers one and two, but also all finite ordinal numbers, 

“inasmuch as one of the elements of the two-oneness may be 
thought of as a new two-oneness, which process may be 


*See Poincaré, La Science et Hypothèse, p. 104. 
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repeated indefinitely; this gives rise still further‘to the small- 
est infinite ordinal number w. Finally this basai intuition of 
mathematics, in which the connected and the separate, the 
continuous and the discrete are united, gives rise immediately 
to the intuition of the linear continuum, i. e., of the “be- 
tween," which is not exhaustible by the interposition of new 
units and which therefore can never be thought of as a mere 
collection of units. 

In this way the apriority of time does not only qualify the 
properties of arithmetic as synthetic a priori judgments, but 
it does the same for those of geometry, and not only for ele- 
mentary two- and three-dimensional geometry, but for non- 
euclidean and n-dimensional geometries as well. For since 
Descartes we have learned to reduce all these geometries to 
arithmetic by means of the calculus of coordinates. 


From the present point of view of intuitionism therefore all 
mathematical sets of units which are entitled to that name can 
be developed out of the basal intuition, and this can only be 
done by combining a finite number of times the two operations: 
“to create a finite ordinal number” and “to create the infinite 
ordinal number w”; here it is to be understood that for the 
latter purpose any previously constructed set or any previously 
performed constructive operation may be taken as a unit. 
Consequently the intuitionist recognizes only the existence of 
denumerable sets, i. e., sets whose elements may be brought 
into one-to-one correspondence either with the elements of 
a finite ordinal number or with those of the infinite ordinal 
number w. And in the construction of these sets neither the 
ordinary language nor any symbolic language can have any 
other réle than that of serving as a non-mathematical auxil- 
lary, to assist the mathematical memory or to enable different 
individuals to build up the same set. 

For this reason the intuitionist can never feel assured of 
the exactness of a mathematical theory by such guarantees as 
the proof of its being non-contradictory,* the possibility of 
defining its concepts by a finite number of words,* or the 
practical certainty that it will never lead toa + misunderstanding 
in human relations. 


As has been stated above, the formalist wishes to leave to 
the psychologist the task of selecting the “truly-mathe- 


* See however Poincaré in Scientia, No. XXIV, p 
1 See however Borel in Revue du Mois, No. 80, p. Pdl. 
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- matical” language from among the many symbolic languages 
that may bexonsistently developed. Inasmuch as psychology 
has not yet begun on-this task, formalism is compelled to 
mark off, at least temporarily, the domain that it wishes to 
consider as “true mathematics” and to lay down for that 
purpose a definite system of axioms and laws of reasoning, if 
it does not wish to see its work doomed to sterility. The 
various ways in which this attempt has actually been made 
all follow the same leading idea, viz., the presupposition of 
the ex stence of a world of mathematical objects, a world 
independent of the thinking individual, obeying the laws of 
classical logic and whose objects may possess with respect to 
each other the “relation of a set to its elements.” With 
reference to this relation various axioms are postulated, sug- 
gested by the practice with natural finite sets; the principal 
of these are: “a set is determined by its elements”; “for any two 
mathematical objects d is decided whether or not one of them is 
contained in the other one as an element”; “to every set belongs 
another set containing as its elements nothing but the subsets of 
the given set”; the axiom of selection: “a set which is split 
into subsets contains at least one subset which contains one 
and not more than one element of each of the first subsets; the 
axiom of inclusion: “if for any mathematical object it is decided 
whether a certain property 1s valid for it or not, then there exists 
a set containing nothing but those objects for which the property 
does hold”; the axiom of composition: “the elements of all 
sets that belong to a set of sets form a new set.” ; 


On the basis of such a set of axioms the formalist develops 
now in the first place the theory of "finite sets.” A set is 
called finite if its elements can not be brought into one-to-one 
correspondence with the elements of one of its subsets; by 
means of relatively complicated reasoning the principle of 
complete induction is proved to be a fundamental property 
of these sets;* this principle states that & property will be 
true for all finite sets if, first, it is true for all sets containing a 
single element, and, second, its validity for an arbitrary finite 
set follows from its validity for this same set reduced by a 
single one of its elements. That the formalist must give an 
explicit proof of this principle, which is self-evident for the 


* Compare, e. gy Zermelo, “Sur les ensembles finis et le principe de Pin- 
-duction complète, * Acta Mathematica, 32, pp. 185-193. 
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finite numbers of the intuitionist on account of their construc- 
tion, shows at the same time that the former will never be 
able to justify his choice of axioms by replacing the unsatis- 
factory appeal to inexact practice or to intuition equally 
inexact for him by a proof of the non-contradictoriness of his 
theory. Forin order to prove that a contradiction can never 
arise among the infinitude of conclusions that can be drawn 
from the axioms he is using, he would first have to show that 
if no contradiction had as yet arisen with the nth conclusion 
then none could arise with the (n + 1)th conclusion, and 
secondly he would have to apply the principle of complete 
induction intuitively. But it is this last step which the for- 
malist may not take, even though he should have proved the 
principle of complete induction; for this would require mathe- 
matical certainty that the set of properties obtained after the 
nth conclusion had been reached, would satisfy for an arbitrary 
n his definition for finite sets,* and in order to secure this 
certainty he would have to have recourse not only to the un- 
permissible application of a symbolic criterion to a concrete 
example but also to another intuitive application of the prin- 
ciple of complete induction; this would lead him to a vicious 
circle reasoning. 


In the domain of finite sets in which the formalistic axioms 
have an interpretation perfectly clear to the intuitionists, un- 
reservedly agreed to by them, the two tendencies differ solely 
in their method, not in their results; this becomes quite dif- 
ferent however in the domain of infinite or transfinite sets, 
where, mainly by the application of the axiom of inclusion, 
quoted above, the formalist introduces various concepts, en- 
tirely meaningless to the intuitionist, such as for instance 
“the set whose elements are the points of space,” “the set whose 
elements are the continuous functions of a variable,” “the set 
whose elements are the discontinuous functions of a variable,” 
and soforth. In the course of these formalistic developments 
it turns out that the consistent application of the axiom 
of inclusion leads inevitably to contradictions. A clear illus- 
tration of this fact is furnished by the so-called paradox of 
Burali-Forti.f To exhibit it we have to lay down a few 
definitions. 

* Compare Poincaré, Revue de Métaphysique et de Morale, 1905, p. 834. 

+ Compare Rendiconis del Circolo Matematico di Palermo, 1897. 
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A set is called ordered if there exists between any two of its 
elements a relation of “higher than" or “lower than," with 
this understanding that if the element a is higher than the 
element b, then the element b is lower than the element a, 
and if the element b is higher than a and c is higher than 5, 
then c is higher than a. | 

A well-ordered set (in'the formalistic sense) is an ordered set, 
an that every subset contains an element lower than all 
others. 

Two well-ordered sets that may be brought into one-to-one 
correspondence under invariance of the relations of “higher 
than” and “lower than” are said to have the same ordinal 
number. 

If two ordinal numbers A and B are not equal, then one of 
them is greater than the other one, let ussay A is greater than 
B; this means that B may be brought into one-to-one corre- 
spondence with an initial segment of A under invariance of 
the relations of “higher than” and “lower than.” We have 
introduced above, from the intuitionist viewpoint, the smallest 
infinite ordinal number w, i. e., the ordinal number of the set 
of all finite ordinal numbers arranged in order of magnitude.* ` 
Well-ordered sets having the ordinal number w are called 
elementary series. 

It is proved without difficulty by the formalist that an 
arbitrary subset of a well-ordered set is also a well-ordered set, 
whose ordinal number is less than or equal to that of the 
original set; also, that if to a well-ordered set that does not 
contain all mathematical objects a new element be added 
that is defined to be higher than all elements of the original 
set, a new well-ordered set arises whose ordinal number is 
greater than that of the first set. 

We construct now on the basis of the axiom of inclusion the 
set 8 which contains as elements all the ordinal numbers arranged 
in order of magnitude; then we can prove without difficulty, 
on the one hand that s is a well-ordered set whose ordinal 
number can not be exceeded by any other ordinal number in 
magnitude, and on the other hand that it is possible, since not 
all mathematical objects are ordinal numbers, to create an 





* The more general ordinal numbers of the intuitionist are the numbers 
constructed by means of Cantor’s two principles of generation (compare 
Math. Annalen, vol. 49, p. 226). 
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ordinal number greater than that of s by adding a new element 
to s,—a contradiction.* 


Although the formalists must admit contradictory results 
as mathematical if they want to be consistent, there is some- 
thing disagreeable for them in a paradox like that of Burali- 
Forti because at the same time the progress of their argu- 
ments is guided by the principium contradictionis, i. e., by the 
rejection of the simultaneous validity of two contradictory 
properties. For this reason the axiom of inclusion has been 
modified to read as follows: “Jf for all elements of a set st 1s 
decided whether a certain property is valid for them or not, then 
the set contains a subset containing nothing but those elements 
for. which the property does hold.” t 

In this form the axiom permits only the introduction of such 
gets as are subsets of sets previously introduced; if one wishes 
to operate with other sets, their existence must be explicitly pos- 
tulated. Since however in order to accomplish anything at all 
the existence of a certain collection of sets will have to be 
postulated at the outset, the only valid argument that can be 
brought against the introduction of a new set is that it leads 
to contradictions; indeed the only modifications that the 
discovery of paradoxes has brought about in the practice of 
` formalism has been the abolition of those sets that had given 
rise to these paradoxes. One continues to operate without. 
hesitation with other sets introduced on the basis of the old 
axiom of inclusion; the result of this is that extended fields 
of research, which are without significance for the intuitionist 
are still of considerable interest to the formalist. An example 
of this is found in the theory of potencies, of which I shall 
sketch the principal features here, because it illustrates so 
clearly the impassable chasm which separates the two sides. 








The onn of this paradox does not lie in the axiom of inclusion but in 
the variable 
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Two sets are said to possess the same potency, or power, if 
their elements can be brought into one-to-one correspondence. 
The power of set A is said to be greater than that of B, and the 
power of B less than that of A, if it is possible to establish a 
one-to-one correspondence between B and a part of A, but 
impossible to establish such a correspondence between A and 
a part of B. The power of a set which has the same power 
as one of its subsets, is called infinite, other powers are called 
finite. Sets that have the same power as the ordinal number 
w are called denumerably infinite and the power of such sets 
is called aleph-null: it proves to be the smallest infinite power. 
According to the statements previously made, this power 
aleph-null is the only infinite power of which the intuitionists 
recognize the existence. 


Let us now consider the concept: “denumerably infinite 
ordinal number.” From the fact that this concept has a clear 
and well-defined meaning for both formalist and intuitionist, - 
the former infers the right to create the “ set of all denumerably 
infinite ordinal numbers,” the power of which he calls aleph- 
one, a right not recognized by the intuitionist. Because it is 
possible to argue to the satisfaction of both formalist and 
intuitionist, first, that denumerably infinite sets of denumer- 
ably infinite ordinal numbers can be built up in various ways, 
and second, that for every such set it is possible to assign a 
denumerably infinite ordinal number, not belonging to this set, 
the formalist concludes: “aleph-one is greater than aleph- 
null," & proposition, that has no meaning for the intuitionist. 
Because it is possible to argue to the satisfaction of both 
formalist and intuitionist that it is impossible to construct* a 
set of denumerably infinite ordinal numbers, which could be 
proved to have a power less than that of aleph-one, but 
greater than that of aleph-null, the formalist concludes: 
“aleph-one is the second smallest infinite ordinal number,” a 
proposition that has no meaning for the intuitionist. 


Let us consider the concept: “real number between 0 and 1.” 
For the formalist this concept is equivalent to “elementary 





* If "construct" were here replaced by “define” (in the formalistio 
sense), the proof would not be satisfactory to the intuitionist. For, in 
Cantor’s ar ent in Math. Annalen, vol. 49, it is not allowed to replace 
the words “können wir bestimmen" (p. 214, line 17 from top) by the words 
* muss es geben." g 
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series of digits after the decimal point,"* for the intuitionist 
it means “law for the construction of an elementary series of 
digits after the decimal point, built up by means of a finite 
number of operations.” And when the formalist creates the 
“set of all real numbers between 0 and 1," these words are 
without meaning for the intuitionist, even whether one thinks 
of the real numbers of the formalist, determined by elementary 
series of freely selected digits, or of the real numbers of the 
intuitionist, determined by finite laws of construction. Be- 
cause it is possible to prove to the satisfaction of both formalist 
and intuitionist, first, that denumerably infinite sets of real 
numbers between 0 and 1 can be constructed in various ways, 
and second that for every such set it is possible to assign a real 
number between 0 and 1, not belongirig to the set, the formalist 
concludes: “the power of the continuum, i. e., the power of 
the set of real numbers between 0 and 1, is greater than aleph- 
null,” a proposition which is without meaning for the intui- 
tionist; the formalist further raises the question, whether 
there exist sets of real-numbers between 0 and 1, whose power 
is less than that of the continuum, but greater than aleph-null, 
in other words, “whether the power of the continuum is the 
second smallest infinite power,” and this question, which is 
still waiting for an answer, he considers to be one of the most 
difficult and most fundamental of mathematical problems. 

For the intuitionist, however, the question as stated is 
without meaning; and as soon as it has been so interpreted 
as to get a meaning, it can easily be answered. 

If we restate the question in this form: “Is it impossible to 
constructf infinite sets of real numbers between 0 and 1, whose 
power is less than that of the continuum, but greater than 
aleph-null?,” then the answer must be in the affirmative; for 
the intuitionist can only construct denumerable sets of mathe- 
matical objects and if, on the basis of the intuition of the 





* Here as everywhere else in this paper, the assumption is tacitly made 
that there are an infinite number of digits different from 9. 

t If “construct” were here replaced by “define” (in the formalistic 
sense), and if we.suppose that the problem concerning the pairs of digita 
in the decimal fraction development of +, discussed on p. 95, can nol be 
solved, then the grum of the text must be answered negatively. For, 
let us denote by Z the set of those infinite bi fractions, whose nth digit 
is 1, if the nth pair of digits in the decimal fraction development of x 
consists of unequal digits; let us further denote by X the set of all finite 
binary fractions. Then the power of Z + X is greater than aleph-null, 
but Jess than that of the continuum. 
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linear continuum, he admits elementary series of free selections 
as elements of construction, then each non-denumerable set 
constructed by means of it contains a subset of the power of 
the continuum. 

If we restate the question in the form: “Is it possible to 
establish a one-to-one correspondence between the elements of 
a set of denumerably infinite ordinal numbers on the one hand, 
and a set of real numbers between 0 and 1 on the other hand, 
both sets being indefinitely extended by the construction of 
new elements, of such a character that the correspondence shall 
not be disturbed by any continuation of the construction of 
both sets?," then the answer must also be in the affirmative, 
for the extension of both sets can be divided into phases in 
such a way as to add a denumerably infinite number of 
elements during each phase.* 

If however we put the question in the following form: 
“Ts it possible to construct a law which will assign a denumer- 
ably infinite ordinal number to every elementary series of 
digits and which will give certainty a priori that two different 
elementary series will never have the same denumerably 
infinite ordinal number corresponding to them?,” then the 
answer must be in the negative; for this law of correspondence 
must prescribe in some way a construction of certain de- 
numerably infinite ordinal numbers at each of the successive 
places of the elementary series; hence there is for each place 
c, & well-defined largest denumerably infinite number «,, the 
construction of which is suggested by that particular place; 
there is then also a well-defined denumerably infinite ordinal 
number a,, greater than all «,’s and that can not therefore be 
exceeded by any of the ordinal numbers involved by the law 
of correspondence; hence the power of that set of ordinal 
numbers can not exceed aleph-null. 


As a means for obtaining ever greater powers, the formalists 
define with every power u a “set of all the different ways in 
which a number of selections of power u may be made," and 
they prove that the power of this set is greater than u. In 
particular, when it has been proved to the satisfaction of both 


` * Calling denumerably unfinished all sets of which the elements can be 
individually realized, and in which for every denumerably Sen subset 
there exists an element not belonging to this subset, we can ay in 
in accordance with the definitions of the text: “ All denumerab y inda 
sets have the same power." 
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formalist and intuitionist that it is possible in various ways 
to construct laws according to which functions of a real variable 
different from each other are made to correspond to all elemen- 
tary series of digits, but that it is impossible to construct a law 
according to which an elementary series of digits is made to 
correspond to every function of a real variable and in which 
there is certainty a priori that two different functions will 
never have the same elementary series corresponding to them, 
the formalist concludes: “the power c’ of the set of all func- 
- tions of a real variable is greater than the power c of the con- 
tinuum," a proposition without meaning to the intuitionist; 
and in the same way in which he was led from c to c', he comes 
from c' to a still greater power c". 

A second method used by the formalists for obtaining ever 
greater powers is to define for every power u, which can serve 
as a power of ordinal numbers, “the set of all ordinal numbers 
of power u,” and then to prove that the power of this set is 
greater than u. In particular they denote by aleph-two the 
power of the set of all ordinal numbers of power aleph-one 
and they prove that aleph-two is greater than aleph-one and 
that it follows in magnitude immediately after aleph-one. If 
it should be possible to interpret this result in à way in which 
it would have meaning for the intuitionist, such interpretation 
would not be as simple in this case as it was in the preceding 
cases. 


What has been treated so far must be considered to be the 
negative part of the theory of potencies; for the formalist 
there also exists & positive part however, founded on the 
theorem of Bernstein: “If the set A has the same power as a 
subset of B and B has the same power as a subset of A, then 
A and B have the same power" or, in an equivalent form: 
“Tf the set 4 = Ant Bı -+ C, has the same power as the 
set A1, then it also has the same power as the set A; + Bı. _ 

This theorem is self-evident for denumerable sets. If it is 
to have any meaning at all for sets of higher power for the 
intuitionist, it will have to be interpretable as follows: “If it is 
possible, first to construct a law determining a one-to-one 
correspondence between the mathematical entities of type A 
and those of type 41, and second to construct a law determining 
a one-to-one correspondence between the mathematical entities 
of type A and those of types A, Bı, and C4, then it is possible 
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. to determine from these two laws by means of a finite number 
of operations a third law, determining a one-to-one corre- 
spondence between the mathematical entities of type A and 
those of types 41 and By.” ; 

In order to investigate the validity of this interpretation, 
we quote the proof: 

“From the division of À into 4; + Bı + C1, we secure by 
means of the correspondence yı between A and 4; a division 
of A; into A: + B: + Cs, as well as a one-to-one correspondence 
Ya between A; and As. From the division of A; into Ág + Ba 
+ G, we secure by means of the correspondence between 
A, and A, a division of 4: into As + Bs + Cs, as well as a 
one-to-one correspondence ys between A: and As. Indefinite 
' repetition of this procedure will divide the set A into an ele- 
mentary series of subsets Ci, Ca, Cz, . . . , an elementary 
series of subsets Bi, Bs, Bs. . . , and a remainder set D. The 
correspondence yç between A and Aı + Bı which is desired 
is secured by assigning to every element of C, the corresponding 
element of C,41 and by assigning every other element of A 
to itself." 

In order to test this proof on a definite example, let us 
take for A the set of all real numbers between 0 and 1, repre- 
sented .by infinite decimal fractions, for 4; the set of those 
decimal fractions in which the (2n — 1)th digit is equal to the 
2nth digit; further a decimal fraction that does not belong to 
A, will be counted to belong to Bı or to Ci, according as the 
above-mentioned equality of digits occurs an infinite or a finite 
number of times. By replacing successively each digit of an 
arbitrary element of A by a pair of digits equal to it, we secure 
at once a law determining a one-to-one correspondence Yı 
between A and Aı. For of the element of A; that corresponds 
to an arbitrary well-defined element of A, such as, e. g., 
T — 3, we can determine successively as many digits as we 
please; it must therefore be considered as being well-defined. 

In order to determine the element corresponding to x — 3 
according to the correspondence Yo, it is now necessary to 
decide first whether it happens an infinite or a finite number of 
times in the decimal fraction development of m — 3 that a 
digit in an odd-numbered place is equal to the digit in the 
following even-numbered place; for this purpose we should 
either have to invent a process for constructing an elementary 
series of such pairs of equal digits, or to deduce a contradiction 
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from the assumption of. the existence of Ser an elementary 
‚series. There is, however, no ground for believing that either 
of these problems can be solved.* 

Hence it has become evident that also the theorem of 
Bernstein, and with it the positive part of the theory of 
potencies, does not allow an intuitionistic interpretation. 


So far my exposition of the fundamental issue, which divides 
the mathematical world. There are eminent scholars, on 
both sides and the chance of reaching an agreement within a 

‚ finite period is practically excluded. To speak with Poincaré: 
“Les hommes ne s'entendent pas, parce qu'ils ne parlent pas 
la même langue et qu’il y a des langues qui ne s’apprennent 


3 
pas. 


SHORTER NOTICES. 


Essai de Géométrie analytique modulaire ‘a deux Dimensions. 
By GABRIEL Arnoux. Paris, Gauthier-Villars, 1911. 
xi + 159 pp. 

WITH respect to a given prime m, modular space of two 
dimensions contains just m? distinct points (x, y), where 
x, y = 0, 1, ---:, m — 1. ‘One identifies (zı, yı) with (x, y) 
if zı = 2, yı y (mod m). The distance of (x, y) from the 
origin is an integer if z? + y? is a quadratic residue of m, but 
is a Galois imaginary if z? + y? is a non-residue. If we join 
the origin to one of our points and take the sine or cosine of 
the angle made with the z-axis, we obtain either an integer 
or a Galois imaginary modulo m; but the u is always 
an integer modulo m. 

The set of points (x, y), where x, y range over all sets of 
integral solutions of F(z, y) = 0 (mod m), is called the modular 
curve F = 0. The book under review is devoted chiefly to 
functions F of the first or second degree, the methods being 
analogous on the whole to those of ordinary analytic geometry. 
Homogeneous coordinates are not used. 

* Such belief could be based only on an ap to the principium tertii 
exclusi, i. 9 to the axiom of the existence of the “set öf all mathematical 
properties," an axiom of far wider range even that the axioms of inclusion, 
quoted above. Compare in this connection Brouwer, “De onbetrouw-, 


eer logische principes,” Tijdschrift voor Wijsbegeerte, Zei jaargang , 
Pp E 
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There is one disadvantage of this theory as compared to 
the ordinary analytic geometry. In the latter case the 
curve uniquely determines the (algebraic) function. But 
obviously we can find as many polynomials in z, y as we 
please, each passing through the same given points, finite in 
number. The real points on a modular curve F = 0 do not 
therefore form an adequate picture of F = 0. To this end 
and for the purpose of investigating intersections and all but 

‚the, most trivial questions, we must introduce also the imagi- 
nary points of F = 0, i. e., solutions of F(z, y) =0 (mod m) 
in which z (and likewise y) is & root of any congruence modulo 
m with integral coefficients. The aggregate of the resulting 
infinitude of points gives an adequate representation of the 
function. If the author had recognized this point of view 
and had succeeded in materializing a suitable graphical 
representation of this infinitude of points, he would have made, 
a substantial contribution to modular geometry. But in 
confining himself to real points, the author goes no further 
than earlier writers.* The author and his collaborators G. 
Tarry and Laisant are apparently not familiar with the history 
of Galois imaginaries, as there is no mention of Galois when 
such imaginaries (of the second order) are used and since a 
particular case of Galois' generalization of Fermat's theorem 
is attributed on page 148 to Tarry. 

l L. E. Dickson. 


La Logique déductive dans sa dernière Phase de Développement. 
Par jALEssANDRO Papoa. Paris, Gauthier-Villars, 1912. 
106 pp. 

Tms treatise is an adaptation of a course of lectures given 
by the author at Geneva, under the auspices of the university.. 
The author had previously lectured on the subject in Brussels, 
Pavia, Rome, Padua, Cagliari, and presented memoirs before 
the congresses at Rome, Leghorn, Parma, Padua, and Bologna. 
The treatise contains an explanation, with abundant examples, 
of the symbols of logic as used in the Formulario Matematico, 
of Peano, some study of their properties, analysis of their 
relations, and their reduction to a minimum number. The 
author expresses his point of view very well in the following: 

*Veblen and Bussey, “Finite projective geometries,’ Trans. Amer. 
Math. Soc., vol. 7 (1906), p. 241. the title shows, these authors were 


interested only in definite finite Geometries and not in general modular 
geometry, so that the criticism of oux’s text does not apply to them. 
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“T do not hope to suggest to you the sympathetic and 
touching optimism of Leibniz, who, prophesying the tri- 
umphal success of these researches, affirmed: ‘I dare say that 
this is the last effort of the human mind, and, when this 
project shall have been carried out, all that men will have to 
do will be to be happy, since they will have an instrument 
that will serve to exalt the intellect not less than the telescope 
serves to perfect their vision.’ Although for some fifteen 
years I have given myself up to these studies, I have not a hope ` 
so hyperbolie; but I delight in recalling the candor of this 
master who, absorbed in scientific and philosophic investi- 
gations, forgot that the majority of men sought and continue 
to seek happiness in the feverish conquest of pleasure, money, 
and honors." 

“Meanwhile we should avoid an excessive scepticism, 
because always and everywhere, there has been an élite— 
today less restricted than in the past—which was charmed by, 
and delights now in, all that raises one above the confused 
troubles of the passions, into the imperturbable immensity of: 
knowledge, whose horizons become the more vast as the wings 
of thought become more powerful and rapid.” 

The symbols introduced are given below, with some 
examples. In the latter, N means integer, Np prime integer, 
= (read is the same thing as) identity in the field of discussion, 
thus Rome = capital of Italy. 


e 18, or is a, appurtenance of individual to class. 7eNp 
C, contains 
A, impossibility, absurdity 


V, true 
>, 18 contained in, inclusion of subclass by a class. 15N23N 
~, emallest superclass AN —6N 32N 
—, largest common class AN —6N 312N 
t, class of a single element 2 = Np-2N 
1, the only case 2 = ı(Np-2N) 
a, such that a(x? + 26 = 102) = ^ 
’ and 

.2., implies teaa.>.2eb:=:a0b 


two or more points may be used, thus :>: 
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L^. simultaneous affirmation 
' EELER = :4<x<7 
, alternative affirmation | 
2«z«T7.—.4«az2«9: 
~ e of what follows to a stoppoint 
~(8+3= 10), 6~= Np 
H, there are some | AIN (N° + NI 
Cls, class of (taken in extension). 
Elm, class of only one element. 


:2<2<9 


` 


After explaining the significance of these signs, the author 
considers the properties of certain logical relations, such as 
‘equality, appurtenance, inclusion, implication, etc. The 
‘possible transformations of logical statements are considered, 
the figures of the syllogism developed, and finally he shows 
that all the other symbols can be defined by means of three, 
namely =, —, and », in other words, in terms of the notions of 
identity, largest common subclass, ‘and such that. Although 
. such definition is possible, it is inconvenient to use nothing 
. but these symbols, so that the others ought to be retained for 
‘convenience. The style of the treatise is clear and very 
simple, and as an introduction to the study of mathematical 

logic, can scarcely be excelled. 

JAMES BYRNIE SHAW. 


‘Elements of Plane and Spherical Trigonometry. By JouN 
Gare Hun and Contes Bun MacInnes. New York, 
The Macmillan Company, 1911. vii+ 101 pp. with 
tables, pp. 102-206. 

In writing this book, the authors have undertaken “to 
‘present in as brief and clear a manner as possible the essentials 
of a short course in trigonometry.” This aim they appear 
‘to have kept constantly. before them. The language of the 
book i is simple, concise, and interesting. The subject matter 
is brief enough to be covered by a class in somewhat less time 
than that usually required, and still comprehensive. enough 
to take in all that is usually regarded as essential. 

The authors have included one subject not often treated in 
a text book in trigonometry, namely, the drawing of graphs 
of equations in polar coordinates. For this, they give the 
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following two reasons: “Firstly, because such problems aid 
in giving the student a clearer idea of the way in which the 
trigonometric functions vary as the angle is changed, and 
secondly, because of a very common lack of sufficient knowl- 
edge of polar coordinates on the part of students beginning 
the study of calculus.” This work is introduced early in the 
book—earlier, indeed, than seems advisable, as it precedes 
the treatment of the relation of the functions of angles differing 
by 90° and 180°, a working knowledge of which would render 
the process of graphing far less difficult. 

In the explanation of logarithms and the use of tables of 
logarithms and trigonometric functions, the authors have 
avoided the rather common error of being so brief as to be 
fully intelligible only to one already understanding the subject. 
Their treatment is clear and explicit, supplemented by prob- 
lems for the student to solve. 

Cora B. HENNEL. 


NOTES. 


Tue twentieth annual meeting of the American Mathe- 
matical Society will be held in New York City on Tuesday 
and Wednesday, December 30-81, 1918. At this meeting 
Professor H. B. FINE will deliver his Presidential Address, on 
“An unpublished theorem of Kronecker respecting numerical 
equations.” ‘Titles and abstracts of papers intended for 
presentation at the annual meeting should be in the hands of 
the Secretary by December 13. 


Tue opening (September) number of volume 15 of the 
Annals of Mathematics contains the following papers: “Singu- 
lar point transformations in two complex variables,” by G. 
R. CLEMENTS; “On the projective differential geometry of 
plane anharmonic curves," by S. W. Reaves; “On the rank 
of a symmetrical matrix,” by L. E. Dickson; “Note on the 
rank of a symmetrical matrix,” by J. H. M. WEDDERBURN; 
“On the numerical factors of ‘the anıtlmetie forms op = f^," 
by R. D. CARMICHAEL. 


Tue concluding (October) number of volume 35 of the 
American Journal of Mathematics contains the following 
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- papers: “On the four-dimensional angles of the semiregular 
polytopes of 84,” by P. H. Scnours; “A generalization of 
Volterra’s derivative of a function of a curve,” by C. A. 
Fischer; “On differential invariants,’ by J. B. Smaw; 
“Some properties of closed convex curves in a plane,” by 
A. Emcg; “ Finiteness of the odd perfect and primitive abun- 
dant numbers with n distinct prime factors,” by L. E. 
Dickson; “Even abundant numbers," by L. E. Dickson; 
“The identical relations between the elements of any oblique 
triple system of surfaces," by H D. THompson; “Trans- 
formations and invariants connected with linear homogeneous 
difference equations &nd other functional equations," by 
Cora B. HENNEL; “Projective differential geometry of ra- 
tional cubic curves," by J. A. NYBERG. 


To the list of American doctorates conferred in 1913 which 
appeared in the October BurrETIN, should be added, T. H. 
` Brown, Yale, “The effect of radiation on a small particle 
revolving about Jupiter"; and H. N. Wricut, California, “On 
a tabulation of reduced binary quadratic forms of a negative 
determinant.” | 


Tue following courses in mathematics are announced in 
' the several technical schools during the first semester 1913- 
1914: 


Berum.—By Professor E. Lampe: Differential and integral 
calculus, with exercises, eight hours; Definite integrals and 
differential equations, two hours.—By Professor G. HETTNER: 
Differential and integral caleulus, with exercises, eight hours; 
Differential equations, two hours.—By Professor G. SCHEF- 
. FERS: Descriptive geometry, ten hours.—By Professor O. 
Keıgar-MenzeL: Mechanics, four hours; Acoustics, two 
hours; Theory of equilibrium, four hours.—By Professor G. 
"WALLENBERG: Selected chapters of elementary mathematics, 
four hours; Theory of functions, two hours; Theory of po- 
tential, two hours.—By Professor ST. JoLLEs: Descriptive 
geometry, ten hours; Graphical statics, with exercises, four 
hours.—By Professor K. HarntzscheL: Elements of the 
calculus, with exercises, six hours; Mechanics, four hours. 


Brounswick.—By Professor R. Denexinp: Elements of the 
theory of numbers, two hours; Introduction to the calculus 
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of probability, one hour.—By Professor R. Fricke: Analytic 
geometry and algebra, four hours; Differential and integral 
calculus, ‚with exercises, six hours.—By Professor H. E. 
Trmrpine: Algebra, two hours; Geometry of position, two 
hours; Descriptive geometry with exercises, ten hours.—By 
Professor A. WERNICKE: Statics of rigid bodies, with exercises, : 
six hours.—By Professor W. ScHLink: Technical mechanics, 
TI, with exercises, five hours. 


CLAUSTHAL.—By Professor H. MomnMaNN: Higher mathe- 
matics and mechanics, six hours; Descriptive geometry, four 
hours. ' 


Deurt.—By Professor J. A. Barrau: Determinants and 
introduction to the calculus, three hours; Theory of projection, 
with exercises, four hours; Applications of descriptive ge- 
ometry, three hours.—By Professor W. H. L. JANSSEN VAN 
Raay:—Advanced algebra and the calculus, five hours; 
Advanced calculus, four hours.—By Professor W. A. VERS- 
Luys: Introduction to analytic geometry, two hours; Analytic 
geometry of space, two hours.—By Professor J. CARDINAAL: 
Methods of projection, four hours; Surfaces and space curves, 
four hours.—By Professor G. SCHOUTEN: Mechanics, four 
hours; Kinematics, four hours. 


DrespEN.—By Professor G. HEGER: Plane cubic curves, 
one hour.—By Professor G. Herm: Higher mathematics, 
TV, with exercises, four hours; Theory of potential, three hours; 
Colloquium, two hours.—By Professor M. Krause: Higher 
mathematics, II, with exercises, six hours; Advanced algebra, 
four hours; Seminar, two hours.—By Professor W. Lupwie: 
Deseriptive geometry, with exercises, seven* hours; Per- 
spective, one hour; Analytic geometry of quadric surfaces, 
three hours; History of mathematics in antiquity, oné hour. 


KARLSRUHE.—By Professor A. Krazer: Mathematics, I, 
with exercises, eight hours.—By Professor R. Fuerer: Higher 
mathematics, IT, three hours; Partial differential equations 
with applications, two hours.—By Professor M. DISTELI: 
Descriptive geometry, with exercises, eight hours; Graphical 
statics, with exercises, two hours.—By Dr. W. Voar: Analytic 
geometry of the plane and of space, three hours; Projective 
geometry, two hours.—By Dr. F. NozgrHER: Elements of 
mechanics, with exercises, four hours; Theory of elasticity, 
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two hours.—By Dr. O. Haupt: Arithmetic and algebra, with 
exercises, three hours; Plane and spherical trigonometry, with 
exercises, three hours; Exercises in the principles of higher 
mathematics, two hours. 


STUTTGART.—By Professor HALLER: Plane and spherical 
trigonometry, with exercises, four hours.—By Professor E. 
STÜBLER: Lower analysis, four hours; Differential and integral 
calculus, four hours.—By Professor W. Kurra: Higher mathe- 
matics, II, with exercises, eight hours; Seminar, two hours.— 
By Professor E. WórrriNa: Theory of functions, I, three 
hours.—By Professor R. MEHMKE: Descriptive geometry, 
with exercises, seven hours; Graphical calculation, with 
exercises, three hours; Seminar, two hours.—By Professor K. 
KoMMERELL: Foundations of geometry, two hours. 


ZuniCH.—By Professor A. Hırsca: Higher mathematics, I, 
five hours; Higher mathematics, IIT, four hours.—By Pro- 
fessor FRANEL: Higher mathematics, I, five hours; Higher 
mathematics, III, four hours.—By Professor H. WEYL: 
Analytie geometry, with exercises, six hours.—By Professor 
M. Grossmann: Descriptive geometry, with exercises, eight 
hours; Projective geometry, four hours; Seminar, two hours.— 
By Professor L. Kozzros: Descriptive geometry, with ex- 
ercises, eight hours; Projective geometry, four hours; Seminar, 
two hours.—By Professor A. Hurwitz: Algebraic equations, 
four hours; Seminar (with Professor Weyl), two hours.—By 
Dr. L. Kımnast: Theory of functions of a complex variable, 
two hours.—By Dr. A. Kmarr: Theory of extension and 
vector analysis, four hours. 


Mass. INSTITUTE or TECHNOLOGY.—By Professor F. S. 
Woops: Advanced calculus and differential equations, four 
hours.—By Professor F. H. Barmy: Fourier's series, two 
hours.—By Professor E. B. Wirsow: Analytic mechanics, 
two hours; Relativity, two hours. 


Dr. W. BrascHEE, of the University of Greifswald, has 
been appointed associated professor of mathematics in the 
German technical school at Prague. 


Dr. F. Rusca, of the University of Zurich, has been ap- 
pointed professor of mathematics and physics at the University 
of Tientsin. 


f 
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` Ds, H. Trerzz, of thé German technical school at Brünn, 
has: ‘been promoted toa full professorship of mathematics. 


Promsson G. FABER, of the University of Kanigabers, lis 
been appointed professor of mathematics in the. University 
of Strassburg. | 

Dr. L. BIEBERBACH, of the University of Königsberg, has - 
been appointed professor of mathematics i in the University of 
Basel. 


] PRISE Gmo. Lorra, of the University of Genoa, has 
been elected to membership in the Halle academy of sciences. 


AT the annual meeting of the royal academy dei Lincei, of 
Rome, Professor G. BAGNERA, of the University of Palermo, 
was elected to corresponding membership; Professor I. FRED- 
HOLM, of the University of Stockholm, Dr. G. W. Hinr, of 
Nyack, N. Y., and Professor A. Hurwrrz, of the technical 
school at Zürich, were elected foreign members. 


Prorwssor, F. Kuer, of the University of Göttingen, has 
been elected foreign member of the academy of sciences of 
Naples and EE member of. the. Berlin academy of 
sciences. 


. Dr. H. CnaTELET has been appointed professor of mechanics 
at Toulouse, to succeed Professor J. DRACH, who has accepted 
a similar position at the University of Paris. ` 


. Dr. R. GARNIER has been appointed professor of mathe- 
matics at the University of Poitiers, as successor to Professor 
P. Bourrovx, now of Princeton. Waren. 


PROFESSOR A. L. Bowzny, of Dave eee Reading 
has resigned. Lo. 


Prorzssor W. H. Young, of Misere] en: has 
` been appointed Hardinge- professor of mathematics at the 
University of Calcutta, for the purpose of organizing the 
school of higher mathematics. As his new duties require his 
residence in India only part of the time, he. will retain his 
` present professorship in Liverpool University. | 
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AT Princeton University Professor H. B. FINE has returned 
from a year’s leave of absence and resumed his duties as head 
of the department of mathematics and dean of the departments 
of science. Professor OswaLD VEBLEN is abroad on leave of 
absence for the year. 


AT Ohio Wesleyan University, Professor G. N. Armstrong,. 
who has been abroad on leave of absence,. has resumed his 
academic duties. 


Prorzssor L. A. How.anp, of Wesleyan University, has 
been promoted to a full professorship of mathematics. 


Ar Rutgers College, Professor RicHarp Morris has been 
promoted to the professorship of mathematics, and appointed 
head of the department. Dr. W. B. STONE, of the Univer- 
sity of Michigan, has been appointed assistant professor of 
^ mathematics. 


Prorgssor F. CAJORI, of Colorado College, has received 
the honorary degree of doctor of laws from the University of 
Colorado and the honorary degree of doctor of science from 
the University of Wisconsin. 


Proressor S. E. Rasor, of Ohio State University, has been 
promoted to a full professorship of mathematics. 


Dr. W. C. Kratawout has been appointed associate pro- 
fessor of mathematics in Ripon College. 


AT Lehigh University Dr. J. B. Reynoxps has been pro- 
moted to an assistant professorship of mathematics; Mr. M. 
S. KNEBELMAN has been appointed instructor in mathematics. 


PnorzssoR L. C. PLANT, of the University of Montana, 
has accepted the professorship of mathematics at the Michigan 
Agricultural College. Dr. N. J. Lennes, of Columbia Uni- 
versity, succeeds Professor Plant at the University of Montana. 


Dr. S. Lerscaerz, of the University of Nebraska, has been 
appointed instructor in mathematics in the University of 
Kansas. : 


r 
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Mr. G. W. Me and Mr. J. A. Nortucotr have been 
appointed instructors in mathematics in Columbia University. 


Mr. F. W. DARLING has been appointed instructor in mathe- 
matics at Cornell University. 


Mr. H R. Kastron has been appointed instructor in 
mathematics at the University of Manitoba. 


Miss M. McDonatp has accepted the professorship of 
mathematics at Oxford College for Women, Oxford, Ohio. 


Dr. JosePHINE E. Burns has been appointed instructor in 
mathematics at the University of Illinois. 


Proressor C. BOURLET, of .the Conservatoire des Arts et 
Métiers in Paris, died August 7, at the age of 47 years. 


M. Gasron Tarry died at Havre, June 21, 1913, at the 
age of 70 years. 


Tue death is announced of Dr. G. Rots, emeritus professor 
of mathematics in the University of Strassburg. 


PROFESSOR ALEXANDER MACFARLANE, formerly of the 
University of Edinburgh, the University of Texas, and Lehigh 
University, died August 28, at the age of 62 years. He had been 
a member of the American Mathematical Society since 1891. 


PROFESSOR J. R. EASTMAN, professor of mathematics in 
the U. S. Navy from 1865 to 1898, died September 26, at the 


age of seventy-seven years. 
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NEW PUBLICATIONS. 
L HIGHER MATHEMATICS. 


ATTI del III congresso della Mathesis, società italiana di matematica, 
Genova, ottobre, 1912. Roma, Manuzio, 1913. 8vo. 127 pp. 


Backes (W.). Ein Beweis des Fermatschen Satzes. Mainz, Lehrlings- 
haus, 1913. 8vo. 4pp. M. 2.00 


Briss (G. A.) and Kasner CR) The Princeton colloquium lectures on 
mathematics: Fundamental existence theorems; Differential-geometric 
aspects of dynamics. 8vo. New York, American Mathematical So- 
ciety, 1913. 7 + 107 + 117 pp. $1 50 


Btrzsercer (F.). Ueber bizentrische Polygone, Steinersche Kreis- und 
Kugelreihen und die Erfindung der Invenio. Leipzig, Teubner, 
1913. 8vo. 60 pp. M. 1.50 

Conuserr (R.). Dictionnaire allemand-francais et français-allemand 

` des termes et locutions scientifiques. Chimie, physique, mathé- 
matiques, mineralogie. Paris, Dunod et Pinat, 1913. 8vo. 252 pp. 
Cartonné. Fr. 9. 


' CavEwzLL (E. R.). Die Regeln des Dreiecks. bte vermehrte Ausgabe. 
Diese A be enthält den Beweis für den Satz von Fermat. Berlin 
Buschhardt, 1913. 8vo. 4+119 pp. M. 10.06 


Darsoux (G.). See Leson (E.). 
: Davis (E. W.). The calculus. Edition de luxe. New York, Macmill 
1918. 12mo. 21-+383+63 pp. Flexible leather. $2. 


Eurer (L.). Opera omnia. Series I: Opera mathematica. Vol. XX: 
Commentationes analyticae ad theoriam integralium ellipticorum 
pertinentes. Edidit A. Krazer. Volumen prius. Leipzig, Teubner 
1912. 8vo. 12-+372 pp. M. 28.00 


Hann (H.). See ScHomnrures (A). 


Husert (D.) Grundlagen, der Geometrie. 4te, durch Zusätze und 
Literaturhinweise von neuem vermehrte und mit 7 Anhüngen ver- 
sehene Auflage. (Wissenschaft und SE Band VII.) ipzig, 
Teubner, 1913. 8vo. 6+258 pp. oth. M. 6.00 


JAKOB (H.). Zum grossen Fermatschen Satz. Beweis. Dresden, Köhler 
' 1913. 8vo. 4 pp. M. 0.50 


Jourpam (P. E. B.) The nature of mathematics. (People’s Booka) 
New York, Dodge, 1913. 16mo. 4+92 pp. $0. 


KasNmn (E.). See Briss (G. A). 
Krazer (A). See Eur (L.). 


Laisant (C. A.). Mathematics. (Thresholds of science.) London, 
. Constable, 1913. 8vo. 166 pp. i 28. 
Leron (E.) Gaston Darboux. Biographie; bibliographie analytique des 
écrits. 2e édition, entièrement refondue. (Savants du jour.) Paris 
Gauthier-Villars, 1913. 8vo. 4+96 pp. Fr. 7.00 


Mansion (P.) Abriss der Theorie der Hyperbelfunktionen nebst einer 
rein analytischen Theorie der Kreisfunktionen. Nach der 3ten 
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französischen Auflage übersetzt. Leipzig, Teubner, 1918. 8vo. 
44 pp. M. 1.25 


——. Précis de la théorie des fonctions hyperboliques, suivi d'une théorie 
purement analytique des fonctions circulaires. Be édition revue et 
augmentée. Paris, Gauthier-Villars, 1913. 8vo. 44 pp. Fr. 1.25 
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THE MADISON COLLOQUIUM. 


THe Seventh Colloquium of the American Mathematical 
Society was held in connection with its twentieth summer 
meeting at the University of Wisconsin, Madison, Wis. At 
the April meeting of 1911 the Council appointed a committee 
consisting of Professors Van Vleck, Moore, Osgood, and the 
Secretary to make the arrangements for the meeting and 
colloquium. The courses of lectures were announced in the 
preliminary circular of May, 1913, and printed syllabi were 
issued in advance of the meeting. The colloquium opened 
on Wednesday morning, September 10, and extended through 
the rest of the week. The following fifty-one persons were in 
attendance, a larger number than at any previous colloquium: 

Professor R. C. Archibald, Professor R. P. Baker, Professor 
G. N. Bauer, Professor G. D. Birkhoff, Professor H. F. Blich- 
feldt, Professor G. A. Bliss, Professor Oskar Bolza, Professor 
W. H. Bussey, Dr. G. R. Clements, Dr. A. R. Crathorne, Pro- 
fessor D. R. Curtiss, Professor L. E. Dickson, Professor L. W. 
Dowling, Professor Arnold Dresden, Mr. H. J. Ettlinger, 
Professor W. W. Hart, Professor E. R. Hedrick, Dr. T. H. 
Hildebrandt, Dr. Dunham Jackson, Dr. A. J. Kempner, 
Mr. Barnem Libby, Professor G. H. Ling, Professor A. C. 
Lunn, Professor H. W. March, Professor Max Mason, Mr. 
J. S. Mikesh, Professor C. N. Moore, Professor E. H. Moore, 
Professor W. F. Osgood, Professor R. G. D. Richardson, Pro- 
fessor W. J. Risley, Professor W. H. Roever, Miss Lulu Runge, 
Dr. Mildred Sanderson, Miss I. M. Schottenfels, Mr. A. R. 
Schweitzer, Professor J. B. Shaw, Mr. T. M. Simpson, Pro- 
fessor E. B. Skinner, Professor H. E. Slaught, Professor C. S. 

"Slichter, Professor E. R. Smith, Professor A. L. Underhill, 
- Dr. S. E. Urner, Professor E. B. Van Vleck, Professor E. J. 
Wilezynski, Professor F. B. Wiley, Professor R. E. Wilson, 
Professor H. C. Wolff, Professor B. F. Yanney, Professor Alex- 
'ander Ziwet. 

Two courses of five lectures each were given: 

I. Professor L. E. Dickson: “Certain aspects of a general 
theory of invariants, with special consideration of modular 
invariants and modular geometry.” 

II. Professor W. F. Osaoop: “Selected topics in the theory 
of analytic functions of several complex variables." 
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Abstracts of the lectures follow below. The lectures will 
soon be published in full by the Society as Volume IV of the 
Colloquium Series. 


I. In the first lecture, Professor Dickson discussed the 
invariants of quadratic forms 


Qm = Bue? + Part + +++ + Bent, Bi = Bi, 
D= | Bis | + 0, 


for the case in which the Go are complex numbers (the alge- 
braic case), and also for the case in which they are integers, 
considered as equivalent if congruent modulo p (the number- 
theory case); forms of the latter type are called modular forms. 

The invariants are obtained in both cases by a general 
method, based upon the classification of the forms in such a 
way that any two forms of the same class shall be conver- 
tible into each other by means of a transformation 


Tj = 2; oi i, 
Gil 


where in the algebraic case the oj; are complex numbers and ` 
Los | = 1, and in the number-theory case they are integers, 
reducible modulo p, and |oj;| = 1 (mod p). It is then 
clear that any function 9(611, ** — Bmm) which takes the same 
value for all the forms of any one class must be an invariant 
of qm: It was shown that in the algebraic case the value D 
_of the determinant | ës | and the rank r of this determinant 
form a fundamental system of invariants, i. e., that every 
invariant e(fu, ***, Bam) is a single-valued function of D 
and r; furthermore, every rational integral invariant was 
shown to be a polynomial in D. In the number-theory case, 
it was found that, if the principal minors of order r of the 
determinant |B;| are designated by Mi, ---, Mn, then a 
fundamental system of rational integral invariants is given by 


D, Io Ai, ttt Am; 
where 
2-1 p-1 


4 = nu Ex au . 


a - Mey [na - aes, 
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and 


Io es II (1 = Bir Js 
j=l 
d ranging over all the principal minors of |B;;| of order 
gréater than r. An outline was given of a general theory of 
modular invariants of a system of forms. . 

Lecture II was devoted to an application of the methods 
developed in the first lecture to a study of the algebraic and 
the modular seminvariants of a binary form, i. e., of such 
functions of the coefficients a; of a binary form 


f= 2: C, aim "ui 
i=0 


as are invariant under the transformation z = + + ty’, 
y — y. The work was carried through in detail for the 
case n = 4, leading to the well-known result that if we put 
t = — aas (ao + 0), then the form f goes over into a new 
form, whose coefficients, multiplied by proper powers of ao, 
together with certain combinations I and J of them, form a: 
fundamental system of seminvariants for f. It was found 
that the algebraic seminvariants were not sufficient to char- 
acterize all the different classes of forms into which the 
binary quartic forms were grouped; the modular seminvariants 
were then constructed and thereby a complete characterization 
of these classes was secured. 

In the third lecture, Professor Dickson took up a discussion 
of the invariants of the group of transformations 


x = az + by, y = ce + dy, 


a, b, c, d being integers, such that ad — be = 1 mod p. 
The fundamental system of invariants for this case was 
found to be . 


p-—i 
Ley] (@- w) = y my 
i=0 
and 
Q = (yz? — ay”) + L. 


-In the case of n variables, there are n fundamental invari- 
ants. The “form problem” for the case of two variables, 
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i. e., the problem of determining x and y when L(z, y) and 
Q(z, y) are given, was then brieffy discussed. It was shown 
that the form problem is completely solved when we find two 
linearly independent solutions of the congruence 


gz? — gg? -- A771 2 0 (mod p), 


where À = L?-(z, y), and x = Q(z, y). 

The lecturer then passed on to a presentation of the work 
.of Hurwitz on formal invariants and its connection with the 
modular invariants. Considering for the purpose of illustra- 
tion the form 


f = aw? + ary + any’, 


where ao, a1, ga are arbitrary variables, and subjecting this 
form to a transformation x = oi + by’, y = cx’ + dy’, 


ad — be + 0 (mod p), which brings f to the form boz? + biz'y' 
+ bey”, a formal invariant may be defined as a function 
F(a, a1, as) of the coefficients of such character that 


F (ao, 01, aa) = F(bo, bi, be) (mod D), 


identically in do, aı, a5. 

Of especial interest and importance here is the general 
theorem, due to Miss Sanderson, that from any modular 
invariant a formal invariant may be constructed, which will 
reduce to the modular invariant for integral values of the 
coefficients. This theorem is of great value in the con- 
struction of covariants. The lecture closed with a discussion 
of formal seminvariants. ` ` 

The last two lectures were concerned with modular geom- 
etries, i. e., geometries in which only points with integral 
coordinates are considered as real points and in which two : 
points are considered as identical if their coordinates are 
congruent. This work belongs entirely in the theory of 
numbers; the terminology, borrowed from geometry, suggests 
material and mode of treatment, and leads to results new 
and important in the theory of numbers. Particular reference 
was made to the recent work in this field of Veblen and 
Bussey, and to the work of Coble, who obtained an entry 
into the theory of theta-functions by carrying over into 
modular geometry some of the notions of projective geometry. 
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Some of the results of work in this field as stated by Pro- 
fessor Dickson are: All the polars of a conic in the space of a 
modular geometry of n dimensions pass through a fixed point, 
‘if n is odd. This point is called the apex of the conic. Al 
the lines through the apex meet the conic in only one point. 
The tangential equation of the conic is linear. 

The fundamental system of covariants of the ‘ternary 
quadratic. form were found, and the case of m variables was 
briefly considered. . 

Professor Dickson discussed in the closing lecture a theory 
of plane cubic curves with a real inflexion point. The number- 
theory character of the work led him to discover a rational 
reduction of the general cubic to the following normal form: 


ay + gy + ha + ò = 0, 


where the point (1, 0, 0) is the real point of inflexion the 
existence of which among the real points of the curve was 
preassumed, and in which the coefficients g and h are simply 
related to the ordinary invariants of the cubic. The dis- 
cussion of the points of inflexion, as to their reality and their 
-configuration was carried on for various cases and for modular 
geometries with different moduli, one case being found in 
which the cubic has 9 real points of inflexion. 


II. Professor Osgood’s first lecture gave a general survey 
of the field, treating the following topics: Analytic functions 
of several variables; the factorial function and analytic 
continuation; existence theorems; Weierstrass’s theorem of 
factorization; Jacobi’s problem of inversion and the abelian 
functions; periodic functions; theta functions with several 
arguments; the theta theorem. 

The second lecture was occupied with a number of general 
. theorems: Rational and algebraic functions; sufficient con- 

ditions that a function of several variables be analytic; 
sufficient conditions that a function be rational, algebraic; 
on the associated radii of convergence of a power series. b 

The third lecture was devoted to singular points and 
analytic continuation: Introduction; non-essential singu- 
larities; essential singularities; removable singularities; ana- 
lytic continuation by means of Cauchy’s integral formula; 
application to the distribution of singularities; Levi’s memoir 
‘of 1910; lacunary spaces; the boundary of the domain of 
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definition of f(z, y); representation of certain meromorphic 
functions as quotients. 

The fourth lecture dealt with implicit functions under the 
following headings: Weierstrass’s theorem of factorization; 
a tentative generalization of the foregoing theorem; algebroid 
configurations; single-valued functions on an algebroid con- 
figuration; connectivity and the Riemann manifold; para- 
metric representation im Kleinen; solution of a system of 
analytic equations, Weierstrass’s theorem; a general theorem; 
special cases of the foregoing; the inverse of an analytic 
transformation. 

In the final lecture, Professor Osgood discussed the prime 
function, introduced by Klein in the theory ‘of the algebraic 
functions and their integrals. . That function is not a function 
on the given algebraic configuration, but depends on the 
homogeneous coordinates of an allied configuration. It is 
possible, however, to obtain a function on the given configura- 
tion which has a single zero and is completely analogous to 
the elliptic 8 or o function. 

ARNOLD DRESDEN. 


THE VIENNA MEETING OF THE DEUTSCHE 
MATHEMATIKER-VEREINIGUNG. 


THe annual meeting of the Deutsche Mathematiker- 
Vereinigung was held in affiliation with the eighty-fifth 
convention of the association of German naturalists and 
physicians at Vienna, September 22-25, under the presidency 
of Professor K. Robn. 

The Germans fully recognize the importance of the geal 
side of these annual meetings, and make ample provision for 
the pleasant entertainment of the guests. Although the 
program was a long one, frequent excursions were arranged 
and a reception or concert each evening. 

The session of Thursday afternoon was devoted to the 
administrative affairs of the society. Reports of the status 
of the Encyclopedia, the Euler commission, and the Inter- 
national commission were read, and a briefer statement was 
submitted concerning the publication of various other works 
supported in whole or in part by the society. 
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The sessions of Tuesday were held jointly with those of 
the sections of physics, geodesy, and astronomy at which the 
papers on applications of mathematics were presented. 

The Vereinigung has now 770 members. The next annual 
meeting will be held in Hannover under the presidency of 
Professor C. Runge, of the University of Gôttingen. 

The following papers were read before the society. 

(1) F. Meyer (Königsberg): "Bericht über neuere, be- 


sonders durch Arbeiten von Gordan veranlasste Fortschritte - 


der Invariantentheorie." 

(2) E. MÜLLER (Vienna): “Eine Weiterbildung der Grass- 
mannschen Ausdehnungslehre im Sinne der Invarianten- 
theorie.” 

(3) G. Komm (Vienna): “Zur Geometrie der Würfe.” 

(4) F. Hocevar (Graz): “Ueber den Zusammenhang 
zwischen den: irreduziblen Teilern einer Form und einem 
linearen System von Nullstellen der Form.” 

(5) R. WzrrzENBÓCK (Graz): “Invarianten bezüglich 
Untergruppen der allgemeinen projectiven Gruppe.” 

(6) E. BLaschke (Vienna): “Aenderungen der Sterbe- 
wahrscheinlichkeiten mit der Zeit.” 

(7) L. G. Du Pasquier (Neuenburg): “Eine neue Anwend- 
ung der simultanen Differentialgleichungen in der mathe- 
matischen Theorie der Lebensversicherung." 

(8) A. Exysrern (Zürich): “Zum Gravitationsproblem." 

(9) W. v. Dycx (Munich): “Ueber die Kepler-Manuskripte 
der Wiener Hofbibliothek.” 

(10) A. Korn (Berlin): “Zur Frage der internationalen 
Vereinheitlichung wichtiger Begriffe und Bezeichnungen in 
der Potential- und Elastizitätstheorie.” 

(11) E. Warısch (Brünn): “Zu den Minkowskischen 
Grundgleichungen der Elektrodynamik.” 

(12) R. Menmxz (Stuttgart): “Ueber die zahlmässige und 
graphische Lösung eines Systemes von unendlich vielen 
Gleichungen in einer unendlichen Anzahl Unbekannten.” 

(13) C. Jost, (Kopenhagen): “Ueber Elementarflächen.” 

(14) F. ExaEL (Giessen): “Lie’s Invariantentheorie der 
Berührungstransformationen und ihre Verallgemeinerung.” 

(15) H. LrEBMANN (Munich): “Die Entwicklung der Lehre 
von den Beriihrungstransformationen.” 

(16) K. Zensen (Innsbruck): “Ueber geschlossene Raum- 
kurven." 
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(17) H. Tærtze (Vienna): “Ueber ein-eindeutige stetige 
Abbildungen von Flüchen auf sich selbst." 

(18) H. Hann (Czernowitz): “Ueber stetige Abbildungen." 

(19) E. Hecke (Göttingen): “Modulfunktionen von zwei 
Variabeln und ibre Anwendungen auf algebraische Kórper." 

(20) L. v. Schrurka (Brünn): “Zur addítiven Zahlen- 
theorie.” 

(21) P. Kozsz (Leipzig): “Wesen und Ziele der Kontin- 
uitütsmethode." 

(22) J. PLEMELT (Ezernowitz): “Ueber den Verzerrungssatz 
von P. Koebe.” 

(23) J. PLEMELS (Czernowitz): “Ueber die Abhängigkeit 
der Lósungen linearer Differentialgleichungen von den akzes- 
sorischen Parametern." 

(24) F. DiwaELpEY (Darmstadt): “Ueber ein gewisses 
Integral und eine einfache Darstellung der Kugelfunktionen." 

(25) J. Rapon (Vienna): “Unabhängigkeit von Kurveninte- 
gralen vom Wege beim Bestehen von Nebenbedingungen.” 

(26) W. Gross (Vienna): “Zur Theorie der unbestimmten 
Differentialgleichungen." 

(27) R. SUPPANZSCHITSCH (Vienna): “Ueber die Axiomatik ` 
der Methode der kleinsten Quadrate." 

(28) E. HäntzscueL (Berlin): “Bedingungen für die 
Lósbarkeit eines Fermatschen Problems." 

. (29) O. Perron (Tübingen): “Ueber eine eigentümliche 
Schwierigkeit bei der Integration gewisser scheinbar sehr 
einfacher Differentialgleichungen.” 

(30) (Miss) E. Noter (Erlangen): “Ueber rationale 
Funktionenkörper.” 

(31) F. NogrHER (Karlsruhe): “Zur Theorie der Turbu- 
lenz." 2 

(32) R. KôniG (Leipzig): “ Arithmetisch-funktionenthe- 
oretische Parallelen.” 

Abstracts of all the papers except the first follow below; the 
numbers correspond with those in the list of titles above. 


2. Professor Müller generalizes the concept of products of 
points, rays, and planes, as developed by Grassmann, to apply 
to a number of new combinations which he calls manifold 
products. Every combination of these products which 
represents a number is an invariant of the quantities appear- 
ing in the equations. They do not depend upon a definite 


` 
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normal form, a fact that presents many advantages. Finally, 
the relation between this method and other symbolic methods 
is pointed out. 


3. Nineteen years ago Professor Kohn introduced the throw 
of v. Staudt as a fundamental concept underlying the pro- 
jective properties of a geometric configuration. The most 
important advances made by the same author center about a 
principle of duality of this geometry, by means of which the 
throws of figures appear in pairs of reciprocal throws. The 
contrajective figures or figures of reciprocal throws form a 
complete analogy to the projective figures or figures of equal . 
throws. In a series of examples the author shows that just 
those properties have been lacking in which figures of equal 
throws have been replaced by figures of reciprocal throws. 


4. The known relation between the zeros and the linear 
factors of a binary form was extended by Professor HoGevar 
to apply to the totality of the points of intersection of a variety 
F(a, +++, 2n) = 0 and a straight line in £4 4. The process is 
illustrated geometrically, but the procedure is algebraic. 


5. Professor Weitzenbóck discussed the following topics: 
application of symbolic methods of the theory of projective 
invariants to the invariants of elementary geometry (motion 
and reflection); proof of the first and second fundamental 
theorems of the symbolic method, and of the finiteness of a 
complete system of invariants of motion; construction of 


such à system for the conic. The memoir is to appear in the 
Wiener Berichte. 


6. The latest results of the statistics of insurance, that the 
probability of death does not agree with that expected from 
the theory based upon probabilities, makes a new establish- 
ment of the foundations of this science necessary. Professor 
Blaschke proposed a new derivation of the formulas and a 
new interpretation of the results. A fixed premium is the 
only equitable method of making payments. 


7. In Dr. Du Pasquier’s paper we start with a closed com- 
pany A! of insured persons, consisting of persons of the same 
age x, of the same sex, living contemporaneously in the same 


124 THE GERMAN MATHEMATICAL SOCIETY. [Dec., 


district, in the same occupation, and all married. Let the 
number of members be yı(z). In the course of time the 
number will grow smaller through three causes: death, death 
of the wife (or husband), invalidity. Those in the ‘second 
category compose a new company A”, with conditions similar 
to AT, except that they are not married. Let this number be 
y(x). This number may change by death, marriage, or 
invalidity. Those in the second set now belong to 4! again. 
A third company A™ of y(x) persons consists of invalids 
(unmarried); and a fourth A‘Y of y,(z) married invalids. Rela- 
tions exist between A! and A! 4%, and A. These are 
'expressed by means of differential equations of the first order, 
the constants determined by statistics. 


8. In order to establish the theory of gravitation from the 
standpoint of the principle of relativity, Professor Einstein 
discussed two possible methods. The first is the principle 
of the constancy of the velocity of light; it appears as a co- 
variant of linear orthogonal transformations. The simplest 
theory of this kind is that developed by Nordström: “ Gravi- 
tations-Feld durch einen Skalar $ bestimmt." 

In the second method, the velocity of light is assumed to 
be variable; the gravitation field is determined by a tensor. 
Instead of four-dimensional vector theory we now have the 
absolute differential calculus. The equations of the gravita- 
tion field are derived from the conservation theorems. They 
are covariant under any linear transformation. 


9. The newly discovered Kepler manuscripts described by 
Professor v. Dyck concern the publication of the Tabule Ru- 
dolphinæ and of the Observationes Tychonii Brahe and. 
essays on the problem of the reformation of the calendar. 
The manuscripts and discussion will soon be published in the 
Abhandlungen of the Bavarian academy of sciences. Professor 
v. Dyck also explained the new regulation concerning the 
examination of candidates for higher teachers of mathematics 
and physics introduced in the Bavarian school system. 


10. In his report Professor Korn mentioned the efforts of 
the committee, composed of prominent mathematicians, 
astronomers, and physicists, to reduce the nomenclature and 
definitions of the theory of the potential, to a uniform basis. 
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In answer to the letter of inquiry, sent to a large number of 
persons concerned: “What are the words and concepts for 
which a uniform definition is desirable? ” a large number of 
replies have been received. From these data the committee 
has discussed the question of the greatest desiderata, and 
it is believed that by including the theory of elasticity and 
extending a carefully planned organization gradually uni- 
formity can be accomplished. The committee is confident 
that in this way an immense service can be accomplished, 
not only toward understanding the literature, but also toward 
clearing up a number of grave misunderstandings which now 
seriously interrupt the further progress of the science. 


11. Professor Waelsch’s paper is a continuation of his . 
article “Quaternions and binary forms in the Minkowski- 
. Gauss equations of thermodynamics” which has recently 

appeared in the Berichte of the Vienna academy; the present 
paper will soon appear in the same journal. 


12. In the graphical solution of an infinite system of 
equations with an infinite number of unknowns, Professor 
Mehmke employed the methods of descriptive geometry, 
generalized for space of an infinite number of dimensions. 
The memoir will be published in the Zeitschrift fiir Mathe- 
matik und Physik. 


13. Professor Juel defines an elementary surface by the 
property of being divisible into a finite number of parts of 
surfaces of the third order. It is easily proved that every 
continuous closed surface having a continuously turning 
tangent plane will be an elementary surface in case the locus 
of the point of contact of four-point contact lines divides the 
surface in a finite number of pieces. For example, every 
regular analytic surface is an elementary surface. In such cases 
the ordinary theorems concerning the singular points of plane 
sections and of contour curves are easily proved geometric- 
ally, without making any assumptions concerning derivatives 
of the second order. It is believed that this procedure will 
prove to be as fruitful in the study of surfaces as that of 
the oval and convex arcs has been in the plane. 


14. The theory of contact transformations can, as was 
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shown in the Wiener Berichte; volume 110, by S. Kantor, be 
more easily established by means of the bilinear invariant 
of the Pfaffian expression Zp;du; and the Poisson symbol 
(ex), the latter to be interpreted as a covariant in plane 
coordinates. It was shown by Professor Engel that the 
entire theory of invariants of contact transformations can be 
expressed by means of any Pfaffian od: + +++ + amdu - 
that can be put into the normal form pıdzı + +++ + peadatas. 
Moreover, the theory of groups of functions can be given 
a new interpretation by defining each group by means of the 
complete system the solution of which consists of the func- 
tions, and can all be included, as was also shown by Kantor, 
among the invariant properties of a linear partial differential 
equation of the first order in 1, under contact transformation. 
This problem can also be reduced to Pfaffians. | 


15. Professor Liebmann reported on the development of 
contact transformations as follows. 

The two sources for the study of contact transformations, 
systematically elaborated and brought into connection with 
the theory of continuous groups by Sophus Lie, are the 
canonical substitutions of mechanics and Plücker’s line 
geometry. The most important lines of investigation at 
. present are in the direction of more minute interpretation 
and completion on the basis of the geometry of “Speere " 
(Study), and new methods in the theory of invariants under 
the infinite group of all point and contact transformations. 
[See the Mathematical Encyclopedia, Article III D7 (German 
edition now in press).] 


16. Consider a one-partite closed, finite’space curve which 
has a single tangent and a single osculating plane at each 
of its points. Take in particular such a curve of index 4, 
that is, such that no plane can intersect it in more than four 
real points. Professor Zindler studies the curve by means 
of the wedge of a point P on the curve, defined by passing 
half-planes through the tangent at P and the other points of 
the curve. The applicability of the idea was shown in the 
case of curves without cusps, and a set of curves found such 
that the wedge for each point of the curve is acute. From 
this fact follows that the curve has four points of undulation 
and two principal secants, such that the osculating plane at 
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either point of intersection of the curve and a principal secant 
. must pass through the other. The paper will be published 
in the Monatshefte. 


17. Professor Tietze proved that every continuous bi- 
uniform mapping of a simply connected surface on itself 
which preserves the indicatrix is a deformation, that is, that 
by means of just such representations the identity can ‘be 
reached. 


18..In his paper on continuous mapping, Professor Hahn 
proved the following theorem: In order that & plane point 
set M be & continuous representation of a segment, it is neces- 
sary and sufficient that it be closed, limited, and connected, 
&nd that in each of its points P the condition be fulfilled: 
to every positive e belongs a positive 7 such that if a point A 
of M lies within the region n of P, then in M exists a connected 
part, containing both P and A and lying within the region 
eof P. 


19. As Dr. Hecke was called away from Vienna during ES 
meeting, his paper was not read. 


20. Professor Schrutka’s paper was an abstract of a moré 
` extensive memoir based on the dissertation of Professor 
Vahlen, which appeared in Crelle’s Journal, volume 112, 
page 1. The purpose of the paper is to introduce simpli- 
fications and render more systematic the methods there 
developed. The entire memoir will soon be published as a 
monograph. 


21. Professor Koebe explained the principle of the method 
of continuity by means of two examples of conformal depiction 
of simply and multiply connected regions, and pointed out 
the differences between the older method of limiting polygons 
and his own new method of open polygonal continua, founded 
on theorems of deformation. An extensive application of 
the principle is made in a memoir being published in the 
Mathematische Annalen: “Ueber die Uniformisierung der 
algebraischen Kurven IV und V.” 


22. Professor Plemelj showed that the coefficient a in l 
f(s) = s+ af + ---, in case f(z) is simply represented in the 
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unit circle, satisfies the inequality | a| S N < 5, wherein N 
is probably equal to 2. The inequality 


ml- (A) | uote GERI) =] 


can then be derived. In case N — 2 we have 


E D 
ons Ol Da 


as a simple expression of the theorem of deformability of 
Koebe. 


23. In Professor Plemelj’s second paper the solutions of the 
differential equation are expressed as integral functions of 
accessory parameters, of Laguerre genus zero when the 
parameters appear linearly. In this way the solutions of 
very diverse types of differential equations can be obtained, 
including boundary problems, theorems of oscillation, Klein 
theorems, ete. 


24. Professor Dingeldey first determined the conditions 
under which the integral 


Va + be te 
is algebraic, when m is a positive integer and a, b, c are real. 
If a, b, c are all different from zero and m even (m = 2n), 
the equation of condition is of order n in b and ac; if 
m = 2n + 1, bisa factor, and the other factor is similar to the 
preceding. By putting biz ac = 2%, the resulting equation 
in z* has only real roots, distinct and positive. It is closely 
related with the equations appearing in spherical harmonics, 
which leads to an easy and natural representation by means 
of a combinant. For example, we have 


z 1 0 0 0 


m 
e 
à 

D 
e 
e 
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An extensive abstract will be published in the Jahresbericht. 


25. What conditions must a curvilinear integral 


J (00 È gen 


satisfy in order to be independent of the path of integration 
when the paths are restricted by certain differential equations 


` Pa(t, Yis ***s Yns Yr, ds ya) = 0, (a= I, e m< n)? 


In order to answer this question Dr. Radon assumes that 
the diferential equations do not possess an integral 
P(T, Yis ***, Yn) = c. The important results are: If by means 
of the o, = 0 no linear equation ade + Zb,dy, = 0 can be 
-derived, then Pdz + ZQidy, must be a complete differential. 
If, on the other hand, such linear equations can be derived, 
then the expression Pdz + ZQ,dyr, after simplification by 
means of these equations, is reduced to a complete differential 
in the ordinary sense. 


26. In a previous memoir, published in the Mathematische 
Annalen, Dr. Gross considered a system of differential equa- 
tions which proved to be non-integrable, that is, unsolvable by 
means of the processes of differentiation and elimination, and 
the addition of arbitrary functions. In this memoir he shows 
how one can determine whether a given system belongs to 
the class of those previously discussed, and also how a solution 
(if there is any) can be obtained. 


27. In establishing the method of least squares, in so far 
as the proof is not a variation of that given by Gauss, the 
attempt is made to select the most favorable linear combina- 
tion from among the possible combinations of error equations. 
It is by no means evident why restriction to linear equations 
is made. Professor Suppantschitsch shows how this restric- 
tion is connected with simpler assumptions (axioms). The 
only quality of the functions employed that is required is 
continuity. The paper is being published in the Wiener 
Berichte. 


28. In his correspondence with Jacques de Billy, Fermat 
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takes up the question, handed down from Diophantos, to 
find an infinite number of pairs of rational numbers (x, y) - 
which satisfy the equation y = ag + 3aj2$ + 8asz + as, 
the coefficients being rational. Professor Haentzschel dis- 
cussed the derivation of the conditions under which the 
problem can be solved. The equation is satisfied if the 
equation ® = 43 + D has an infinite number of solutions, 
D being the discriminant of the cubic form. This is the 
first condition. The second condition is that the equation 
v = — c3,3(x)/f(x) shall have a rational root (Haentzschel: 
“Ueber das Integral . . .," Berlin Mathematische Gesellschaft, 
1910). This root is the first solution. The further investi- 
. gation consists of three parts: (a) D any rational number; 
. (b) D a rational square; (c) D = 0. In each case there are: 
two subdivisions, according as a, is or is not a cube. 


29.-Professor Perron showed that in order to obtain the 
complete integral of a differential equation of the form 


d 2 
Iz —jfG y) | — [e P = 
it is not sufficient to integrate the two equations -° 
d e 
42 dem d -f-e-0 
as has always been supposed. For example, the equation 
dy 2 "ERU 
(&) - (eni) =° 
has, begides the two integrals 
Sw pee. Se al 
n= f esini de, n=- e sin — de, 
both of which vanish with x, an infinite number of die 


including 
. B= d 


30. The treatment of fields of rational functions, as de- 





z sin 1| de. 
z 
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veloped by Dr. Emmy Noether, concerns fields whose ele- 
ments are rational functions of n variables. For these fields,’ 
the existence of a rational basis is proved, and the minimum 
basis defined. An application of the latter is made to the 
problem of constructing equations with a preassigned group. 
In conclusion, the existence of a basis of integrity is proved 
for a class of fields. 


` 31. The hydrodynamic treatment of the phenomena of 
turbulence requires the determination of further stationary 
or of periodic solutions of the hydrodynamic boundary 
problem in addition to the known laminal flow. The treat- 
ment heretofore employed is confined to the immediate region 


` of this flow and does not lead to the other real solutions. 


Dr. F. Noether showed that it 1s necessary to consider solutions 
having & finite variation from the laminal flow. "The theory 
of the ramification of non-linear integral equations leads to 
the hypothesis that with a sufficiently large value of the 
Reynolds number such solutions ought to exist. 

By means of Fourier series, the problem can be reduced to & 
boundary problem of ordinary non-linear differential equa- 
tions. It is thus brought into close relation with a previous 
memoir of the author, discussed in the Berichte der Bayerischen 
Akademie, 1913, page 309. 


32. Dr. Kónig pointed out the analogies which exist be- . 
tween elementary arithmetic (theory of real numbers), 
advanced arithmetic (algebraic numbers) and the Riemannian 
theory of functions, and showed that the concepts of irrational 
numbers, ideals, and multiplicative functions are all extensions 
of a single idea. A more detailed abstract will appear in the 
next number of the Jahresbericht. 

VIRGIL SNYDER. 
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ON BINARY MODULAR GROUPS AND THEIR 
INVARIANTS. 


“BY PROFESSOR L. E. DICKSON. 


A VERY simple determination is here made of all groups G 
of binary linear transformations with integral coefficients of 
determinant unity modulo p such that the order of the group 
is divisible* by the prime p. The corresponding problem 
for which the coefficients are in any finite field of order a power 
of p has been treated recently by H. H. Mitchell, who cites 
the earlier treatments by Gierster, E. H. Moore, Wiman, and 
Dickson of the related linear fractional group. To be added 
to these references is a paper on the present binary homo- 
geneous groups. 

Any binary modular transformation 7 multiplies some. 
linear function of z and y by a constant. This constant is 
unity if T is of period p. Hence after a suitable choice of the 
variables, we may assume that our group G contains 


T: z^zdy y =y (mod p). 


THEOREM. Either G is the group Y of all binary trans- 
formations with integral coefficients of determinant unity modulo 
p, or else every transformation of G is of the form ' 


OR e —dz- ly, y ety (mod p). 


: Suppose that G contains a transformation À for which y” 
involves z, so that y = a(x + ky), a & 0. Then G contains$ 


P= RT: x =y/a, y = — ax + by (mod p), 
in which the value of b is immaterial. Next, G contains 
TP: sii = yla, y" — az. 


* The groups of orders prime to p, may be found as in the case of binary 
collineation groups. 

[pane mer. Math. er vol. 12 (1911), p 

Dickson, “Bi odular groups and en ae ante? ’ Amer. Jour. 

Maih., vol. 33 T 911 D. 175. Here are found the invariants of any 
modular group other than one composed ply of transformations (1), the 
case treated in the text. 

$ To form the product RP, we note that 2” = ay’ under P and 
eliminate y’ by means of the equation for R. But x” = x + ky under T™. 


1913.] BINARY MODULAR GROUPS. 133 


The latter transforms T into 
esa, y By— ox. 


A power of this is 2’ = z, y’ = y +z. The latter and T are 
known to generate the group T. Hence the theorem is 
proved. 

The group G of transformations (1) is generated by T and 


(2) : v=, yery, 
where 7 belongs to a certain exponent d modulo p. Thus G is 
of order pd. Ù | 


Evidently T leaves absolutely unaltered the product 


NEN +(@+p ly) 
= P ey?) (mod.p), 


the congruence holding in view of Fermat’s theorem. Now 
(2) replaces À by vA. Thus G has the relative invariants 


À and y. 
If (1) leaves the point (x, y) unaltered, 
(4) tz + ly = px, ty = py (mod p). 


If these congruences hold identically, l = 0, ¢= +1, and (1) 
becomes 
(5) ais den, H bi 


First, let d be even and p> 2. Then G contains the two 
transformations (5), which leave every point unaltered. 
A point is called special if it can not be transformed by G 
into pd/2 distinct points, and hence is unaltered by some 

' transformation (1) not of type (b). For such a transformation, 
equations (4) are not both identitiés and determine uniquely 2/y 
as an integer modulo p, and hence a real special point (x, y). 
But (1, 0) is unaltered by G, while the remaining real points 

` (k, 1) are permuted by the powers of T. Thus any invariant 
which vanishes at a special point has the factor y or À. An 
invariant without a factor y or À therefore vanishes at imagi- 

nary points falling into sets of pd/2 points conjugate under G. 

Now y??? and A“? ‘are unaltered by T and changed in sign 

by (2), since 7*4? = — 1 (mod p). Hence any linear combi- 


134 SYSTEMS OF COLLINEATION GROUPS. [Dec., 


nation of them is an invariant of G. We can find* a product 
of such combinations which has integral coefficients and van- 
ishes at any assigned point, not a special point. Thus the 
invariant is the product of one or more such products. 

For d odd, a non-special point is one of pd conjugates under 
G. We now use the absolute invariants yP%, Ad. 


THEOREM. As a fundamental system of invariants of a group 
of transformations (1), we may take y and ^. 

In particular, this theorem yields the seminvariant leaders 
of invariants of two pairs of cogredient variables. 


UNIVERSITY or CHICAGO, 


February, 1913. D 


ON SOME SYSTEMS OF COLLINEATION GROUPS. 
BY DR. HOWARD H. MITCHELL. 


(Read before the American Mathematical Society, April 26, 1013.) 
$1. 


Some systems of collineation groups which arise in con- 
nection with the theory of elliptic functions have been investi- 
gated by Kleinf and Hurwitzf. One of them is a system inn 
variables each group of which contains an invariant sub- 
group of order n?. For n a prime the quotient group with 
respect to this invariant subgroup is (1, 1) isomorphic with the 
modular group on two indices of order n(n? — 1). The group 
in three variables is the Hessian group of order 216. 

For n odd there is also an invariant subgroup of order 2n?, 
and there exist two other groups in (n — 1)/2 and (n + 1)/2 
variables each of which is isomorphic with the quotient 
group with respect to this subgroup. "Thus for » — 5 there 
is both a binary and a ternary Ge and for n = 7 both a ternary 
and a quaternary Gig. 

Similar systems of groups in n°, (nè — 1)/2, and (nè + 1)/2 
variables which arise in the theory of hyperelliptic functions 

* Dickson, Trans. Amer. Math. Soc., vol. 12 (1911), 

t Math. Annalen, vol. 15 (1879), p. 276; also Kl Rica Fricke, Modulfunk- 


tionen (2) 5. 
1 Math. Annalen, vol. 27 (1885), p. 198. 
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have been investigated by Witting* and Burkhardt. The 
group in n? variables for n a prime is isomorphic with the 
abelian linear group on four indices with modulus n. 

For n odd there is an invariant subgroup of order 2, and 
the groups in (n°? — 1)/2 and (n? + 1)/2 variables are (1, 1) 
isomorphic with the quotient group with respect to this 
subgroup. ‘Thus for n = 3 there is both a quaternary and a 
quinary group of order 25920. 

e groups in.n and n? variables, when n is a prime p, are 
closely connected with a group in p" variables investigated by 
Jordan] and Dickson.§ As a collineation group it contains 
an invariant subgroup of order p™ and the quotient group is 
(1, 1) isomorphic with the abelian linear group on 2m indices 
and coefficients reduced modulo p. For p odd there is an 
invariant subgroup of order 2p** and there exist two other 
"groups in (p™— 1)/2 and (p*-+ 1)/2 variables which are 
isomorphic with the quotient group with respect to this sub-' 
. group. These two groups do not seem to have been noticed 
before for m > 2. 

All three of these groups are shown by the author to be 
"transitive" and "primitive" in the variables. These 
terms in relation to collineation groups seem to have been 
employed first by Maschke and Blichfeldt. 


82. 


Jordan and Dickson consider p™ variables which are dis- 
tinguished by m subscripts, £i, £s, +++, £y, each of which is an 
integer reduced modulo p. This may readily be translated 
into ordinary numbering if we consider that £, &, ---, Em 
represents $1 + En, + £p", where the smallest . 
positive (or 0) residue is taken. 

The group in these variables which they consider is gener- 
ated by the following operators: 


A; M Are = OFX TE 
B; S sie = Gere ER 


Li: As = PEREHDY QUA 


* Math. Annalen, vol. 29 (1886), p. 157; Diss. (Göttingen, 1887). 
t Math. Annalen, vol. 38 (1891), p. 163. 

1 Traité des Substitutions, pp. 420-450. 

§ Trans. Amer. Math. Soc., vol. 1, pp. 30-38. 
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| ES m 

Mi ‘ DE = Vp DURE CE 
p= 

Ny : Xue = OFX SE 


where i, j = 1, 2, -+-, m; j +4; 0? = 1,0 +1; and r is so 
chosen that the determinant of M; is unity. If p = 2 the 
exponent of 8 in L; is not reduced modulo 2. The multiplier 
is then — V— 1 if £ = 1, and +1if &;=0, mod 2 In 
this case Le is of period 4, and for p odd it is of period p. ` 

The group leaves invariant the subgroup of order* p™ 
generated by the 2m operators, 4; B; If any operator of 
this subgroup be expressed in the form 


nm 
II AB? 5 
tel 


it is shown by Jordan that the substitutions on the 2m indices 
zi y; which are effected when L; M;, Ny are used to trans- 
form this general operator, generate the abelian linear group] 
on those 2m indices. The operators L; as written here are 
equal to the L; of Jordan by a power of A;, but since A; leaves 
all the indices unaltered, the resulting substitution is the. 
same. 

If p > 2, the group on these 2m indices contains an in- 
variant substitution which changes the sign of each of them. 
One of the collineations which effects this substitution on 
the 2m indices is 


R: Kane = (— IPOD X secs 


This transformation is commutative with L:, M; and Ni; 
‘and is transformed into zën conjugate operators by the in- 
variant subgroup. Hence the group commutative with R 
is (1, 1) isomorphic with the abelian linear group. ` 

It will be observed that R multiplies by + 1 each of the . 
(p™ + 1)/2 linear expressions 


v Mea X pesi E es 
and multiplies by + 1 each of the (p* — 1)/2 expressions 
KO — P arc 





* As a linear up this subgroup is of order p*** if p is odd and Zeit 
if p = 2; in the latter case an additional generator being necessary. 
t L. c.; also Dickson, Linear Groups, p. 92 
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where not every E, is 0. Each of the transformations Li, 
M; Ny therefore transforms any one of these expressions 
into a linear combination of the others in the same set. Hence 
there exist collineation groups in both (p*-+1)/2 and 
(p™ — 1)/2 variables which are isomorphic with the abelian 
linear group. Since the quotient group of that group with 
respect to its invariant operator of period 2 is simple except 
in the case p* = 3}, it follows that the group in each set of 
variables as a collineation group is (1, 1) isomorphic with 
this quotient group. 


$3. 


It may be shown that each of these three groups is " transi- 
tive” and “primitive " in the variables on which it is repre- 
sented. By a transitive collineation group is meant one in 
which the matrix of the coefficients of every conjugate set of 
linear expressions is not 0. It follows from the work of 
Maschke* that an intransitive group is completely reducible, 
i. e., that the variables may be separated into sets such that 
each variable is replaced by a linear combination of those in 
the same set by all the transformations of the group. 1f the 
group is also primitive in the sense in which Blichfeldt uses 
the term, there exist no systems of intransitivity which are 
permuted by the group. 

The group in the p* variables is readily seen to be transitive. 
The only linear expressions left invariant except for a multiplier 
by each of the transformations A; are the 2* variables them- 
selves. Since the group generated by the A’s is commutative 
as a linear group as well as a collineation group, any linear 
' system of the variables containing k homogeneous parameters 
which is left unaltered must contain E expressions which are 
left individually unaltered except for a multiplier, i. e., k of 
the variables themselves. But no such set is left invariant by 
all the B's. Hence the invariant subgroup is itself transitive 
in the variables. 

We consider now the group commutative with R. If two 
variables with subscripts Es --- & and 7173 *** 7m have the 
same multiplier under each of the transformations Li, No 
we must have £?- nf, Ef; = «m; (5 J= 1, 2, e, m). 
Hence £; = + y;, where the sign is the same for all values of 1. 








* Math. Annalen, vol. 52 (1899), p. 363. 
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Hence of the expressions 
1 7 
Xo.) PERTE + P dn X = P dre 


no two in either set have the same multiplier under all the 
transformations L;, Ni. 

Hence if there is any system of intransitivity in either set 
‘under the whole group commutative with R, it must be 
determined by a certain number of these expressions them- 
selves. But under the product MiM2:-- Mm, Xo...0 is 
transformed into the sum of all the p” variables. Hence the 
group in the (p™ + 1)/2 variables is transitive. 

Under MıM; --- Ma, Xi...09 — X 35...918 transformed 
into a linear expression involving all the variables in: which 
Eck 0. Under M: CS Mn, Xon ...0— Xo3ap...0 is trans- 
formed into a linear expression involving all the variables 
in which &=0, & +0. In general, under M; --- Mn, 
Cy ei ee CT is transformed into an ex- 


pression involving all the variables in which £ = --- = ġa 
= 0, & T 0. | 

But these m sets of variables are transformed among them- 
selves. For under Mi, Xo...¢,...0— Xo...—g...0 is 


transformed into an expression involving some variables in 
which £i +0. Hence the group in (p* — 1)/2 variables is 
transitive. 

All three systems of groups are readily seen to be primitive 
in the variables on which they are represented. For if there 
exist systems of intransitivity, each L; must permute some of ` 
them in cycles of period p if p is odd and 2 or 4 if p — 2. 
If p is odd this is impossible, since each L; has only (p + 1)/2 
different multipliers and hence cannot transform a linear 
expression in the variables into p linearly independent ex- 
pressions. For the same reason it cannot be of period 4 on 
any systems of intransitivity if p = 2. But if it is of period 2 
on them, its square will leave them all invariant. Since this 
square belongs to the invariant subgroup óf order 2?", that 
subgroup would have to be intransitive, since all its operators 
of period 2 are conjugate. But we have already seen that 
that subgroup is transitive. 
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ON THE SUMMABILITY OF FOURIER’S SERIES. 
| BY DE. T. H. GRONWALL. : 


(Read before the American Mathematical Society, February 22, 1913.) 
1. Ler 





(E+ DG 2 Gn) 








A,® = 
nl 
M Tn+k+1) 
= 2 = jos @ = 
so that 
| 1 2 
eS Ze (k—1) . 
(2) ag ZA, (lal 15; 
then the identity | 
KE 1 1 ' 1 oo o 
(k) = = . = D, (k-1) ar 
die ter serien ep 
gives ' : | 
(3) - AD = A. AF) = A A 0. 
y—0 S »—0 ” 


The nth Cesàro mean of order k of a given series ug + 14 
Ton + un ++: is, by definition, equal to 





1 Li 1 Ld y 
(4) g, ® = 4.0 > An Pu, = 4,09 2 An, ED >, u 
n v=0 n »—0 p=0 S 


(both definitions being equivalent on account of (3)), and if 
lim #, exists and equals s, the given series is said to be 


summable by Cesàro's means of order k, or briefly, summable 
(Ck), with the sum s. 

In the present note, I propose to give a simplified proof of 
the following theorem, due to Riesz and Chapman:* 


* M. Riesz, “Sur les séries de Dirichlet et les séries entières,” Comptes 
rendus de l'Académie des Sciences (Paris), vol. 149 (1909), pp. 909-912 
(gives no details of the proof). , 

. Chapman, “Non-integral orders of summability of series and in- 
tegrals,”? Proceedings of the London Mathematical Society, ser. 2, vol. 9, 
(1911), pp. 369—409. (See p. 390.) 
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` Let f(x) be a function defined in the interval — x S & S m, 

and such that in this interval | f(x) | is integrable in the Lebesgue 
sense;* then the Fourier series for f(x) is summable (Ck) for 
any k > 0 with the sum 3(f(e + 0) + f(x — 0)) = $ lim 


=0 
(f(x + € +f(e—)) at any point where this limit existe. 
he convergence of ihe Cesüro means of order k towards this 
limit is uniform on any closed range for every point of which 
f(x) is bounded and f(x + 0) + f(x — 0) exists uniformly. ` 
2. To prove this theorem, we start from the well known 
expression for the sum of the n + 1 first terms of the Fourier 
series for f(z). ` 


sin (2n + 1)y 


1 x—c2y2 
fa} = if ie 2y) sin y dy 
a, Moe . gin (2n + Dy 
-if fet wy 


on account of the periodicity: of f(z), as established in foot- 
note *, and this expression is easily transformed into 


rh . 
so =i S qe mtr in, 


sin y 


and the nth Cesàro mean of order # of the Fourier series in 
question becomes, by (4), 


| x 
«t9 = 2 (^ dee m) + fe — 2/9) de, 





The simplification in the prem proof lies in the method of 

at the inequality (7), which is obtained by Chapman by a method 
equivalent to the application of Euler’s summation formula to the expres- 
gion. . 
. The present method is applicable also to the corresponding problem in 
the expansion of a function of two variables in a series of spherical har- 
monics; see my forthcoming papers in the M. athematische Annalen: “Uber 
die Laplace'sche Reihe” and “Uber die Summirbarkeit der Reihen von 
Laplace und Legendre." 

* In Chapman's statement of the theorem, f(z) is only required to be 
integrable in the Lebesgue sense without, being absolutely integrable (both 
requirements being equivalent only when f(z) is bounded tor — x = z =r). 
In Art. 3 of the present note, it is shown by an example that in this form 
the theorem is not generally true. 

+ For z =r, this limit should be replaced by 6 f[( — e +0) + f(s —0)], 
which may be included in the expression above by defining f(z) outside of 
the interval — x Æ z = ~r as periodic with the period 2r. 
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where 


(2» +1 
(5) a, (y) = Ee isl A eoi Or Dy 


Making f(z) = 1, we ce 
za 
1= (1 = 2 (^ s, gd, 
T Jo 


and consequently 


UT) = A+ 0) + fle — 0) 
=f 
© =if deta +fe- Ww —fe+0) 


1 « 1 sf 
ie ea ndy= = [+= f 
.. where 0 < e < 7/4. 


We now assume k < 1;* the main point in our proof con- 
' sists in showing that 


wit 
(7) :f Lait du e (n=2,3, 4, ---), 
0 


where o, as well as cs, es, «++ which will be introduced later, 
are positive constants independent of n. We decompose our 
integral as follows: 
1 seh 1 wheal) C 1 
RE [a 
T Jo o 


t 





T Jeanin) 
As we have | 
ARE 142% SCH «2y-- 1 £2n4- 1, 
it follows that 


|x) | Sq + En + D 2 44,97 mtl, 
n vo 


and consequently 


1 gran 1 pr@s+D ‘ 
f | e 9 (y) | dy < a (2n + 1)dy = 1. 
Q 


* A series being (uniformly) summable (Ck) is also (uniformly) summable 
‚(C’k’) with the same sum when ki >k (see pman, I, e); and 2 is therefore 
sufficient to prove our theorem for k < 1. . 
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: To estimate the second part of our integral, we observe that, 
for |z| < 1, 


1 e 
To = mem 


1 | e 
Gi ums © 25 4e nen 
= Dot Dd) Aner, 
n=O »=0 


or writing 1/z instead of z, 


: 3 ` (k—1) i 
= CH vy 
GE $5 - 2,7 2:4 e 





whence, by Cauchy’s theorem,- 
= 1 ze kd 

(D Brut — — DE 
D EMaeUM o aij a DG am 
the integration being performed in the positive sense over & 
contour C enclosing the points z = 1 and z = e®, and the 
determinations of z* and (z — 1)* being taken so that they 
are real and positive for z real and > 1. We now deform the 
contour C into a circuit C; consisting of (1) the straight line 
from z = 0 to 3 = 1 — s, where 7 > 0; (2) the circle z = 1+ ne, 
— r S60 < r; and (3) the straight line from z = 1 — 7 to 
z= 0, followed by a similar circuit C; around s = et. As ` 
0 « k< 1, the integral over (2) tends towards zero with 7; 
on (1) and (3) we have z* > 0, and as (x — 1)* > O for 
z-— 1+7, we have (z — 1)* = e-^*":(1— ab on (1), but 
(s — 1)* = e*"*(1 — z)* on (3), so that, letting n tend towards 
Zero, 


ar kd 
mi = [= x echt — g)*(a — dëi: 
gr his 


+55 f e**i(1 Sep z)*(s = en) e 








_ sin Cl art kd 
(1 — z)*(a — e) yid 
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We also have 


1 ent) yi gn t P vit (kei /2) 
sl © ne” GSM 





this being the residue of the int d at z = ev, Denoting 
| Her ee for D S z S 1, so that ` 


(10) M = 


we then obtain from (9) 


2 di | e ( De + es 


TQ — bt + k-F1) 1 1 
T(nc-2)  - (2 sin y)” 





st 
E 


and consequently 





1 z R 
[ en (y) | = 4,09 sin y 2« a, €? sin (2y + Dy 











1 L 
S is y | 2g de m 
(11) 
1 T(1—Æ)T (n+-k+-1) 1 e 2 ` 1 
x T(n--2)A,9 "Msiny' A,09 Qsin y)*H. 
TQ—ÀTü-E 1 1o 


= T Huy LS une 
By Stirling’s formula, it is readily seen from (1) that ` 


2 


C3 
x AN "et DH 
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and from (10), (11) and (12) we obtain, for 0 < y € 7/4, 


ra-mrd+H) 1 1 
T n +1 sin y sin 2y 





s) | < 


. C2 1 
Tid D sn 


Bert Wra+ 1 1 
T “ntl 2 2 2 
a5 x y 
C2 1 





„a 1, a 1 
n+l PT Gn yes 
whence 

1 C4 = 
ST, [8 9 (y)| dy« = V Cs a (n4-1)* g m) dy 


1f o mtl, o 1 mtl) 
dE Ee "Le ir 


from which inequality and (8) we immediately deduce (7). 
For 0 < e < 7/4, we also obtain from (10), (11) and (12) 


1 
(18) | e (y) | < TL TE (n T IA sin? e Lk sys 5) . 


In (6), make e so small that, 5 being a given positive quantity, 











| fle + 2) + fle — 29) — fle + 0) — fe — 0 |< È 


(14) i 
then | 

E f (f(e+2y) +f(e— 2y) —f(z4- 0) —f(z—0))e, 0 (y)dy 
(15) 


1° 6 ô 1 m“ 6 
= = (k) ps (k) = — 
<= | E lP a Ji [ss G)| dy = 5. 
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On account of (13), we also have, bearing in mind the absolute 
integrability. of f(x), 





29) —f--0) fe 0) (yy | 
1 wf : 
«wipeuesi[ Weta tye-2)=fe+0) 


E E en 
(6) fade cs raus | [rene 


p E | 


C7 


(n+1)* sin? e 


After fixing an e satisfying (14), we determine an N = N(e) 
so large that (16) becomes less than 6/2 for n N, and (6), (15) 
and (16) give 


[s (f()) — 3-0 Lie — 0) | «8. for nz N, 


‚which proves the first part of the theorem. In regard to the 
second part, it is sufficient.to observe that, the range in 
question being closed, an € and a e may be determined inde- 
pendent of z so that (14) and (16) hold uniformly over the 
range in question. 

3. To show that the theorem is not generally true when 

f(x) is integrable without being absolutely integrable, con- 

. sider the function of period 2r defined by . 


« 


f(x) = x (e cos 3 . (0€z£Z2». 
Riemann* has shown that, for 0 < v < 4, the nth term in 


the Fourier series corresponding to this function has the 
asymptotic expression 


(= sin (eva - n+) + cn) nto, lim e, = 0; 





*B. Riemann, “Ueber die Darstellbarkeit einer Function durch eine 
trigonometrische . :Reihe," Gesammelte Werke, second edition (Leipzig, 
1892), pp. 227-265. See pp. 260 et seq. 
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and, as for the summability (Ck) of the series uo + u1 + -- 
+ un + --- it is necessary that* 


lim = = 0, 


See së 


it follows.that, for any k < 4, we obtain a Fourier series which 
is not summable (Ck) for any value of x by selecting a v such 
that 1 — 2» > 4k.’ By a suitable modification of Riemann’s 
example, we may construct a Fourier series with the corre- 
sponding property for any k < 4; for 1> 2 4, I have not 
been able to decide whether the theorem is true for all in- 
tegrable (and not only absolutely integrable) functions or not.f 

CHIcAGo 
Pi, 1913. 


NOTE ON PIERPONT’S THEORY OF FUNCTIONS. 


In a review, written some years ago, of Pierpont’s Theory of 
Functions of Real Variables, I made the following incorrect 
. statement with regard to the possibility of reversing the order 
of differentiation of a function f(z, y):t ` 

“Under the assumption that fs’ exists on y = b, fy on 
a =a, and that one of them is approached uniformly, it 


follows as a corollary to the theorem of Moore mentioned P 


above, that the second derivatives f.,", fy," exist at (a, b) 
and are equal." 
. The assumptions should be that fe’ exists on z = a, fy,’ on 
y = b, and that the derivative for + at x = a of the quotient 
fle, y) / (y — b) is approached uniformly for values of y different : 
from b. "These are the hypotheses, in different words, which 
Professor E. H. Moore uses in the Lectures referred to oa 
page 124 of the review, and which I intended to reproduce. 
I am indebted for this correction to Mr. G. A. Pfeiffer. In 
a recent letter to me he cited the example f= zy(2?— 3?) / (2*-1- 3?) 
with the agreement that f shall be zero for z = y = 0, which 
* S. Chapman, 1. e, p. 879. 
T For ke 1, T the theorem holds for any int le function; see for the 
case k = 1 (the theorem holds a fortiori for k > 1) L. Fejér, “Unter- ' 
pr A er trigonometrische Reihen," Math. Annalen, vol. 58 (1904), 


pp. 51-69. 
t Buzz, vol. 13 (1906), page 125. 
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shows that my statement was inaccurate, and he suggested 
also the hypotheses of Professor Moore which are given above. 
| G. A. Briss. 


REID’S THEORY OF ALGEBRAIC NUMBERS. 


The Elements of the Theory of Algebraic Numbers. By Lxan 
WEBER Rem, with an Introduction by Davrp HILBERT. 
New York, The Macmillan Company, 1910. xix + 454 pp. 
Prorrssor Reid’s book is the result of an attempt to 

present the theory of algebraic numbers through a somewhat 

detailed study of the numbers belonging to special quadratic 
realms. The first four chapters, constituting one third of the 
whole book, are devoted to the theory of rational integers 
with special emphasis upon those properties of these numbers 

“which find their analogues in the general theory.” There 

can be no question but that this procedure helps the reader to 

appreciate the character of the generalization made through 
the introduction of the ideal numbers, but it is difficult to 
see why it is necessary to use so much space for the intro- 

duction of material easily available elsewhere, when such a 

course makes it necessary to omit some of the more important 

parts of the theory for which the book was written. The 
presentation of this material is good, though rather lengthy. 

In the proof of the unique factorization law for rational 
integers much emphasis is laid upon the sequence of three 
well-known theorems. The first of these affirms the validity 
of the euclidean algorism for finding the highest common 
factor of two integers; the second relates to the solution in 
integers of the equation 


ax + by = 1, 


where a and b are relatively prime; while the third asserts 
that when the product of two integers is divisible by a prime 
at least one of the integers is divisible by the prime. "These 
three theorems the author refers to as Theorems A, B, and C, 
respectively. 

Chapters V, VI, and VII are devoted to the discussion of the 
integers in the realms E, K(V2), and K(V— 3). The 
basis, the discriminant, the units of the realm are’ discussed 


r 


~ 
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separately for each one of these realms and without reference 
to the general quadratic realm, though, as the author points 
out, many of the proofs apply directly to the general case. 
For each of the three realms the unique factorization law is 
proven exactly as in the realm of rational integers, i. e. 
Theorems A, B, and C with proper modifications are shown to 
hold. The constant repetition certainly serves to fix the 
. main points in the reader's mind, but it grows somewhat 
monotonous. 
In Chapter.VIII the whole process is begun over again for 
the special realm K( V — 5), and an effort is apparently made 
to bring the reader with as great a shock as possible to the 
realization of the fact that in the special realm K( 4 — 5) the 
euclidean algorism can not be carried out and, consequently, 
the unique factorization law can not be proven by methods 
used for the realms previously discussed. Be that as it may,. 
the statement of Theorem A is given for the fifth time and . 
this time for a realm for which it is not true. This method of 
presentation is not without its advantages, but the book would 
have been less open to criticism if the author had not gone to 
the trouble of dignifying an untrue statement by the name of a 
theorem, solely for the purpose of disproving it. Indeed, 
since it has been known for a long time that Theorem A 
holds by limitation only, it is doubtful if it deserves the prom- 
inence given it by the author in a book designed to be an 
introduction to the general theory. 
Having shown that the unique factorization law can not be 
proven for K( V — 5) by the method employed in demonstrat- 
ing it for the realms previously discussed, the author intro- 
. duces a few simple examples to show that it is not true, not 

only for this realm, but for some other realms as well, and 
proceeds at once to the introduction of ideals defined for the 
special quadratic realm Erd 5). Severa] definitions, such 
as the definitions for an equality of ideals, principal ideals, 
multiplication of ideals, unit and prime ideals, are given only 
to be repeated in almost identical words in a later chapter. 
However much we may be inclined to criticise the repetition 
that is to be found in these chapters on special quadratic 
realms, we must recognize the fact that they contain a mass 
of concrete illustrations which will be of great service to the 


beginner. i 
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` The valuable part of the book so far as American readers 
are concerned is to be found in the last six chapters. In 
these chapters the author discusses General theorems con- 
cerning algebraic numbers, the General quadratic realm, 
Ideals of a quadratic realm, Congruences whose moduli are. 
ideal, Units of the general quadratic realm, and Ideal classes 
of a quadratic realm. ‘The presentation is clear and is 
illustrated at nearly every point by numerous well-chosen 
numerical examples that will be a most welcome help to the 
beginner. Great pains are taken to point out analogies exist- 
. ing between the quadratic ideals and the algebraic integers. 

The general excellence of this part of the book is marred by 
an unfortunate error on page 316 in what purports to be a 
proof of the-theorem that the ideals of any realm for which the 
unique factorization holds are all principal ideals. In place 
of the erroneous statement, already noticed in a review by 
Professor Dickson,* the author has substituted the following 
to replace lines 5-16: “The converse of this, that, whenever 
the unique factorization theorem in its usual form holds for 
the integers of the realm, the ideals of the realm are all principal 
ideals, is true, but a further development of the theory of ideals 
is necessary for its proof. ‘If, however, Theorem B holds for 
any realm; it is evident that not only does the unique factor- 
ization theorem hold but if - 


a= (o, 05, ***, a.) 


be any ideal of the realm and 8 the greatest common divisor of 
Q1, 0, ***, a, then, as in EG), there exist integers 


£y £a, rg EN 
aki + at + +++ + ae, = 6. 


Hence, we have 


‘such that 


© = (arn as, ++, Oy) = (o1, 03, ***, a, 8) = 6, 


a principal ideal.” 

This correction has been embodied in a two page list of 
“Additional Errata” printed for distribution since the first 
copies of the book were sent out. 

It may seem like mere quibbling to say that the author fails 
to place in the clearest possible light the exact meaning of the 








* Science, n. 8., vol. 88, p. 188. 
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phrase “the restoration of the unique factorization law.” 
On page 254 we read “ When this factorization has been per- 


formed we find that every integer of EI? — 5) can be rep- 
resented in one and only one way as the product of prime 
ideal numbers.” After making this direct statement, it is 
scarcely fair to the beginner for the author to relegate to a 
footnote the important statement: “We speak of the factor- 
ization of an integer « into its ideal factors, meaning thereby 
always the factorization of the principal ideal defined by o." 

The chief defect of the book appears to be an over-elabora- 
tion of the material which is intended to be introductory to 
the main purpose. This elaboration of elementary material 
so increases the bulk of the book that any mention of the 
applications of the theory of quadratic ideals, or any develop- 
ment of the theory for higher realms is impossible. Some 
account of the relation between quadratic ideals and quadratic 
forms, and a brief account of the geometric interpretation 
of ideals would have added greatly to the value of the book. 
Moreover, to justify the title, the author was in duty bound to 
outline at least the simpler parts of the theory for the ‚general 
case. 

On the other hand, the latter half of the book is the easiest 
available approach for our American students to the elements 
of one of the most beautiful of modern mathematical creations. 
Furthermore, the author has put in a very clear light the his- 
torical sequence of the ideas which led to the development of" 
the theory. 

A few minor errors in proof reading, not given in the list of 
“Additional Errata" mentioned above, have been discovered 
by the reviewer. The book is well printed and contains an 
excellent index. A particularly valuable feature is the large 
number of numerical examples, many of them worked out, 
which are scattered throughout the text. 

It is perhaps in order to mention an earlier review of this 
book which appeared in Science for February 3, 1911. In this 
review a distinguished mathematician, who has not even given 
the author’s name correctly, has criticized the book severely 
in point of both accuracy and form of presentation. The 
reviewer has pointed out with clearness and force the weak 
points of the book, but has made some statements which, 
coming as they do from one of the ablest mathematicians of 
this country, ought not to be allowed to pass unnoticed. 


- 
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For example, the reviewer commenting upon the author's 
method of showing that Theorem A does not hold for the 
realm K( Y — 5), says “after stating Theorem A and devoting 
fifteen lines to its proof, the author informs us that the theorem 
therefore fails.” The failure of Theorem A, or its equivalent, 
is a fact of prime importance in bringing to light the simplest 

. example of an “incomplete holoidal realm,” the recognition of 
which was the starting point for the introduction of the whole 
theory of ideals. Moreover, the context makes it perfectly 
clear, even before going to the proof of the fact, that the 
theorem fails for EI? — 5). Concerning the method em- 
ployed differences may well exist, as I have already intimated, 
but the quotation given above puts the author in a wholly. 
erroneous light. ; 

In speaking of topies omitted from the book the same 
reviewer includes the class number. If he had gone over the 
table of contents carefully, he would have found that more than 
half of the last chapter, containing twenty-five pages, is given 
up to the class number. 

Again, the reviewer, deploring the omission of references, 
says: “But to give hundreds of references to a certain report 
(excellent though it may be) and to completely ignore the 
literature and not even mention the names of the discoverers 
of the theorems, is against all scientific traditions." There 
are in the book one hundred and fifty-eight foot-note references 
to authors. Of these thirty-eight, not "hundreds," refer to 
Hilbert's Report. Frequent mention is made of the work of 
Fermat, Gauss, Jacobi, Dirichlet, Dedekind, Kummer, 
Kronecker, Minkowski, and the references are usually exact. 
"We find, indeed, no reference to the books of Hensel or of 

- König, and it is perhaps unfortunate that Sommer’s excellent 
“Vorlesungen über Zahlentheorie,”’ to which several references 
are made, is omitted from the half page list of books and 
reports given in the preface. But taking it all in all, the 
references are about as numerous as one should expect in a 
strictly elementary book. 

To the present writer it seems that criticism based in part, 
at least, upon careless and inaccurate statements, and freely 
interspersed with exclamation points, is, to use the former 
reviewer's ‘own phrase, “against all scientific traditions." 

E. B. SKINNER. 


- 
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HEINRICH MARTIN WEBER. 


Festschrift Heinrich Weber zu seinem siebzigsten Geburtstag 
am 5 März 1912. Gewidmet von Freunden und Schülern. 
Mit dem Bildnis von H. Weser in Heliogravüre und- 
Figuren im Text. Leipzig und Berlin, B. G. Teubner, 
1912. viii + 500 pages. Price 24 marks. 


Ir will not have been without a sharp pang that former 
pupils read of the death, at Strassburg on May 17, of Heinrich . 
Martin* Weber. The breadth of his mathematical knowledge, 
the fascinating delivery of his lectures, the. great modesty of 
his bearing, the charity and rich sympathy of his nature in 
association with young men, the charming hospitality of his 
home (at least before the death of Mrs. Weber a dozen years 
ago)—are all recalled by those so fortunate as to have been 
his pupils. : 

Professor Weber was the eldest son of the noted historian 
Georg Weber and was born at Heidelberg, March 5, 1842. 
He was educated at the Lyceum in Heidelberg and at the 
universities of Heidelberg, Leipzig, and Kônigsberg. His 
doctor's thesis (Heidelberg, 1866) dealt with a contribution 
to the “Theory of singular solutions of partial differential 
equations of the first order." In 1866 he became privat- 
docent, and in 1869, ausserordentlicher professor of mathe- 
matics in the University of Heidelberg. He married in 1870. 
In 1873 he was appointed ordentlicher professor in the Uni- 
versity of Kónigsberg; in 1883 professor in the Polytechnische 
Hochschule, Berlin; in 1884 professor at the University of 
Marburg; in 1892 professor at the University of Góttingen; 
and finally in 1895 professor in Strassburg, where his only sister, : 
wife of Heinrich Holtzmann, professor of theology in the 
University, was living. Here he remained till his death. 

Professor Weber's scientific publications have been numer- 
ous, the papers appearing for the most part in Crelle and in 
the Mathematische Annalen. His first book, on the Theory 
of Abelian Functions of Deficiency Three, was published in 
1876. In 1891 appeared his Elliptic Functions and Algebraic 
Numbers, afterwards incorporated into his classic Lehrbuch 


* Cf. Allgemeine Deutsche Biographie, vol. 41, p. 302. 
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der Algebra (2 volumes, 1895-96; 2d edition, 3 volumes, 1898,* 
1899,* 1908; abridgment, 1 volume, 1912; French transla- 
tion of volume I, 2 volumes 1898). His article on “ Complex 
multiplication” appeared in the Encyklopädie der mathema- 
tischen Wissenschaften in 1900. In this year and the follow- 
ing were published the two volumes of the so-called fourth 
edition of The Partial Differential Equations of Mathematical 
Physics based on Riemann’s lectures;] this was not a new 
edition however, but rather an entirely new work by Weber, 
with the same purposes in view. The fifth edition} was pub- 
lished 1910-12. The three volumes of the remarkably popular 
Encyclopaedia of Elementary Mathematics§ edited by Weber 
and Wellstein, first published 1903-1907, have already gone 
through three editions and have been expanded into four 
volumes. 

Then; too, Weber was editor of Riemann’s Collected Works 
(1876; 2d edition 1892), of the German edition of Poincaré’s 
“Value of Sc'ence" (1906; 2d edition 1910||); of the first 
published (1911) volume of the great new edition of Euler’s 
Works, besides being joint editor of Franz Neumann’s Works 
(1906) and of the Mathematische Annalen. 

Europeans have a pleasant way of taking time to celebrate 
anniversary occasions both within and without the family 
circle. Friends and former pupils of Moritz Cantor on his 
seventieth birthday (in 1899) presented him with a “Fest- 
schrift” of over 600 pages, containing in addition to an’ 
expression of appreciation and good wishes, some 30 original’ 
contributions to the history of mathematics by as many 
historians. In like manner those who held Professor Weber 
ir high esteem prepared a similar memorial for his seyentieth 
birthday, and this is the volume before us for review. 

The heliogravure frontispiece portrait is singularly char- 
acteristic and life-like. Besides the memoirs, only the following 
introductory message is to be found in the volume: 

* Highly honoured Professor! A number of your friends and 





* Reviewed by J. Pierpont in this BULLETIN, vol. 4 (1898), pp. 200- 
234; vol. 5 (1899), pp. 480-482. 
Reviewed in this BULLETIN, vol. 8 (1901), pp. 81-85 (J. S. Ames). 
t Reviewed in this Dosen, vol. 18 (1911), pp. 87-89 (O. D. Kellogg); 
vol. 19 (1913), pp. 482-483 (J. B. Shaw). 
Reviewed in this BULLETIN, vol. 10 (1904), pp. 200-204 (D. E. Smith); 
vol. 14 (1908), pp. 499-501 (H. 8. White); vol. 17 (1911), p. 546 (F. W. 
Owens); vol. 19 (1913), pp. 422-423 (J. B. Shaw). 
|| Reviewed in this BULLETIN, vol. 19 (1913), pp. 252-253 (J. B. Shaw). 
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pupils have united to present to you, on your seventieth birth- 
day, this book as a token, of abiding remembrance and of 
their sincere admiration and attachment. We have believed 
that we could not better express our regard and feeling of 
gratitude than by a joint original production which in many- 
sided content is a reflection of the richness of your own life 
work. For with rare versatility you have directed your 
ceaseless activity in different departments of science, in al- 
gebra, number theory, theory’ of functions, in mechanics and 
mathematical physics, you have created works of permanent 
value, you have opened up new fields of research, while at the 
same time, in comprehensive works which have become the 
common property of all mathematicians, you have fixed in 
panoramic fashion the scientific possessions of our time. 

“But not alone as investigator and teacher do we honour 
you to-day; our good wishes are likewise a token of appreci- 
ation of the personality worthy of all honour, an offering to 
the true ever trusty friend, to the lofty-minded man, who 
even under severest trial has preserved his true goodness of 
heart and belief in ultimate triumph for high ideals. 

“The firm of B. G. Teubner by the printing and publication 
of this work also wish,to express their sincere esteem, and we 
conclude with heartiest good wishes.” 

The memoirs are arranged in alphabetical order according 
to authors: 

J. Bauschinger (of Strassburg), “On the Laplace compared 
with the Gauss method for determining an orbit” (pages 
1-10); O. Blumenthal (Aachen), “Remarks on the sing- 
ularities of analytic functions of several variables” (11- 
22); R. Dedekind (Braunschweig), “On the Zeller proof of the . 
quadratic reciprocity theorem” (23-36); A. Eichenwald 
(Moscow), “On the field of light waves in reflection and 
refraction” (37-56); P. Epstein (Strassburg), “The generali- 
zations of Kronecker’s boundary formula” (57-74); R. Gans 
(Strassburg), “Is gravitation of electromagnetic origin?” 
(75-94); H. Hahn (Czernowitz), “General proof of Osgood’s 
theorem of the calculus of variations for simple integrals” 
(95-110); L. Henneberg (Darmstadt), “On the center of 
gravity of funicular nets and on special space reciprocal 
figures of graphical statics” (111-129); D. Hilbert (Gôt- 
tingen), “On the notion of class of differential equations” 
(130-146); E. V. Huntington (Cambridge, Mass.), “A new 
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approach to the theory of relativity”* (147-169); A. Kneser 
(Breslau), “Remarks on the number of extremes of curvature 
of closed curves and on related questions in & non-euclidean 
geometry" (170-180); A. Krazer (Karlsruhe), “On the theory 
of multiple sums of Gauss" (181-197); A. Loewy (Freiburg), 
“On homomorphic groups and the influence by adjunctions ' 
on the rationality groups of linear homogeneous differential 
equations" (198-227); L. Mandelstam (Strassburg), “On an 
application of integral equations in the theory of optical 
images" (228-241); L. Maurer (Tübingen), “On transfor-' 
mation relations" (242-251); R. v. Mises (Strassburg), “ Con- 
tribution to the oscillation problem" (252-282); T. Reye 
(Strassburg), “On the pencil congruence (2, 2) of Hirst" 
(283-290); F. Schur (Strassburg), “On the generation of 
surfaces of the second degree by correlative sheaves” (291- 
297); M. Simon (Strassburg), “Cusanus as mathematician” 
(298-337); A. Sommerfeld (Munich), “On propagation of light 
in dispersing media” (838-374); A. Speiser (Strassburg), 
. “On the composition of binary quadratic forms” (375-395); 

P. Stäckel (Karlsruhe), “Periodic functions and systems of 
infinitely many equations" (396-409); E. Study (Bonn), 
“Groups of two-sided collineations” (410—413); H. E. Tim- 
merding (Braunschweig), “On the molecular theory founda- 
. tion for the theory of elasticity” (414-421); W. Voigt (Gôt- 
tingen), “The electrostatic field in a stationary light-stream” 
(422-427); P. Volkmann (Kônigsberg), “Historical and 
critical studies on the notion of causation"j (428-442); 
R. H. Weber (Rostock), “On the proof of uniformity in the, 
theory of the conduction of heat" (443-456); J Wellstein 
(Strassburg), “Algebraic uniformization of algebraic func- 
tions” (457-479); C. Wirtz (Strassburg), “On the figure of the 
moon” (480-500). 

R. C. ARCHIBALD. 


Brown UNIVERSITY, 
June 7, 1918. 


* Read before the American Mathematical Society, October 28, 1911. 

à A ae E Magazine, ser. 6, vol. 28, No. 4, pp. 494-513, 
D 12 

+ Professor Weber delivered a Prorektor oration at the University of 
Königsberg entitled, “On Causation in Natural Science” (publ. at Leipzig, 
1881). To the works mentioned above as edited by Weber should be 
added five volumes of Ostwald’s Klassiker series: Rosenhain, 1895; Gôpel, 
1805; Jacobi, 1895; Lagrange, 1898, Gauss, 1903. 
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SHORTER NOTICES. 


Elements of Plane Trigonometry. By D. A. Murray. New 
York, Longmans, Green, and Company, 1911. ix + 136 pp. 
+ 95 pp. of tables. 


Proressor Murray’s Elements gives a much briefer treat- 
ment of the subject than the Plane Trigonometry previously 
published by him. Among the topics receiving more’ or less 
special emphasis are the variation, periodicity, and graphs of 
functions, general expressions for all angles having one func- 
tion in common, and methods of checking solutions. 

Problems requiring the use of trigonometric tables are 
introduced almost at the very beginning of the book. One 
wonders if it might not be better to defer the first use of such 
tables, which, for some reason or other, the student usually 
finds rather difficult, until he shall have grown more 
familiar with the meaning of trigonometric functions by 
use of the functions of 45°, 30°, and 60°, and by the solution 
of problems such as those involving the determination of the 
_ remaining functions of an angle from a single given function, 
` and the solution of right triangles from one side and a function ` 
of one angle. 

In the matter of oblique triangles, the various formulas 
connected with the solution of such triangles are first worked 
out merely as “relations between the sides and angles of a 
triangle." Then, in a separate chapter the solution of 
triangles is taken up and the formulas previously developed 
are made use of. While this arrangement may serve to 
emphasize “theory for the sake of theory,” it would seem 
that a combination of the two chapters in one might, without 
detracting much, if any, from this emphasis, make the work 
more simple and interesting for the student. 

. Cora B. HENNEL. 


A Brief Course in Analytic Geometry. By J. H. TANNER and 
` JOSEPH ALLEN. New York, American Book Company, 
1911. x + 282 + xxiv pp. : 
Tug student beginning the study of analytic geometry 
usually finds himself, almost at the very start, in the midst of 
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a mass of formulas, without realizing what they are all about. 
In Tanner and Allen’s Brief Course in Analytic Geometry, 
an abridgment of the same authors’ Elementary Course, 
this difficulty appears to have been overcome. After a 
brief introductory chapter, giving a review of the parts of 
algebra and trigonometry the student will have use for, the 
Notion of rectangular coordinates is carefully explained; 
elementary applications, including the distance between two 
points, the area of a triangle, slopes of parallel and’ perpendic- 
ular lines, are given; and the relation between the graph 
and the equation is clearly stated and brought home to the 
' student by numerous examples given for him to solve. Then, 
and not until then, is the student introduced to the various 
forms of the equation of the straight line, and the numerous 
formulas connected with it. 

In the treatment of the conic sections, also, the authors’ 
arrangement is somewhat unusual. After the circle has been 
discussed in detail, the equations of the conic sections with 
reference to coordinate axes in any position are worked out 
and the general second degree equation is discussed. Then 
follows a treatment of secants, tangents, normals, and diam- 
eters for all conics, and finally a separate study of each 
` conic with its geometric properties. 

That the authors believe‘ that students learn by doing is 
evidenced by the sixty-six lists of exercises, containing eight 
hundred and fifty-one problems, given in the first part of 
` the book, which covers plane geometry. That they realize 
also the difficulties of literal notation and general proofs is 
shown by their “introduction of the demonstration of general 
` theorems by numerical examples." 

+ The subject of solid geometry is very briefly treated in the 
second part of the book, which contains also a short discussion 
of higher plane curves. 

Cora B. HENNEL. 


Gedenktagebuch für Mathematiker. Von Prof. Dr. FELIX 
MüLLER. Dritte Auflage. Leipzig und Berlin, Teubner, 
1912. iv 121 pp. 


MANY office and desk calendars of more or less pretentious 
proportions are widely distributed—and early—each year 
and many of these give honorable mention on the proper 
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dates throughout the year to some noteworthy deed or name 
on which the mind might like to dwell for an instant in the 
midst of the labors of the day. \ 

In the lists of men whose birthdays, or the anniversaries of 
whose deaths are considered worthy of mention, we find many“ 
famous statesmen, authors, painters, musicians, and the like 
but, alas! very few if any mathematicians, physicists, or 
astronomers. Why should not the order of prominence be 
reversed? And it is in the Gedenktagebuch under review. 
In a neat little volume of 121 pages are gathered for each day 
of the year, with great care and the kindly spirit which seems 
to radiate from the genial face of the author whose frontispiece 

adorns the book, a great mass of miscellaneous information 
' concerning the deeds and names of celebrities in the fields of 
mathematics, physics, and astronomy from the time where 
history becomes authentic to the present. 

Many a man now living may not agree with the selection of 
names as listed for honorable mention—especially if his is not 
included. Such criticism will always be directed at any 
catalog of men famous for their deeds and jealous of their rank. 
Besides the Gedenktagebuch aims to be international in scope. 
Those who feel that others—or they—should have this 
mention not now given them might fill in at the proper places : 
on the alternate blank pages any such additional facts as : 
would please them or add to this feature of the history of the 
three sciences whose noteworthy deeds and dates are so 
carefully chronicled. 

Ernest W. Ponzer. 


Technische Infinitesimalrechnung. Von Prof. Dr. F. EBNER, 
Oberlehrer an der Kónigl. hôheren Maschinenbauschule zu 
Aachen. Berlin, Verlag von Otto Salle, 1912. vii + 172 
pP. f i 
In attempting to classify properly this interesting pamphlet 

the reviewer has come to the conclusion that it might serve a 
most excellent purpose as a correspondence school text in the 
calculus for engineering students. It is primarily a collection 
of problems involving fundamental calculus notions which 
arise in engineering practice. Sufficient detail is given in the 
solutions of these problems to enable the reader to follow 
readily through to the results obtained. 
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A summary of the contents of the book would show that ` 
the author has selected his material from -many distinct 
engineering fields and that every application of the principles 
of the calculus included would be considered fundamental and 
discussed thoroughly in some particular engineering course in 
any technical school of merit. 

Since the flavor of actual engineering practice pervades 
every one of the 172 pages we naturally expect to find, as we 
do, much use made of figures and diagrams to illustrate the 
text, and great emphasis placed on the merit of the geometric 
intuition in developing the theory. The differential is used 
frequently and approximations are numerous, but the reader 
is nowhere worried by the presence of involved demonstra- 
tions employing epsilons and limits. 

Instructors in the calculus, if interested, will find in the 
pamphlet under review some new material, several new view- 
points, and many applications of principles—all of which 
might aid them to add new life and vigor to their courses. 

, Ernest W. PoNzER. 


The Dynamics of Particles and of Rigid, Elastic, and Fluid 
Bodies. By A. G. WEBSTER. Second edition. Leipzig, 
` B. G. Teubner, 1912. xii + 588 pp. 


THE second edition of Professor Webster's Dynamics has 
appeared in less than ten years after the first, and the fact 
thàt it is substantially identical with the first is evidence of 
the value of the work. The book grew out of the lectures 
delivered by the author to students of physics, and presents in 
compact form a treatment of so much of the science of dynam- 
ics as is considered an essential part of the equipment of an 
- investigator in physics. The classical treatises in English as 
well as other languages are too bulky for a student to read 
completely, and they presuppose frequently a knowledge of 
mathematics which the student does not possess. “The 
. attempt has been made to treat what is essential to the under- 
standing of physical phenomena, leaving out, what is chiefly 
of mathematical interest.” The wisdom of the selection of 
material is attested by the success of the first edition. It is 
assumed that the student has a good knowledge of the cal- 
culus, but not of differential equations or higher analysis. 
This does not mean that subjects involving advanced mathe- 
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matics are avoided, but that the necessary mathematical 
theory is developed in the text; for example, the treatment 
of the brachistochrone is preceded by a sketch of the funda- 
mental notions of the calculus of variations. 

The book is divided into three parts. The first part treats 
the general principles and the motion of a material point; 
the second considers the dynamics of rigid bodies, and the 
third is devoted to the theory of the potential and the dynamics 
of deformable bodies. The brevity of the work is appreciated 
by a comparison with the standard treatise of Appell, where 
each of the three parts occupies a volume equal in size to the 
single volume under consideration. Professor Webster’s 
success in presenting so much material in this compact form 
is due to the rapidity and directness with which results are 
obtained. There is no wasting of words and no unnecessary 
repetition, and, at the same time, no ambiguity. The state- 
ments of the fundamental principles are clear and concise 
and the discussions of their significance are particularly 
illuminating. It is to be regretted that there are no problems. 
Plenty of problems can be found in other treatises, but if a 
selection had been made for this book with the same good 
' judgment displayed in the preparation of the text it would 
have been appreciated by the instructor using the book in the 
classroom. 

While the selection of topics and method of exposition have 
been determined by the needs of the student of physics, the 
book is equally valuable to the student of pure mathematics. 
The constant reference to actual practical use of the principles 
and the reproduction in the text of drawings made by physical 
experiments (e. g., the spherical pendulum, page 50, and the 
dynamical top, pages 270, 293, 294, etc.) designed to realize 
the results of the theory have a peculiar interest to the student 
of mathematics who is less familiar with such matters than the 
worker in the laboratory. As a reference book for the more 
mature investigator this volume is quite as convenient as for - 
the student approaching the subject for the first time. 

The author asks pardon for errors of proofreading, which 
are numerous but, fortunately, obvious. Most of them are 
of the kind that should be eliminated by the professional 
proofreader in the printing office and probably would not have 
occurred if the book had been published in an English-speaking 
country. EJ 
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Professor Webster is to be congratulated on the well-de- 
served success of his work and we may justly take pride in 
this product of American scholarship. 

W. R. LonGzer. 


NOTES. 


Tue concluding (October) number of volume 14 of the 
Transactions of the American Mathematical Society contains 
the following papers: “Applications and generalizations of 
the conception of adjoint systems," by MaxrwE Böcher; 
*On a certain class of self-projective surfaces," by E. J. 
WILCZYNSKI; “On the representation groups of given abstract 
groups,” by G. A. MLLER; “On the accuracy of trigonometric 
interpolation," by Dunnam Jackson; “On a simple type of 
irregular singular point," by G. D. BIRKHOFF; “On quadratic 
residues," by J. McDoxxezr; “A set of five independent 
postulates for Boolean algebras, with application to logical 
constants,” by H. M. Smerrer; “Formal modular invariants 
with application to binary modular covariants,” by MILDRED 
SANDERSON. 


Tux December number (volume 15, number 2) of the Annals 
of Mathematics contains: “On the numerical factors of the 
arithmetic forms a” + 8”” (continued), by R. D. CARMICHAEL; 
“Geometric characterization of isogonal trajectories on a 
surface," by J. Lipka; “On the second variation, Jacobi's 
equation, and Jacobi’s theorem for the integral f F(z, y, 
oi, y')dt,’ by ARNOLD DRESDEN; “Quartic surfaces invariant 
under periodic transformations," by F. R. SHARPE and F. M. 
Morean; “Postulate sets for abelian groups and fields," by 
W. A. Honwrrz. 


UNDER the auspices of the International commission a 
congress on the teaching of mathematics will be held at Paris, 
April 1-5, 1914, in the halls of the Sorbonne. The chief 
subjects of discussion by the congress will be the introduction 
of the first notions of the calculus and of'primitive functions 
in the secondary schools (lycées, Gymnasia), and the teaching 
of mathematics to engineering students. ` 
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Tur address on “Molecular theories and mathematics,” 


delivered by Professor EMILE BOREL at the dedication of the : 


Rice Institute, October 10-12, 1912, has been published in 
the annual report of the Smithsonian Institution for 1912, 
pages 167-186. 


Foz several years volumes 5 and 7 of the Proceedings of the 
Edinburgh Mathematical Society have been out of print, and 
it has been practically impossible to procure them even in 
second hand condition. These volumes have now been re- 
printed by the Society and are available for the completion 
of sets. 


Ta Italian society for the advancement of science held its - 


annual meeting at Siena, September 22-27. The following 
papers were presented at the general sessions: “The principles 
of mechanics," by A. Garpasso; “Thermodynamics of liquids 
and gases,’ by S. Lussana; “Astronomy and historical 
chronology,’ by E. MitLosevich; “Phosphorescence and 
fluorescence; statements and theories,” by A. POCHETTINO; 
“The actuary and actuarial science," by G. Tora. The 
following papers were presentéd before the section of pure and 
applied mathematics: “On the flow of water through con- 
duits,” by L. Conti; “On the sufficient conditions in the 
calculus of variations," by F. Enriquzes; “The southern and 
eastern deviations of falling bodies,’ by G. GIANFRANCESCHI; 
“Volterra’s distorsions in solids of revolution," by E. LAURA; 
“On Torricelli’s theorem," by T. Levi-Crvrra. 


University op Paris.—The following courses in mathe- 
matics are announced for the present semester, beginning on 
November 3: By Professor G. DarBoux: General principles 
of differential geometry and their applications to partial 
differential equations, two hours.—By Professor E. GOURSAT: 
Operations of the calculus, elements of the theory of analytic 
functions, two hours.—By Professor E. Boren: Uniform 
monogenie functions of one complex variable, one hour.—By 
Professors P. PAINLÉVÉ and C. GUICHARD: Statics, general 
theorems of dynamics, elements of analytic mechanics, move- 
ment of fluids, two hours.—By Professor C. GuicHARD and 
Drs. H. Lepesaus and E. MONTEL: General mathematics, two 
hours.—By Professor J. Bousinn&sa: Interior friction of fluids 
with application to continuous flow and gradual extinction 


1913. ] NOTES. 163 


of waves, two hours.—By Professor G. Kornies: Thermo- 
dynamic and experimental study of thermic motors, general 
principles of dynamics of machines, two hours.—By Dr. L. 
Canen: Elements of the modern theory of numbers, Fermat’s 
last theorem, two hours. Conferences will be held by Pro- 
fessor GuIcHARD and Messrs. Dracu, MONTEL, SERVANT, and 
VzssroT. Courses in the Ecole Normale are given by Pro- 
fessors BoREL and CARTAN and Messrs. LEBESGUE and 
VESSIOT. . 

PROFESSOR Maxime Bécuer, exchange professor from 
Harvard University, will give a two-hour course on: The 
work of Sturm and Liouville in differential equations; its 
modern developments. 

Dr. M. LAPALLY has been appointed docent in mathematics 
at the technical school of Munich. 


Tue Italian national academy of sciences (the XL) has 
awarded its gold medal to Professor Max ABRAHAM,of the tech- 
nical school at Milan, for his researches on gravitational fields. 


Ar the University of Washington, Mr. ALLEN F. CARPENTER 
has been promoted to an assistant professorship. Dr. L. E. 
Wear, Dr. L. L. Smart, and Dr. N. ALTSHILLER have been 
made instructors in mathematics. Professor G. I. GAVETT 
has been granted leave of absence for the year. 


AT the Iowa State College the following changes have been 
made in the mathematical department. Miss M. RoBERTS has 
been promoted to the rank of professor; Miss J. Corrrrrs has 
been promoted to an associate professorship: Dr. W. M. Jore, 
Mr. G. A. Coupe, and Mr. G. W. SNEDECOR have been 
appointed assistant professors; Miss G. Herr has been 
appointed instructor in mathematics. Professor E. A. 
PATTENGILL has returned from his leave of absence and has 
resumed his regular work. 


Mr. C. G. Smrson, of Columbia University, has been 
appointed assistant professor of mathematics in Pennsylvania 
State College. 

Dr. H. M. SHEFFER, recently instructor in mathematics in 
Cornell University, has been appointed instructor in philos- 
ophy in the University of Minnesota. 

Proressor A. W. WHITNEY, of the University of California, 
has resigned to accept a position in the State board of in- 
surance. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


APPELL (P.). Eléments d'analyse mathématique. 3e édition entièrement 
refondue. Paris, Gauthier-Villars, 1913. 8vo. 84-700 pp. Fr. 24.00 


AUTONNE (L.). Notice sur les recherches mathématiques de Léon Autonne. 
Paris, Gauthier-Villars, 1913.. 4to. 36 pp. 4 d 


Dest, (E.). Die Quadratur des Kreises. (Mathematische Bibliotek, 
Band XII.) Leipzig, Teubner, 1013. 8vo. 75 pp. M. 0.80 


Buss (G. A.). See Lrorurss. 


BURKHARDT (H.). Theory of functions of a complex variable. Author- 
ized translation from the 4th German edition with the addition of 
figures and exercises, by 8. E. Rasor. Boston, Heath, 1918. .8vo. 
450 pp. Cloth. $4.00 


DINGELDEY VE Sammlung von Aufgaben sur Anwendung der Differen- 
tial- und Integralrechnung. 2ter Teil: Integralrechnung. (Teub- 
ner’s Sammlung, Band XXXII, 2.) Leipzig, Teubner, 1913. 8vo. 
24382 pp. M. 13.00 


ExcroLoPÉprg des sciences mathématiques. Edition française. Tome 
II, volume 4, fascicule 1: E. von Weber-Floquet, Propriótés générales 
des systèmes d'équations aux dérivées partielles. Equations linéaires 
du premier ordre.—E. von Weber-Goursat, Equations non-linéaires 
du premier ordre. Leipzig, Teubner, 1913. 8vo. Pp. Im m 


Peng (H.). Compte rendu du Congrès de Cambridge. (Publications du 
comité central, 2e série, Ire fascicule.) Genève, Georg, 1012. 8vo. 
97 pp. Fr. 2.50 


' Ganuarty (W.). The modern geometry: of the triangle. 2d edition. 
London, Hodgson, 1918. 8vo. 8-+126 pp. 


Gavaer (M.). Sur les équations aux derivées partielles du type para- 
bolique. (Thèse.) Paris, Gauthier-Villars, 1013. 4to. 211 pp. 


Hanser (K.). Zahlentheorie. Berlin, Göschen, 1913. 8vo. 124-356 
pp. Cloth. M. 10.80 


HozNwrixa (L. W. px). Nouvelle démonstration de la théorie des droites 
ir d'Euclide. (Texte russe et texte française.) Moscow. 
vo. 100 pp. i 


Kasnue (E.). Seo LECTURES. 


Kirmes (A.). Der grosse Fermatsche Satz. Versuch einer Beweisftihrung. 
2te, verbesserte Auflage. Amsterdam, Versluys, 1913. 22 pp. 


KnoBzaucx (J.) Grundlagen der Differentialgeometrie. Leipzig, Teub- 
ner, 1913. 8vo. 10-+634 pp: Cloth. M. 20.00 


K6niassuraur (L.). Die Mathematik eine Geistes- oder Naturwissen- 
Schaft? (Festrede.) Heidelberg, Winter, 1913. E 


KuwTzs (F.). Denkmittel der Mathematik im Dienst der exakten 
Darstellung erkenntnisstheoretischer Probleme. (Philosophische 
Vorträge, veröffentlicht von der Kantgesellschaft. Nr. 8.) Berlin, 
Reuther & Reichard, 1913. M. 1.00 
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LECTURES on mathematics the Princeton colloquium. I: Fundamental 
existence theorem by D. A. Bliss. Il: Differential-geometric aspects 
of dynamics y E. Kasner. New York, American Mathematical 
Society, 1914. Pio: 230 pp. $1.50 


a (A). Das Problem der Kreisteilung ung. Ein Beitrag zur 
Geschichte seiner Entwicklung. Mit einem Vorwort von H. orn 
mann. Leipzig, Teubner, 1013. 8vo. 170 pp. M.7 


Nruzsen (N.). Matematiken i Danmark 1528-1800. Bidrag til en 
- biblio -historisk oversigt. Kjöbenhavn, 1912. Kr. 7.00 
Pasco (M.). Lecciones de geometria moderna. "Traducción anotada de 
la primera edición alemana por J. G. A. Ude y J.R. Pastor. Madrid, 
Arias, 1918. 8vo. 11+288 pp. 
PRocgEDINGS of the Fifth International Co: of Mathematicians 
cu de A 22-28, 1912). Edited by E. W. Hobson and A. 
H. Love. Volume I: Part 1, en ob the congress; Part 2, 
Leotures, communications to section 500 pp.—Volume it: Com- 
munications to sections II-IV. 657 pp. Ambridge, University 
Press, 1913. 308. 
Rasor (S. E.). ‘See Burxrarpr (H.). 
RuBoucænexy (D.). La fonction |z|. Essai d’un calcul des valeurs 
- absolues. Moscow, Kouchniroff. 4to. 28 pp. 
Rovcme (L.). Henri Poincaré et la mort des vérités nécessaires. (La 
Phalange.) Paris, Crès, 1913. 8vo. 22 pp. 
Ruraxns (K. W.). Over de a an oppervlakken v. d. 6. graad 
| door projectieve opperviakkenbundels. Groningen, 1912. 
. Samant (L.). Ueber die zu einem gegebenen linearen Komplex get hórigen 
kubischen Raumkurven (Kubische Nullkurven eines Nullraums). 
(Diss.) Strassburg, 1913. 
Sun (J.). Essai de linéométrie. ire partie. Paris, Gauthier-Villars, 
1918. 8vo. 83 pp. Fr. 2.75 
Smarr (E. H.). A first course in projective geometry. London, Mac- 
millan, 1913. 8vo. 298 pp. 78. 6d. 
Sprrz (G.). Zur Theorie der Elemente hóherer Ordnung in der Ebene und 
im Raume. (Diss. Greifswald, 1912. 8vo. 54 pp. 
TREU Er ). Rotations- und Schraubenflächen konstanter positiver Total- 
proms rue solche von konstanter mittlerer Krümmung. 
(Diss.) e, 1913. 8vo. 32 pp. | 
Varın (R. Dera). Le funzioni con argomento complesso estese sulle 
superficie sferiche di Riemann. 8. Maria C. V., Cavotta, 1913. 8vo. 
31 pp. 
Voss (Eo: Die Klassifikstion der Kurven zweiter Ordnung und zweiter 
bei Plücker. (Diss.) Rostock, 1912. 8vo. 111 pp. 
Wareny (C.. Historia de las matematicas. Bantihao, Cervantes. n 
375 pp. 8. 6.00 
WirnsoN (H.). Untersuchung einer linear-q Cal eom Berührungstrans- 
formation. (Diss) Rostock, 1913. Ko 59 pp. 
Woop (P. Wo: The twisted cubic, with some account of the metrical 
p of the cubical hyperbola. Cambridge, University Press, 
1913. Svo. 99 pp. 2s. 6d. 


H 
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U. ELEMENTARY MATHEMATICS. 
AMMERMAN (C.). See Forn (W. B.). 
BavuporwN (P.). See Bourzer (C.). : 


BERICHTE UND MIrITRILUNGEN, veranlasst durch die Internationale 
Mathematische Unterrichtskommission. VIII: P. Stackel, Nachruf 
auf Peter Treutlein; W. Lietzmann, Der Ko 8 in Cambridge. 
M. 1.60. IX: H. Dressler, Mathematische ttelaammlungen. 
M. 1.00. Leipzig, Teubner, 1913. 8vo. 


BounnET (C.). Eléments d’algébre. ler et Ze cycles. 9e édition revisée, 
Paris, Hachette, 1918. 16mo. 324pp. Cartonné. Fr. 2.00 


Bouezær (C.) et Baupon (P.). Leçons de géométrie et éléments de ' 
métrie descriptive. Paris, Hachette, 1913. 16mo. 5-+432 pp. 
nné. n Fr. 4.00 
Bouvarr (C.) et Rarıner (A). Règles et formules usuelles servant de 
supplémentales tables de logarithmes. 4e édition. Paris, Hachette 
1913. 8vo. 47 pp. Fr. 0.60 
Boots (A. L.). A general course of pure mathematics from indices to 
solid analytical geometry. London, Clarendon Press, 1913. 8vo. 
284 pp. 78. 6d. 
Brenxe (W. C). See Lona (E.). 
Burati-Fortt (C.) e RAMonrNo (À.). Elementi di algebra. 4a edizione. 
Torino, Gallizio, 1914. 8vo. 74-142 pp. L. 1.75 


CHATHLAIN (E.). L'enseignement de la métrie. Une réforme dans 
ses rapports avec nos circonstances locales. La Chaux-de-Fonds, 
Imprimerie coopérative, 1913. 8vo. 24 pp. 


Couns de trigonométrie rectiligne. Par F. G. M. Paris, Gigord, 1913. 


8vo. 260 pp. 
CRaACENELL (A. G.). The school algebra; with answers. . Matriculation 
edition. London, Clive, 1913. 8vo. 8+420+65 pp. 4s. 6d. 


Dumont Œ). Cours d'arithmétique théorique et prati Suivi d'une 
note sur les théories logiques des nombres. Bruxelles, e 8vo. 
16+501 pp. Fr. 6.00 


ELfMENTS de géométrie comprenant des notions sur les courbes usuelles, 
Par F. J. Paris, Gigord, 1913. 16mo. 124-523 pp. 


EwwzRICR (A.). Leitfaden und Uebungsbuch der Stereometrie. Wein- 
heim, Ackermann, 1913. M. 2.20 


Fond (W. B.) and Ammmeman (C.) Plane geometry. Edited by E. R. 
ue New York, Macmillan, 1913. 12mo. 9+213+31 Pp. 
oth. $0. 


Fees (W.). Behandlung der Reihen im Unterricht. Góttingen, Huth. 
`  8vo. 108 pp. 


Haccoug (M.). Introduction au cours d’algèbre. 3e édition, augmentée. 
Namur, Wesmael-Charlier, 1912. 75 pp. Cartonné. Fr, 0.85 


HaMzLIN (G.). Seo Nam (L.). 


LrgrzMANN (W.), Gace (E.), und Cramer (H.). Neue Erlasse in Bayern, 
Württemberg und Baden. ternationale Mathematische Unter- 
richtskommission. Band II, Heft 8.) Leipzig, Teubner, 1913. 8vo. 
6+-49 pp. F M. 1.50 
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Lona 1.) and BRENKE (W. C.). Algebra, first course. New York 
Century Co., 1918. 12mo. 8-+283 pp. Cloth. $1.16 


MANUEL d’algèbre et de trigonométrie. Par une réunion de professeurs. 
Paris, Gigord, 1913. 16mo. 205 pp. 


de géométrie. Par F. G. M. Paris, Gigord, 1913. 16mo. 
16+-591 pp. 


NAUD m ) et Hamann (G.). ' Cours résumé de mathématiques. Nouvelle 
| tion. Paris, Courrier des examens. 8vo. 224 pp. Fr. 2.50 


PonrwroT (L.).. Cours pratique d’algèbre appliquée. 4e édition. Namur 
Weamae Za 1912. 126 pp. Cartonné. Fr. 1.56 


Legons de géométrie pratique. Tamines, Duculot-Roulin, 1912. 
~~ 98 pp. Cartonné. 8 Fr. 1.50 


‚Ramormo (A.). See Burazr-Forrr (C.). 
RATINET (A.). See Bouvarr (C.). 


. Riaaz (R.). Application de l’algebre à la résolution des problèmes 
d'arithmétique, Marseilles, Laurent. 8vo. 103 pp. 


Bamwrz-LAGUÉ (A.). Introduction au cours de mathématiques. Paris, 


. Dunod et Pinat, 1013. 8vo. 8+512 pp. Fr. 7.00 > 
Sprezr (G. A). Elementi di trigonometria. 14a edizione. Firenze, Le 
Monnier, 1913. 16mo. 127 pp. L. 1.50 


——. "Trattato. di trigonometria. Traduzione con modificazioni e 
senine di G. Tolomei. Nuova edizione, completamente rifatta. 


, Firenze, Le Monnier, 1913. 8vo. 271 pp. L. 3.00 
Soxmrv (F. H.). Elementary algebra; revised. New York, Amer- 
ican Book Co., 1913. 12mo. 447 pp. Cloth $1.00 


Uuzaur (K.). Mathematik und Nututwisssnedhatlon an den deutschen 
Lehrerbildungsanstalten. Leipzig, Teubner, 1912. 8vo. M. 3.60 
VASNIER (M.). Cours de géométrie. 3e partie: Courbes et surfaces 
. usuelles. Paris, 1913. 8vo. 167 pp. 
VrELLEFOND (A.). Précis de géométrie. Paris, Hachette, 1913. 16mo. 
2-+521 pp. Fr. 3.50 
HI. APPLIED MATHEMATICS. 


Bousez. Cours de mécanique générale. Paris, Millet, 1913. 8vo. 
267 pp. 
. Buraui-Fortr (C.) et MancoLoNao (R.). Analyse vectorielle générale. 
Volume II: Applications à la mécanique et à la physique. Pavia 
Mattei, 1913. Bvo. 124144 pp. L. 5.00 
CaPELLE (H.) Die mathematische Geographie und ihre N orne 
Berlin, Mittlet, 1913. M. 8. 
FASSBINDER. Sur la dynamique des systèmes variables et la rotation de 
la terre. (Thése.) Paris, Gauthier-Villars, 1913. 4to. 57 pp. 
Frick (P). Mécanique et électricité industrielles, I. Paris, Berger- 
Levrault, 1913. &vo. 296 pp. Fr. 6.00 
HS (O.). Tabellen sur Berechnung von alid Zinssahlen und 
Zinsen. In deutscher, en er, franzósischer ienischer, russischer 
und spanischer Sprache. , Literatur-Ver 8vo. 21 ER PR 


Hörter (A.). Didaktik der Himmelskunde und der astronomischen 
; Geographie. Leipzig, Teubner, 1913. 8vo. 12+414 pp. M. 12.00 
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Jackson (D. C.). Alternating currents and alternating current machinery. 
New edition, rewritten and enlarged. New York, Macmillan, 1913. 

. 8vo. 954 pp. Cloth. 

Jacosy (H.). Astronomy; & popu] handbook. New York, Macmillan, 

À 1918. 8vo. 18+435 pp. $2.50 

MancoroNao (R.). See Burati-Formt (C.). 

Maycoox . P.). Electric circuit theory and calculations. Tondon, 
Whi er, 1913. 3870 pp. 6d. 

Mayer (G. D.). Etudes Byes des moteurs & cylindres Pen 

uit de l'italien par O. Pomilio. Paris, Dunod et ges? 1913. 

8vo. 12+126 pp. . 4.50 

M'Lacazan (N. W.). Practical mathématics. London, Longmans, 1913. 
8vo. 192 pp. 28. 6d. 

Morrrz (F.). Les moteurs thermiques dans leurs rapports avec la thermo- ` 
_ dynamique. Paris, Gauthier-Villars, 1913. Sen, 64-298 PP: i300 

T. 


Nuenst (W.). Experimental and theoretical ap allen of thermo- 
dynamies to chemistry. New Haven, Conn., Yale University Press. 
12mo. 123pp. Cloth. $1.25 


Osorıo (A.). Théorie mathématique de l'échange. Traduit par J. 
d’ . Paris, Giard et Brière, 1913. 8vo. 18-+395pp. Fr. 10.00 
Ovnor (E.). Cours élémentaire de machines marines. Paris, Dunod et 
Pinat, 1013. 8vo. 6+204 pp. Fr. 4.50 
Perri (J.). Les atomes. (Collection E. Borel.) Paris, Alcan. 16mo. 
164296 pp. Fr. 3.50 
Perry (J.. Drehkreisel. Deutsch von A. Walzel. 2te verbesserte und 
erweiterte Auflage. Leipzig, Teubner, 1913. 8vo. M. 2.40 


Perrovrrcx (S.). Course in rational mechanics. (Russian.) Volume I: 
Kinematics. 4+11+312 pp. Volume II: Dynamics of a particle. 
5+263 pp. Saint-Petersburg, 1912. 8vo. 


Ponce (.). La dynamique de l’électron. Paris, Dumas, 1913. 8vo. 
PP. 


Poster (H.). Kinematik. Leipzig, 1912. M. 0.80 

Pomo (O.). See Marmer (G. Di 

Propavux (E. B. R.). Problems in physical en with ragtical 
applications. New York, Van Nostrand. 8v p 


Roca» (p): Sur la oh des oud qu el us De 
magnétique et dans quelques moménes plus generaux. 
Paris, Gauthier-Villars, 1913. to. 99 pp. ) 

SILBERSTEIN (L.). Vectorial mechanics. London, Macmillan, 1913. 
8vo. 206 pp. i 78. 6d. 

SovrmanLL (J. P. C). Geometrical optics. 2d edition. New x 
Macmillan, 1913. 8vo. 648 pp. leather. $5 

THomson (J. J J- pletely and matter. New Haven, Conn., Yale 

University 12mo. 162 pp. Cloth. $1.25 

Trin (C. J. A). See Usumewoop (T. Bi 

UsugRwoonp (T. 8.) and Temers (C. J. A.). A first book of practical 
mathematics. (First books of science.) London, Macmillan, 1913. 
8vo. 183 pp. . 1s. 6d. 


WAtent, (A.). Bee Parry (J.). 
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THE OCTOBER MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


Tre one hundred and sixty-ffth regular meeting of the 
Society was held in New York City on Saturday, October 25, 
1913, extending through the usual morning and afternoon 
sessions. The following thirty-three members were present: 

Professor R. C. Archibald, Dr. F. W. Beal, Professor E. W. 
Brown, Professor F. N. Cole, Professor Elizabeth B. Cowley, Dr. 
H. B. Curtis, Professor L. P. Fisenhart, Professor H. B. Fine, 
Dr. C. A. Fischer, Professor T. S. Fiske, Mr. G. H. Graves, 
Dr. G. M. Green, Dr. T. H. Gronwall, Professor C. C. Grove, 
Professor H. E. Hawkes, Mr. S. A. Joffe, Professor Edward' 
Kasner, Professor C. J. Keyser, Mr. P. H. Linehan, Professor’ 
James Maclay, Mr. B. E. Mitchell, Mr. F. S. Nowlan, Pro-: 
fessor W. F. Osgood, Dr. H. W. Reddick, Professor L. P. 
Siceloff, Dr. Clara E. Smith, Professor D. E. Smith; Mr. F. H. 
Smith; Professor E. B. Van Vleck, Mr. H. E. Webb, Professor' 
H. S. White, Miss E. C. Williams, Professor J. W. Young. 

The President of the Society, Professor E. B. Van Vleck, 
occupied the chair, being relieved at the afternoon session by 
Ex-President H. S. White. The Council announced the 
election of the following persons to membership in the Society: 
Mr. R. W. Burgess, Cornell University; Dr. Tomlinson Fort, 
University of Michigan; Dr. Cora B. Hennel, Indiana Uni- 
versity; Mr. J. H. Kindle, University of Cincinnati; Professor 
Arthur Korn, Charlottenburg, Germany; Mr. M. A: Linton, 
Provident Life and Trust Company, Philadelphia, Pa.; 
Mr. John McDonnell, Canadian Geodetic Survey; Mr. J. Q. 
MeNatt, Colorado Fuel and Iron Company, Florence, Colo.; 
Mr. T. E. Mason, Indiana University; Mr. B. E. Mitchell, 
Columbia University; Mr. George Paaswell, New York City; 
Mr. D. M. Smith, Georgia School of Technology; Professor 
. Panaiotis Zervos, University of Athens. Twelve applications 
for membership in the Society were received. 

A committee was appointed to audit the accounts of the 
Treasurer for the current year. A list of nominations for 
officers and other members óf the Council. to be placed on the 
official ballot for the annual meeting, was adopted. 

In response to an invitation from Brown University to: 
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participate in the celebration of its one hundred and fiftieth 
anniversary, it was decided to hold the summer meeting of the 
Society in 1914 at that university. 

A committee consisting of the Secretary and Professors 
Dickson and Osgood was appointed to take charge of the 
publication of the Madison Colloquium Lectures. The | 
volume, which should appear in a few months, will be desig- 
nated as Volume IV of the series of published Colloquia, its 
predecessors being the Boston Colloquium Lectures, the New 
Haven Mathematical Colloquium, and the Princeton Collo- 
quium Lectures, published in 1905, 1910, and 1913, respectively. 

In view of the equal importance of the meetings of the 
Chicago Section with those held in New York and technically 
described as meetings of the Society, the Council, in the 
- exercise of the powers conferred upon it by By-Law III, has 
now designated the meetings of the Chicago Section, so far as 
concerns the presentation of scientific papers, as meetings of 
the Society. The Society will hereafter enjoy the possibly 
unique distinction of holding almost simultaneous meetings 
in different cities. The Chicago Section will retain its identity 
unchanged as regards sectional or local matters. ; 

The following papers were read at the October meeting: 

(1) Dr. G. M. Green: “Projective differential geometry of 
one-parameter families of space curves, and conjugate nets 
on a curved surface." 

(2) Dr. G. M. Green: “One-parameter families of curves 
in the plane." BEN 

(3) Professor Epwarp Kasner: "The classification of 
analytic curves in conformal geometry." 

. (4) Mr. G. H. Graves: “Systems of algebraic curves of 
least order of genera 3 and 4.” 

. (5) Mr. A. A. BENNETT: " Quadri-quadric transformations.” 

(6) Mr. A. A. BENNETT: “A set of postulates for a general 
field admitting addition, multiplication, and an operation of 

. the third grade.” 

(7) Dr. T. H. Gronwat: “On analytic functions of several 
variables.” 

(8) Mr. H. Garasrgran: “Concerning the continuity and 
derivatives of the solution of a certain non-linear integral 
equation.” 

(9) Dr. G. M. Green: “On the limit of the ratio of arc to 
chord at a point of a real curve." 
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(10) Professor W. H. Rorver: “Geometric derivation of a 
formula for the southerly deviation of falling bodies.” 

: In the absence of the authors, the papers of Mr. Bennett and 
Professor Roever were read by title. Abstracts of the papers 
follow below. The abstracts are numbered to correspond to 
the titles in the list above. 


1. Darboux has founded a very elegant theory of conjugate 
nets on a curved surface, by identifying this theory with that 
of the Laplace transformations of a certain partial differential 
equation of the second order. In his first paper, Dr. Green 
associates with what is essentially Darboux’s equation a 
second partial differential equation of the second order, ob- 
taining in this way a completely integrable system of two dif- 
ferential equations. He is thus enabled, by following Professor 
Wilezynski's general procedure, to set up a purely projective 
theory of conjugate nets. Geometrically, this theory is 
evidently equivalent to that of a single one-parameter family 
of curves, since this family determines its conjugate family. 
Analytically, however, the determination of the conjugate 
family requires the integration of a partial differential equation 
of the first order. Supposing this to have been effected, the 
theory of a one-parameter family of curves becomes that of a 

` conjugate net; we may say that by a supposed integration 
we have thrown into a canonical form the system of partial 
differential equations which define the one-parameter family 
as a component of a general net (not conjugate) on a curved : 
surface. The use of the canonical form, however, is shown 
to be no restriction in generality, since ‘it is proved that the 
invariants and covariants of the canonical system of differ- 
ential equations are expressible explicitly in terms of the 
coefficients and variables of the more general system of dif- 
ferential equations, and this without requiring the integration 
which determines the family of curves conjugate to the given 
family. The theory as thus set up is put into relation with 
Professor Wilezynski's theory of congruences (with which it 
' is closely connected), and with his theory of surfaces when 
referred to their asymptotic curves. > 


2. In his memoir in the Transactions, volume 12, entitled 
“One-parameter families and nets of plane curves,” Professor 
Wilczynski founded a projective theory of nets in the plane 


H 
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which Dr. Green employs in his second paper to study a single 
one-parameter family of plane curves. To determine pro- 
jective properties of one family of curves, the net of which 
it is a component family must be completely and uniquely. 
determined by it. For space curves the second component 
family may be taken as the conjugate family of curves; for 
the plane, however, no projectively intrinsic relation like 
conjugacy is immediately obvious. Dr. Green associates 
. with the given one-parameter family a particular second 

family of curves, and obtains a canonical net completely de- 
termined by the given family. He is thus enabled to study 
the one-parameter family through this canonical net, and in 
particular to find a covariant triangle, referred to which the 
one-parameter family of curves is given in the neighborhood 
of & point by the following canonical development in non- 
homogeneous coördinates: 


es tt dy [yt op OPE ed Jy y 
1 (oe LOUE + ee Jp OUR e Pte, 


in which the 16's are absolute invariants of the one-parameter 
family of curves determined by the parameter t. 


3. In his preceding contributions to conformal geometry, 
Professor Kasner considered only analytic arcs which were 
both real and regular. Any such arc can be reduced conform- ` 
ally to the axis of reals. He now studies the most general 
case, the arc being real or imaginary, and regular or irregular 
at the point considered. The fundamental group of course 
contains imaginary as well as real conformal transformations. 
In the regular case the arc can be reduced to one of three 
forms, y= 0, y= iz, y = zd z^. The classification of 
irregular ares is much more complicated, since such an arc 
in general possesses absolute invariants, which may even be 
infinite in number. The theory of pairs of arcs (curvilinear 
angles), from this general point of view, is also outlined. 


4. Following a plan devised by Castelnuovo and applied 
by Ferretti to compute linear systems of algebraic curves of 
genera 0, 1, and 2, Mr. Graves finds the systems of least order 
to which regular systems of genera 3 and 4 can be reduced by 
Cremona transformations. ‘There are five types for genus 3 
and eight for genus 4. 


` 
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5. In this paper Mr. Bennett considers the properties of 
two-two algebraic transformations in an arbitrary field. In 
the cases of the real and the complex number fields, a quadri- 
quadric relation may be considered as a form of the addition 
theorem of an elliptic function and many of the properties of 
elliptic functions are more or less readily derivable from the 
quadri-quadric relations generated by them. Theorems de- 
rived from the quadri-quadric relation by means of tran- 
scendental processes, such as integration, are not necessarily 
applicable to finite fields. In this paper, the author confines 
himself entirely to rational processes, and yet obtains explicit 
formulas of closure (for Steiner and Poncelet polygons) and 
analogous theorems not previously stated. Every quadri- 
quadric transformation has certain other quadri-quadric 
transformations associated with it, several types of which are 
here given for the first time. By the use of these associated 
transformations some theorems already proved algebraically 
are here demonstrated in a much simpler manner. 


6. One may consider in addition to the familiar operations 
of the first and second grades, viz., addition and multiplication 
respectively, an operation of the third grade. The result of 
this operation upon a and b, any two numbers, will be defined 
as eU 2:0 D, This operation is always uniquely possible 
when we confine ourselves to real positive numbers. One 
may define an analogous operation in the case of Galois 
fields, of certain matrix algebras, in the field of all analytic 
functions, etc. A large body of theorems is common to all 
such fields, thus in every "field of the third grade," there is a 
unique zero, a unique unity, addition and multiplication are 
both commutative, etc., but in general mathematical induction 
is not applicable. In this paper Mr. Bennett gives a set of 
postulates for a field of the third grade, and without the use of 
mathematical induction proves the principal elementary the- 
orems which hold in all such fields. 


7. Cousin has stated (Acta Mathematica, volume 19) that 
when an analytic function f(zi, ---, 2.) is uniform and mero- 
morphic for zı inside a domain H: in the z;-plane, ---, Ze 
inside a domain S, in the x„-plane, then this function may be 
expressed as a quotient of two uniform functions holomorphic 
in i, +*+, S, and without common zero HRS of higher 


dienen: than 2n — 4. 
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Dr. Gronwall shows that Cousin's proof is not valid unless 
all, or all but one, of Si, +-+, S, are simply connected, and 
constructs an example contradicting the theorem when this 
condition is not fulfilled. 

It may be proved, however, that if the condition on the 
common zeros is dropped, f(a1, --+, x) may be expressed as a 
quotient of two uniform and holomorphic functions having 
common zero manifolds of 2n — 2 dimensions, and these 
common zeros cannot in general be removed without de- 
stroying the uniformity of the functions. 


8. In this paper Mr. Galajikian presents two theorems con- 
cerning the non-linear integral equation 


y(z, zo) = jl [re t, y(t, zo))dt, Le t, y(t, md | 


The first of these theorems states that if this equation has a 
solution under certain definite conditions, then this solution 
is continuous in the arguments x and zu, The second theorem 
states that the solution has first derivatives with respect to 
the same arguments. In both cases the proofs consist in 
Showing that the usual definitions may be satisfied under 
proper conditions. 

The methods apply to the more general case of n such 
equations with m unknown functions. 


9. In his third paper, Dr. Green considers the limit of the 
ratio of arc to chord at a point on a real curve whose equation 
is y = f(z). Taking the origin at the point under consider- 
ation, the arc is assumed to be given by 


s(x) = IR: y" da. 


The chord is Wa?-L- yi If the curve have a definite 


tangent at the origin, it is easily found that a limit of the 
ratio of arc to chord exists if and only if s(x) have a de- 
rivative s’(+ 0) from the right at the origin. The limit 


is then s'(+ 0)/4 1 + yo", and is unity if and only if s’(+ 0) . 
1+ y^, in particular if the function y^ is continuous 
at the origin. An example is, however, constructed in which 
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the limit is unity although y” is discontinuous at the origin. 
The whole discussion is closely related to Hahn’s well-known 
work on the differentiation of the integrals of pointwise 
discontinuous functions. 


10. Professor Roever has already derived by two different 
methods the formula* 


1 . 0g A 
(1) S. D. = E| zt sio 29 5 (20). |. 
where S. D. stands for southerly deviation, 5 for height through 
which the body falls, w for angular velocity of earth’s rotation, 
go and œo for the values of the acceleration and astronomical - 
latitude, respectively, at the point Po from which the body 
falls, and (9g/óx)o for the value at Po of the derivative of g 
along the meridian to the north. 

Let P, be a point fixed with respect to the earth, and Po 
a point above P; and in the normal at P; to the level surface 
through P;. Then P lies in the curve d which passes through 
P, and is the locus of the bobs of all plumb-lines supported at 
Py. The path, with respect to the earth, of the body which 
falls from Ps is a curve c, the orthographic projection of which 
on the. meridian plane of Po is the curve c” which pierces the 
level surface of P, in the point C". Then S. D. DOT, 

The curves d, c (and therefore also c") and the line of force 
of the weight field which passes through Pp are all tangent to 
the normal at Po of the level surface through P; Hence 
if we put À = Pai, we have 


=per=(ii E =.) 2 

(2) S. D. DO dE 254 hs 

where 1/p4 and l/p, are the curvatures at Po of d and c" 
respectively. . 

The curvature at Po of d is twice that of the line of force 
of the weight field of force which passes through Po. 

The curve c" osculates at Po a curve which may be re- 
garded as the path of a particle starting from rest at Po, in 
a positional field of force whose potential function is simply 
related to that of the weight field. Hence the curvature 

at Py of c" is one third that of the line of force of this posi- 


* See Transactions, vol. 12, No. 3; vol. 18, No. 4. 
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tional field which passes through-P,. (See Kasner's Princeton ` 
Colloquium Lectures, page 9, second footnote.) 

By a well-known theorem the curvature of a line of force 
of the weight field is the logarithmic derivative of g in the 
direction on a level surface in which g increases most rapidly, : 
i. e., ; 
` d dg/dx 


8,1089 = y 





From the above relations 


de Py as gn) dos | 
(3) = (35) Jo le i 4o? sin do cos po |» 


, and hence by (2) we get (1). 
For the data: h = 49,024 cm., do = 45°, and for the po- 
tential function for which the Bessel ellipsoid is a level surface 
and the formula of Helmert gives the acceleration, 


1 
go = 980.6, EI = 8.1568 X 10, w? = 5.3173 X 10”, 
t/o 


and hence by formula (1) 


S. D. = + .021 cm. 


F. N. Core, 
Secretary. 


THE TWENTY-FOURTH REGULAR MEETING OF 
: THE SAN FRANCISCO SECTION. 


Tue twenty-fourth regular meeting of the San Francisco 
` Section of the Society was held at Stanford University on 
October 25, 1913. Twenty-one persons were present; including 
the following members of the Society: 

Professor R. E. Allardice, Mr. B. A. Bernstein, Professor 
:H. F. Blichfeldt, Dr. Thomas Buck, Professor G. C. Edwards, - 
Professor G. I. Gavett, Professor Charles Haseman, Professor 
M. W. Haskell, Professor L. M. Hoskins, Dr. Frank Irwin, 
Professor D.:N. Lehmer, Professor W. A. Manning, Professor 
H C. Moreno, Professor C. A. Noble, and Professor E. W. 


Ponzer. 
* 


| 
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Professor. Edwards, chairman of the section, presided at the 
opening of.the morning session, Professor Manning, chairman- 
elect, then took the chair. The following officers of the Section 

„were elected for the ensuing year: chairman, Professor Manning, 
secretary, Dr. Buck; program committee, Professors Blichfeldt, 
Lehmer, and Dr. Buck.. 

It-was voted to hold the spring meeting at Seattle provided 

‚the Pacific Coast Association of Scientific Societies meets there, 
and the fall meeting at the University of California on October 

. 24, 1914. A committee, consisting of Professors Haskell, 

Allardice, Blichfeldt, Lehmer, and Noble, was appointed to 
make arrangements on the part of the Section for the summer 

meeting of the Society at San Francisco in 1915. 

The members present lunched together between sessions. 

The following papers were presented at this meeting: 

(1) Professor L. M. Hosxins: “ Note on the motion of a 
freely falling body.” 

(2) Professor M. W. HASKELL: “ Second note on the Del 
Pezzo quintic.” | 

(3) Mr. B. A. Bernstein: “A complete set of postulates for 
the logic of classes expressed in terms of the operation ‘ excep- 
tion,’ and a proof of the independence of a set of postulates 
due to Del Ré.” 

(4) Professor M. W. Haart: “On the singularities of 
twisted curves.” . 

(5) Professor W. C. Ers: “ Number systems of the North 
American Indians." 

(6) Professor G. A. MILLER: “ Some properties of tbe group 
of isomorphisms of an abelian group." ; 

(7) Professor W. A. Manntna: “On the class of doubly 
transitive groups." . 

In the absence of the authors, the papers of Professors Eells 

` and Miller were read by title. Abstracts of the papers follow 

below. 


1. One of the simplest methods of studying the motion of 
à freely falling body is to refer the motion to axés fixed in the 
earth, making use of the relation between the accelerations of 
a particle.referred to fixed and moving axes. The equations 
for the motion relative to the earth may thus be formed ' y 
introducing, in addition to the actual forces, the fictitious 
^ centrifugal" and “ compound centrifugal" forces. The 
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former may be taken account of by adding to the earth’s 
attraction potential V a potential U = Set, w denoting 
the earth’s angular velocity, and p distance from the axis of 
rotation. For a body falling from rest the effect of the 
compound centrifugal force is easily computed to a close 
approximation, the main effect being-an easterly displacement 
proportional to the cube of the time of falling; while a very 
minute secondary effect would be a deviation toward the 
equator, proportional to the fourth power of the time. These 
displacements are superposed upon those due to the field of 
force corresponding to the potential V + U. The question 
whether this field would cause a deviation northward or 
southward from a plumb-line suspended from the point where 
the body starts, is closely connected with the question of the 
curvature of the lines of force in this field; the path would lie 
on the convex side of that line of force passing through the 
position of rest, while the plumb-line would hang on the 
concave side. So far as the effect of this field is concerned, 
the body will fall on that side of the plumb-line toward which 
the lines of force are convex. Analysis indicates that the 
convexity is toward the equator. 

A matter of interest in the rigorous analysis is the fact that 
the motion in the meridian plane is identical with the plane 
motion of a particle in a stationary field, of force of potential 
V — Upc'/p*, po being the initial value of p. | 

The analysis is easily extended to the case in which the 
body has an initial velocity. 


2. This paper of Professor Haskell contains the complete 
form of the Hessian of the given quintic and its reduction to a 
form which shows that the 5 cusps and the 5 inflexions of the 
quintic are the complete intersection of the quintic with a 
certain covariant cubic. 


3. Mr. Bernstein presents a set of six postulates all ex- 
pressed in terms of the single undefined operation “ ex- 
ception,"—the operation which forms from the two logical 
elements a, b the element ordinarily denoted by ab and read, 
“a except b" or “a which is not —b." The postulates are 
proved to be consistent, independent of one another, and 
“ sufficient " for the logic of classes. 

The writer also proves the independence of a set of postu-: 
lates for the algebra of logic due to Professor Del Ré. 
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4. In this paper Professor Haskell considers the general- 
ization of a theorem due to Clebsch on tbe singularities of 
plane curves when given in parameter form, and gives simple 
criteria for the existence and enumeration of the various 
‘singularities of twisted curves. 


5. Professor Eells’ paper is based upon a study of the number 
‘systems of over 300 Indian languages of North America. The 
evidence for and against a digital origin of counting is pre- 
sented; the use of additive, subtractive, multiplicative, di- 
visive, and duplicative principles in the formation of number 
Systems is analyzed; examples of decimal, vigesimal, quinary, 
octonary, quaternary, and ternary systems of numeration 
fre given and discussed; and other noteworthy features of 
primitive number systems are mentioned. The paper will 
appear serially in the American Mathematical Monthly. 


6. As the group of isomorphisms of any abelian group is 
the direct product of the groups of isomorphisms of its Sylow 
subgroups, Professor Miller confined his attention to a con- 
sideration of the group of isomorphisms J of an abelian group 
G of order p™, p being a prime number. After determining 
the number of the Sylow subgroups of order p* contained in J, 
it was proved that each of these Sylow subgroups is trans- 
formed into itself under J by a group of order p™(p — 1), 
where À is equal to the total number of the invariants of G. 
This group of order p*(p — 1)* contains an abelian subgroup 
of order (p — 1)*, which is the direct product of À cyclic 
subgroups of order p — 1. 

A: necessary and sufficient condition that J contains only 
one subgroup of order p" is that no two of the invariants of G 
are equal to each other. Whenever G contains at least two 
equal largest invariants then I contains an operator whose 
order is equal to these invariants. If the number of each 
set of equal invariants of G is less than p, then the group of 
isomorphisms of G cannot involve any operator whose order 
is a power of p and exceeds the largest invariant of G. When 
the Sylow subgroups of order p” are abelian, either G must be 
cyclic or m must be less than 3. i 


7. If n is the degree and u the class of a doubly transitive 
group, Bochert’s theorem asserts that w is greater than 4n— 
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3Vn. This is based upon the fact that two non-commutative 
substitutions of degree u cannot have less than $u letters in 
common. Professor Manning called attention to the case in 
which at least one of the substitutions of degree u in the group 
is of order 2. Here two non-commutative substitutions of 
degree u have at least ju letters in common, from which he 


concludes that u is greater than Ain — Vn) — 1. 


THomas Buck, 
Secretary of the Section. 


THE SEVENTH REGULAR MEETING OF THE 
SOUTHWESTERN SECTION. 


THE seventh regular meeting of the Southwestern Section 
of the Society was held at the University of Missouri, Colum- 
bia, Mo., on Saturday, November 29, 1913. About twenty- 
five persons attended the meeting, including the following 
sixteen members of the Society: 

Professor L. D. Ames, Professor C. H. Ashton, Dr. Henry 
Blumberg, Professor W. C. Brenke, Professor E. W. Davis, 
Dr. E. L. Dodd, Dr. Otto Dunkel, Professor E. R. Hedrick, 
Professor Louis Ingold, Professor O. D. Kellogg, Dr. A. J. 
Kempner, Professor W. H. Roever, Professor H. E. Slaught, 
Professor J. N. Van der Vries, Miss Eula Weeks, Professor 
W. D. A. Westfall. 

The morning session opened at 10.30 A.M. and the afternoon 
session at 2 p.m. Professors Hedrick and Slaught presided. 
It was decided to hold the next meeting of the Section at the 
University of Nebraska on November 28, 1914. The following - 
programme committee was elected: Professor E. W. Davis 
(chairman), Dr. S. Lefschetz, Professor O. D. Kellogg (secre- 
tary). Those present attended a smoker at the house of 
Professor Kellogg on the evening before the meeting. 

The following papers were presented: 

(1) Professor W. C. BRENkE: “An example of Abel’s in- 
tegral equation with discontinuous solution." 

(2) Professors E. R. Henrick and Louis Inco: “ Gener- 
alization of Taylor's series." 

(3) Dr. S. Lerscretz: “ Double integrals of the third kind 


attached to an algebraic variety." 


1914.] MEETING OF THE SOUTHWESTERN SECTION. 181 


(4) Professors E. R. Heprick.and W. D. A. WESTFALL: 
<“ Jacobians and existence theorems for implicit functions." 

(5) Professor O. D. Kzrroaa: “ Sign-changes in functions 
of an orthogonal set.” 

(6) Dr. E. L. Dopp: “The weighting of measurements on: 
the basis of their relative magnitudes." 

(7) Dr. A. J. Kempner: “On irreducible equations." 

(8) Miss Eura WEERS: “ Note on the enclosable property." 

(9) Dr. Hexey BruMBERG: "On an extension of Baire’s 
fundamental theorem concerning functions representable as 
the limit of a sequence of continuous functions." 
: (10) Dr. Henry Brumsere: “On the oscillation function 

and related functions.” ; 

(11) Mr. A. R. ScHhwEITzer: “On a system of four dimen- 
sional simplexes inscribed in a hypersphere." | 
. In the absence of the authors, Dr. Lefschetz’s paper was 
presented by Professor Van der Vries, and Mr. Schweitzer’s 

was read by title. Abstracts of the papers follow. 


' 1. The problem of determining the quantity of flow through 
a weir notch so that the flow shall be proportional to the 
depth of liquid in the notch is solved by finding f(x), the form: 


A 
`of the notch, from the equation, f Vh — xf(x)de = kh, 
' 0 


where h is the depth of liquid in the notch. This equation 
reduces upon differentiation to Abel’s integral equation with 
discontinuous solution. Professor Brenkè solves it by means 
of a substitution of the form f(x) = g(x) + g(x), where g(x) 
is continuous and (z) is discontinuous. 


. .2. In this paper, Professors Hedrick and Ingold point out 
that with a suitably extended notion of orthogonality of: 
functions, developments in Taylor’s series may be regarded. 
as expansions in terms of the functions of an orthogonal: 
system, and that many of the usual geometric analogies for 
such expansions hold also for ordinary Taylor expansions. 
The notion of orthogonality which is employed involves a set: 
of operations as well as the set of functions under considera- 
tion, so that the orthogonality of a set of functions has no 
meaning until a corresponding set of operations is specified. 
With this point of view, the difference between,a function- 
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and its Taylor development is orthogonal, with respect do 
certain operations, to all of the functions 1, x, 27, - 

This difference, hs well as any function orthogonal to the set 
just given, may well have “Taylor” developments in terms of 
other functions, ĝo, 61, 6, - - - , that is, developments in which 
the coefficients are determined by operations similar to those 
used in Taylor’s series. 


3. It has been shown by Picard (Traité des Fonctions algé- 
briques de deux Variables, volume 2, page 231) that there is a 
minimum p to the number of logarithmic singular curves. 
which a simple integral of the third kind belonging to an 
algebraic surface may have. Dr. Lefschetz has shown the 
existence of a similar number p, for an algebraic variety. In 
the present paper he shows that if a double integral of the 
third kind belonging to an algebraic variety of four dimensions 
has more than one transcendentally singular surface, it has 
at least p, + 1 of them. . It is interesting to note that double 
integrals, and in all probability multiple integrals, belonging 

. to an algebraic spread do not give any new invariant number 
corresponding to p. It seems likely that Picard’s formula for 
integrals of the second kind (loc. cit., page 409) can be extended. 
with few changes. 


4, In this paper Professors Hedrick and Westfall simplify 
and extend certain theorems in their paper “An existence 
theorem for implicit functions” read at the summer meeting 
of the Society. Various forms of difference jacobians are 
studied, together with their geometric interpretations. Appli- 
cations are made to inverse transformations. 


'B. Orthogonality alone of a set of continuous functions does 
not insure the phenomenon one notices in the sets of orthog— 
onal functions in common use, namely that when arranged 
in the order of the number of changes of sign, the nth function. 
changes sign at least n — 1 times. A sufficient condition for 
this is the non-vanishing of the determinants | ei(z:), ex(23);- 

+, En(tn) | which arise in the interpolation problem. Pro- 
fessor Kellogg's paper calls attention to this fact, shows the- 
condition to be satisfied in the case of a number of the com- 
moner sets of orthogonal functions, and shows as a result 
that the difference between a function and the approximation 
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to it by means of the first n terms of its development in terms 
of a set of orthogonal functions satisfying the above condition, 
the coefficients being determined after the Fourier manner, 
changes sign at least n — 1 times. 


6. In forming a weighted mean of measurements as the 
most acceptable value for the quantity measured, the weights 
are usually assigned on the basis of knowledge that some of 
the measurements are made under more favorable conditions 
than others. Dr. Dodd discusses the question as to whether 
the measurements themselves may not be made to yield 
weights of value in forming weighted means; for instance, 
should not the median, because of its position among the 
measurements bear a heavier weight? The “select weighted 
means” proposed in the paper are compared with the un- 
weighted means from the point of view of reliability. 


7. Assuming die) to be an integral rational function of z with 
real rational coefficients, irreducible in the natural domain, 
Dr. Kempner proves a set of theorems on equations drei = 0 
having at least one root of rational absolute value, and a 
corresponding set of theorems on equations y(z) = 0 having 
at least one root of rational real part. Although the proofs 
are of very elementary character, the results are believed to 
be new. The following theorems represent the type of results 
obtained. I. a. If ¥(z) = 0 has a complex root of absolute 
value 1, dai is of even order and reciprocal. I.b. If J(z) = 0 
has a purely imaginary root, V(z) is of even order and does 
not contain odd powers of z. II. All roots of p(z) = 0 of 
rational absolute value (of rational real part) have the same 
rational absolute value (the same rational real part). III. 
All equations V(z) = 0 of degree n < 10 having at least one 
root of rational absolute value (at least one root of rational 
real part) are completely solvable by radicals. IV. No equa- 
tion ¥(z) = 0 of odd order can have a complex root of rational 
absolute value (& complex root of rational real part). 


8. Referring to Fréchet’s letter to Hedrick (Transactions, 
volume 14, page 320), Miss Weeks shows that with the assump- 
tions used by Fréchet, the definition of the enclosable property 
set up by him is identical with that proposed by Hedrick ( Trans- 
: actions, volume 12, page 289), in so far as it is & property of 


4 
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the fundamental domain. The ‘definitions are identical in. 
the sense that if a set of assemblages of the kind required by 
Fréchet can be selected, then a set of assemblages satisfying 
Hedrick’s conditions exists. The apparent slight difference 
in the two statements noticed by Fréchet is therefore only 


superficial. 


9. Baire has shown that a necessary and sufficient condition 
that a function may be the limit of a sequence of ccntinuous 
functions is that it be pointwise discontinuous in every perfect 
set. (Leçons sur les Fonctions discontinues, Paris, 1905, $$ 68, 
73, 74 and 77). The proof is given for the case where the 
domain of the independent variable x is any perfect set. In 
the Acta Mathematica, volume 30, 1906, pages 1 to 48, Baire 
remarks that the proof applies also to the case where the do- 
main of x is any closed set, and extends the theorem to the 
case where the domain of x is any set whatever (closed or 
open). The proof is long, and comparable in difficulty with 
that of the original theorem. Dr. Blumberg shows how this 
extension may be made in a very simple and immediate 

fashion. : 


\ 


10. Let f(x) be any real, bounded, single-valued, continuous 
or discontinuous function of the real variable x. Let wf(x) 
denote the oscillation of f(x) at the point x, M(x) the maximum 
. at that point, and m(x) the minimum at the point. Dr. 
Blumberg’s paper contains the following results: a necessary 
and sufficient condition that a function may be an oscillation 
function; a necessary and sufficient condition that a function 
may be the oscillation function of an oscillation function; a 
new proof, by means of the above, of Sierpinski’s theorem 
that wwwf(x) = wwf(x); the establishment of the inequalities 
wM (2) € wwf(x) and wm(x) € ewf(z); the proof by means of 
these inequalities that if wf(x) is continuous, both M(z) and 
m(x) are continuous; the proof that a necessary and sufficient 
condition that f(x) may be pointwise discontinuous is that 
wwf(z) = wf(z); a method for finding the complete solution of 
the equation wf(z) = e(z), where c(x) is a given continuous 
function and f(x) is to be found, with a discussion of more 
general equations of the same type; indications of extension’ 
of the preceding results to functions of several variables - 
defined in more general domains. 
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11. In the American Journal of Mathematics, volume 34 
(1912), page 173, Mr. Schweitzer has shown how to generate a 
quasi-four-dimensional geometry 4R® by adjoining a point tac- 
tically to thesystem !R, and assuming theaxiom “aRByéeimplies 
ôReaBy”” which ensures that the generating relation is alter- 
nating. The resulting system is sufficient for the usual three- 
dimensional projective geometry if an axiom expressing Dede- 
kind continuity (suitably modified for projective geometry) 
is added. This geometry ‘R“ may be regarded as underlying ` 
a system of four-dimensional simplexes inscribed in a hyper- 
sphere. Inthe Archiv der Mathematik und Physik, volume 21 
(1913), page 204, E. Study has remarked that the figure of five _ 
ordered real points, no four of which are coplanar, has a (single) 
property, "signatur" (+) or (—), which is not disturbed by 
positive real collineations. It seems simpler and altogether 
more convenient to regard Study’s figure of five points with 
positive or negative “ signatur " as a sensed simplex in quasi- 

four space as indicated above. 

O. D. Kzrroca, 


Secretary of the Section. 


THE INFINITE REGIONS OF VARIOUS 
GEOMETRIES. 


BY PROFESSOR MAXIME BÔCHER. ` 
(Read before the American Mathematical Society, September 8, 1913.) 


Most geometers are now conscious that the introduction’ 
of points at infinity in such a way that in plane geometry 
they form a line, in three-dimensional geometry a plane, 
is, to & large extent, an arbitrary convention; but few of 
them would probably admit that this remark has much 
practical importance (except in so far as they might regard 
any question concerning the logical foundation of geometry 
as having practical importance) since the convention here 
referred to is commonly regarded as being the only desirable 
one. It is the object of the present paper to point out more 
explicitly and in greater detail than has, to my knowledge, 
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been done before that this view is by no means justified.* 
For investigations in the realm of projective geometry, the 
conception of the line or the plane at infinity is the natural 
and appropriate one; and inasmuch as every geometric 
investigation can be forced into the projective mould, this 
conception’ of the infinite region can always be made to do 
duty. It is, however, not the most desirable one in all cases. 

For the sake of simplicity I shall consider first merely 
plane geometry, and, indeed, the geometry of the real plane. 


$1. The Projective Plane. 


In projective geometry we have to deal with the 8-param- 
eter group of point transformations 


aX + bi Y + C1 


c RSR eg E b 
1) * aX + b3Y + ci be A is 0 
( ‚_ GX + bY + o as 2 C9 | F , 
B GA + bs Y + C3 , as bs D 


where X, Y stand for non-homogeneous cartesian coordinates, 
which we will suppose to be rectangular. Every trans- 
formation of this group carries over points, in general, into 
points and collinear points into collinear points. Strictly 
speaking, the points on the line 


as + b,Y + cs = 0 


are not transformed at all; but the nearer one comes to such a 
point the farther away will the transformed point lie, and 
we consequently speak of these points as being “thrown to 
infinity,” and thus introduce the conception of points at 
infinity in projective geometry. All these points at infinity, 
or ideal points, we regard as lying on a single line in order 
not to have any exception to the statement that collinear 
points go over into collinear points. We then introduce ' 
DR ae rt ee Re ge EEE SRE 

* This article was already in type before I saw a paper by H. Beck, 
Archiv d. Math. u. Physik, ser. 3, vol. 18, p. 43, which has maak the same 
tendency. In that paper only the space of inversion is considered, and 
the questions taken up are in the main different from those here treated. 
The author seems not to have noticed that in my book of 1894 (cited 
below) I had ru described the infinite region for the complex plane 
of inversion, and implicitly (by the constant use of the term “ Null sphere 
at infinity " with its equation) for spaces of higher dimensions. 
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homogeneous coordinates (x : y : t) by means of the equations 


t y 
| X- p Y= t 
in order to be able conveniently to designate the various 
points at infinity. All this is so well known that the foregoing 
brief sketch will suffice. 

If we now approach other groups of transformations with 
an open mind and in the same spirit in which we just ap- 
proached the group (1), wé shall be led in the same way to 
other geometries worthy of being considered side by side 
with projective geometry,* and each of these geometries will 
have just as much right to its own peculiar infinite region as 
has projective geometry. 


$2. The Plane of Analysis.t 


We shall consider in this section the geometry which is 
based on the 6-parameter group ` 








, aX + Bi a fh 

(2) S of FU Yı 8 Zb 
7 VY FÉ S |a Bs 

4 pr + be Ya Ge + 0, 








where again, for the sake of concreteness, we assume all the 
quantities involved to be real. 

Suppose, first, that neither y, nor y, is zero. Then (2) 
gives a transformation of the finite plane which carries over 
every point into a new position except that the points on the 
lines 


(3-4) mX+6=0, n¥+h&=0 


are not transformed. If we take any point (Xj, Yi) on one 
of these lines, and allow another point (X;, Ys) to approach 
it in such a way as never to lie on the line in question, then 
the ‘image of this second point recedes to infinity. In this 


‘sense we may say that the lines (3), (4) are both thrown to ` 


infinity F 
* Cf. Klein’s Erlanger Programm (1872), where, however, the point 
with which we are here concerned, the character of the infinite region, is 


not brought out. 
Ÿ Cf. Osgood, Transactions, vol. 13 (1912), p. 159. 
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Similarly, since the inverse of (2) is 
— 6X’ + Bi y = = HV tB 


= 72 yal’ — © ? 





md '- a’ 
we see that there are also two lines 
(5-6) yX’ —o1 — 0, om —o9 = 0 


which come from infinity. 

If one but not both of the quantities Yı, Ya are zero, only 

one of the lines (3), (4) will go to infinity (the other equation: 
no longer representing any locus), and only one of the lines 
(5), (6) will come from infinity; while if y; = ys = 0, there 
are no exceptional lines of this sort. 
- Apart from these exceptional lines, every line x = const., 
and also every line y — const., goes over into another line 
of the same form; and every line of one of these forms comes 
from another such line. These lines we shall find play a 
fundamental róle in the kind of geometry we are now con- 
sidering, and it will be convenient to designate them as 
ground-lines, distinguishing between two kinds of ground- 
lines according as the equation is v = const. or y = const. 
We may then say ` 

The transformations (2) are one-to-one point transformations 
` which carry every ground-line into a ground-line of the same kind. 

This statement, however, is at present not accurate since 
it admits certain exceptions. It becomes accurate only 
when, as we shall now do, we introduce points at infinity (ideal 
points) in such a way that they form two new ideal ground- 
lines, one of each kind. "This may be easily effected by 
synthetic methods. We will, however, proceed analytically 
by the use of homogeneous coordinates defined by the equa- 
tions 

x-9, y=”. 
T2 ya 


These, it should be noticed, are not the homogeneous co- 
ordinates of projective geometry, & point being determined 
here by four coordinates (21 : %2, yi: ys) involving, however, 
only two ratios. The finite points are those for which neither 
æ nor ys is zero, while the points at infinity are, by definition, 
sets of coordinates in which either za or ys or both are zero, 
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but where not both the 2’s (and also not both the y’s) are zero. 
These last mentioned sets of coordinates we do not Speak of 
as being points at all. Moreover we agree, that two points 
at infinity shall be identical when and only when the 2’s of 
one are proportional to the 2’s of the other, and also the ys 
of one are proportional (though perhaps with a different 
factor of proportionality) to the y’s of the other. This con- 
vention is the natural one to make, since finite points will be 
identical under, and only under, the same conditions. 

Every homogeneous equation of the first degree in yi, ys 
represents a line parallel to the axis of x (an z-ground-line) 
except the equation ys = 0 which is satisfied only by ideal 
points and which we speak of as the a-ground-line at infinity. 

Similarly the equation o = 0 gives us the y-ground-line 
at infinity. 

These two ideal ground-lines obviously contain all points 
at infinity. They have one and only one point in common, 

namely (1:0, 1:0), which we speak of as the double point 
at infinity in distinction to the infinite number of simple 
points at infinity where only one of the two quantities t», ys 
is zero. 

The transformation (2) may be written 


(7) pty! = aye, + Bite, cy = Oi + Boye, 101 — By F 0, 
pt = yiti + 0325, oy? = Yayı F bey, | 0303 — Beye + 0. 


We pass now to straight lines other than ground-lines. 
Such a line may be written 


AX + BY 4- C - 0, 
where neither 4 nor B is zero; or, in homogeneous coordinates, 
Atigo + Bus + Cry = 0. 
"This is a special case of the general bilinear equation 
(8) Gey + baya + erry: + days = 0. 


This equation is readily seen to represent, in general, an 
equilateral -hyperbola with ground-lines as asymptotes. It 
may, however, as we have just seen represent a single straight 
line, not a ground-line, or it may represent any pair of ground- 
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lines, one of each set. All these curves we shall speak of 
as bilinear curves; the last case, which is characterized alge- 
braically by the vanishing of the determinant* ad — be, 
being designated as a singular bilinear curve. A non-singular 
bilinear curve is a straight line or a hyperbola according as it 
does or does not pass through the double point at infinity. It 
should be noticed, however, that a single ground-line is not a 
bilinear curve, but is something simpler. 

It is clear that all transformations (7) carry bilinear curves 
into bilinear curves leaving them singular or non-singular 
as the case may be. All non-singular (and also all singular) 
bilinear curves are equivalent under the group (7). 

Jt will thus be seen that in this kind of geometry the classi- 
fication of curves as straight lines, conics, etc., is an artificial 
one; some straight lines being, for instance, ground-lines and 
some bilinear curves. This fact becomes still clearer if we 
consider some of the fundamental properties of the various 
curves. 

Two distinct ground-lines of the same kind have no point 
in common. For two such y-ground-lines are given by the 
equations 

Dit + que = 0 


Pıqa — Paqı + 0, 
peti + qax. = 0 


which are satisfied only by zı = za = 0. This we do not 
speak of as a point. 

Two ground-lines of different kinds have one and only one 
point in common. In particular, two different finite, x-ground- 
lines have different points at infinity, namely the points 
where they meet the y-ground-line at infinity. It will not do 
in this case to say that parallel lines meet at infinity. . 

A ground-line and a non-singular bilinear curve always have 
one and only one point in common. A general algebraic proof 
may readily be given, or we may first reduce the ground-line 
(which we may suppose to be a y-line) and the bilinear curve 
to the normal forms 


zı = 0, ty + ty = 0 
by a transformation (7), as is clearly always possible. These 





* We note in passing that this determinant is an invariant (combinant) 
of the bilinear curve under the transformation (7). 
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curves have obviously the point (0:1, 1:0), and no other 
point, in common. 

Two distinct non-singular bilinear curves have not more than 
two points in common. If there is any point of intersection, 
let P be such a point, and throw it to the double point at 
infinity by a transformation (7). Then the bilinear curves 
become straight lines, dnd these can intersect at most in one 
point besides the double point at infinity. 

It is readily seen from this proof, or otherwise, that the 
case of a single point of intersection may be regarded as the 
limit of cases in which the curves intersect in two points and 
where these two points approach each other. We say, then, 
in this case that the curves are tangent to each other. It is 
readily seen that this definition of contact coincides with the 
ordinary one when the point of contact is finite. Contact at 
infinity, on the other hand, means something very different 
here and in projective geometry. This is illustrated by the 
following facts: 

A ground-line cannot touch a bilinear curve, since it always 
meets it in only one point. In particular, an equilateral hyper- 
bola whose asymptotes are ground-lines must not now be 
regarded as being tangent to these ground-lines at infinity. 

Two parallel straight lines, not ground-lines, must be re- 
garded as non-singular bilinear curves which have contact at 
the double point at infinity. 

Two bilinear curves (equilateral hyperbolas) with one 
asymptote in common do not in general have contact with 
one another at infinity. They do this, however, if they not 
only have & common asymptote but are of the same size 
without coinciding. 


§3. Correspondence of the Plane of Analysis to a Ruled Quadric. 


The two sets of ground-lines of the plane of analysis strongly 
suggest the two sets of rulings on a non-singular quadric 
surface. In each case every line of one set meets every line 
of the other set, but meets no other line of its own set. That 
this is not merely a superficial analogy may be seen as follows: 

Let S denote any unparted hyperboloid or hyperbolic 
paraboloid in projective space, and designate one of the two 
sets of rulings arbitrarily as the first set, the other as the 
second set. It is well known that the cross-ratio of the range 
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in which four rulings of one set are cut by a ruling of the . 
other set is independent of the choice of this ruling, and that 
this cross-ratio is called the cross-ratio of the four rulings. 
Now let us choose three fixed rulings of the first sét and 
attach to every ruling of this set a value of the parameter X 
equal to the cross-ratio which this ruling makes with the 
three fixed rulings. In this way every ruling of the first set 
is uniquely determined by a value of X, the three originally 
selected rulings corresponding to the values X = 0, 1, œ. 
Similarly we determine the rulings of the second set by the 
values of a parameter Y. Since every point on S is deter- 
mined as the intersection of one ruling of the first with one of 
the second set, we have thus a system of coordinates (X, Y) 
between whose real values and the real points on S, finite or 
at infinity, there is a continuous one-to-one correspondence, 
provided we include the values X = © and Y= œ. We 
thus establish a continuous one-to-one correspondence between 
the points of S and the points of the plane of analysis of such a 
sort that to the two sets of rulings of S correspond the two 
sets of ground-lines of the plane of analysis.* Moreover the 
transformations (2) of the plane of analysis evidently corre- 
spond to the transformations of S into itself which carry over 
every ruling of each set into another ruling of the same set 
in such a way that each set of rulings is transformed pro- 
jectively into itself. Such transformations are yielded by 
those collineations of space which carry over S into itself 
without interchanging the two sets of rulings; and conversely 
it may be proved that every transformation of S into itself, 
of the kind we want, may be obtained in this way. Thus we 


may say: 

Abstractly considered, the real plane of anys with tts real 
transformations (2) is identical with a real, non-singular, ruled 
quadric S and such of its real collineations into itself as do not 
interchange the rulings of the two sets. If, however, we wish 
to get an intuitional substratum for this abstract theory, the 
plane of analysis would seem to be the simpler from every 
point of view except that it is, at first, a little unfamiliar.f 

Several generalizations of what has just been said will at 
once suggest themselves. 


* By taking for S a hyperbolic paraboloid, we can, if we wish, make the 
infinite region of the plane of analysis correspond to the infinite region of S. 

{+The quadric surface S also has its peculiar advantages owing to 
the way it is immersed in three-dimensional space. 
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In the first place, no difficulty is introduced by allowing 
all the quantities considered to be complex. In this way we 
get the complex plane of analysis, on the one hand, and the 
complex surface S, on the other; that is, not merely the real 
points of S, which we have considered exclusively so far, but 
also its complex points. Moreover, there is no necessity now . 
to assume that S has real rulings, or even that it has real 
points: it may be any non-singular quadric.* 

On the other hand, either in the real or in the complex plane 
of analysis, we may consider not the group of transformations 
(2), but the larger group consisting of these transformations 
(which we will now call the direct transformations) and also 
of the indirect transformations obtained by combining them 

. with the transformation ` 


X=Y, Y=X > , 


This larger group obviously corresponds to the group of all 
the collineations of S into itself. From this point of view we 
may say: 
The geometry of analysis in the plane, and the projective 
geometry on any non-singular quadric surface, are abstractly 
$4. The Plane of Inversion. 


This last theorem recalls one of Klein’s early discoveriest 
namely that the geometry of inversion in the plane is abstractly 
identical with the projective geometry on any non-singular ` 
quadric surface. By combining these two facts we get the 
result: EE 

The geometry of analysis in the plane and the geometry of 
inversion in the plane are abstractly identical. 

This result, like the two from which we have deduced it, 
is true, however, only if we disregard all questions of reality. 
` Let us, then, go back and consider the geometry of inversion 
for its own sake, at first in a very elementary manner. 

We start from the real finite plane and its rectangular 
cartesian coordinates (X, Y), and consider the 6-parameter 
group of transformations generated by all rigid motions 





* We mention in passing that the bilinear curves may readily be shown 
to correspond to the plane sections of S, a fact which is, of course, equally 
true if we restrict ourselves to reals. 

T Math. Annalen, vol. 5 (1872), p. 207. 
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combined with inversions in circles and reflections in lines. 
Since an inversion throws the points near the center of the 
circle to a great distance, and brings the points at a great 
distance into the neighborhood of the center, we are in the 
habit of saying that it throws the center to infinity; and vice- 
versa; and since, except for this, we have a one to one trans-- 
formation, we are here led, in precisely the manner of §§ 1, 2,. 
to introduce the conception of a single point at infinity, and 
to say: In the geometry of inversion of the real plane, the infinite 
region shall be regarded as forming a single point. This point 
of view is so familiar, through its importance in the theory of 
functions of a single complex variable, that we need not insist. 
on it further. It is, indeed, the one case in which it is generally 
conceded, though often grudgingly, that the conception of the- 
line at infinity is not the only possible one. We recall that the- 
simplest class of curves here is that which consists of all 
straight. lines and all circles (we consider here only real loci),. 
these curves being carried into one another by the trans- 
formations of the group. Straight lines differ from circles 
merely in that they pass through the point at infinity. Two. 
straight lines intersect in general in two points, one of which 
is at infinity; while if the lines are parallel they must be 
regarded as tangent to each other at infinity. Etc. 

Far less commonly recognized is what we get when we 
consider the geometry of inversion in the complex plane.* 
We must here consider the two sets of minimal lines 


X + Voir const, X — V/— 1 Y = const. 


` It is readily seen that every motion of the plane in itself 
carries over a minimal line into a minimal line of the same 
set, while every reflection in a linet and every inversion in a. . 
circle} carries over a minimal line into a minimal line of the 
other set. In the case of inversions, however, there are two 
exceptions: points on the minimal lines through the center 
. of the circle of inversion are not transformed at all, but may, 
* Cf. Study: “Das Apollonische Problem," Math. Annalen, vol. 49: 
(1897), p. 497, and E. v. Weber: “Zur Theorie der Kreisverwandtschaften 
in der Ebene,” „Bayerische Sitzungsberichte, vol. 31 (1901), p. 367, in neither 
of which long treatments is a word said concerning the nature of the infinite 
T on. 
Reflection is defined when and only when the line is not a minimal line. 


I Inversion in a circle is defined when and only when the circle is not a 
null circle, 
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as in previous cases, be said to be thrown to infinity. ‘Thus 
we are led to expect that in the geometry of inversion of the 
complex plane the infinite region should be taken as consisting 
of one real ideal point (the point at infinity, of the real plane) 
and through it two ideal minimal lines containing no other 
real point.* 

All this can be put on a firm basis by the use of circular 
coordinates 


=X+vV-1Y, H-X— V—1Y. 


In terms of these coordinates the group of direct circular 
transformations, that is, those which do not interchange the 
two sets of minimal lines, may be writtent 








mir QEF f a. Bi 

d |o mE ài yi à SH 

H = aH + Bs a Ba 
KOCH Yı Ge 








We may also introduce homogeneous circular coordinates 
(Ei: £a, 71 : 72) by means of the relations 


Zei E 


when the 6-parameter group of direct circular transformations 
becomes 


ph' = esi + Bike, om’ = onm + Bons, 
pi = yibi + die, om! = Yanı + dam. 


The indirect circular transformations come by combining 
these direct transformations with an interchange of the Es 
with the ais, 

Tt will be seen that the formule just written are identical 
with those used in $2, except that S and H now take the 
place of X and Y, and that, for real points, & and H are 
complex. Hence, disregarding questions of reality, the 
' * Of. my book, Über die Reihenentwicklungen der Potentialtheorie, 
Leipzig, Teubner, 1894, p. 27, footnote. The whole treatment there- 


given was written under "the inspiration of Klein. 
T Cf. E. v. Weber, loc. cit., p. 382. 
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general theorem at the beginning of this section follows again, 
this time without reference to quadric surfaces. 

A systematic presentation of the geometry of inversion 
from the point of view here explained, namely that the infinite 
region consists of two minimal lines intersecting in a real 
point, would be most desirable. In it, two distinct circles 
intersect in only two points, the circular points at infinity of - 
projective geometry having now no existence. Every circle, 
to be sure, has two ideal points, namely the imaginary points 
where it cuts the ideal minimal lines; but these points are in 
general different for different circles. In the case‘of concentric 
circles, which have no finite points in common, these ideal ' 
points are the same for one circle as for the other. Two dis- 
tinct circles always intersect in two and only two points, 
which may coincide, in which case we say the circles are 
tangent; and the same is true of a circle and a line (not mini- 
mal), or of two lines (not minimal); but a minimal line meets 
& circle or an ordinary line in only one point, so that there is 
no possibility of contact here. | | 

As a final illustration of the desirability of this point of 
view I mention the subject of foci. According to the ordinary 
definition, a focus of a plane curve is a point of intersection 
of two minimal lines, one of each set, both of which are 
tangent to ‘the curve. The scope of this definition is not, 
however, coextensive in the projective plane and in the plane 
of the geometry of inversion, since contact at infinity means 
something very different in the two cases. Thus, in the 
projective plane, the center of a circle is its focus, since the 
minimal lines through the center touch the circle at the 
circular points at infinity. In the plane of the geometry of 
inversion, a circle has no focus (any more than a straight 
line has) since, as we have just noted, a minimal line cannot 
touch it. Since in the plane of the geometry of inversion the 
6-parameter group of circular transformations is without 
exception a contact transformation, and carries minimal lines 
into minimal lines, it is clear that the relation of a focus to a 
plane curve is always invariant with regard to circular trans- 
formations. 

The reader should contrast the perfect simplicity and 
generality of such statements as we have just been making 
with the far less perfect form the geometry of inversion takes 
when we use the projective plane and therefore have the 
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circular points at infinity as fundamental points of the trans- 
' formations of the group.* In order to get the complete benefit 
of our point of view, a suitable terminology (which should be 
neither uncouth nor very extensive) should be introduced. 
In particular, some name should be given to the class of curves 
consisting of all circles, and all lines which are not minimal 
lines. If, following the analogy of $2, we call such curves 
bilinear curves and those which consist of a pair of minimal 
lines singular bilinear curves, we may say: any two distinct 
non-singular bilinear curves intersect in two points either 
distinct or coincident. Let the reader enunciate completely, 
and correctly the facts in the projective plane which correspond 
to this, and he will get some idea of the gain in simplicity to 
which we have referred. 


$5. Three-Dimensional Space. 


In one-dimensional geometry (the straight line) there is no 
distinction between the three kinds of spaces with which we 
have been dealing, the groups of transformations in the three 
cases being identical. 

In two dimensions, we have seen that two of the three 
geometries differ only in questions of reality, while the third, 
projective geometry, is essentially different from them. 

When we get above two dimensions, all three geometries 
are essentially different even without the introduction of. 
questions of reality. For the sake of simplicity, we confine 
ourselves to three dimensions. Unless the contrary is stated, 
we suppose all quantities to be complex. 

The three dimensional projective space with its plane at 
infinity is so familiar that a mere reference is sufficient. The 
group is, of course, the 15-parameter group of all non-singular 
collineations. 

In the space of analysis we have the 9-parameter group 


| aX + fr y= as Y + Bs Z= aZ + Bs 
| MX + à? yY + à)" 34 + 53’ 


* Cf. the classical treatment given from this point of view by Darboux 
in his book, Sur une Classe remarquable de Courbes et de Surfaces algé- 
briques, 1872. 

We mention, in passing, that it is perfectly possible to study projective 
georhetry m the plane of analysis or in the plane of the geometry of inver- 
sion. e collineations will then, in general, be quadratic transformations 
with the double point at infinity as a fundamental point and the ideal 
ground-lines (or minimal lines) as fundamental lines. 


X' 
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where we suppose the determinant of each of these three 
linear functions to be different from zero. The planes 


X = const, Y = const, Z = const. 


we speak of as the three sets of ground-planes; and the lines 
parallel to the coordinate axes, as the three sets of ground- 
lines. We then introduce our ideal points, precisely as in $2, 
so that they completely fill three ideal ground-planes; one 
belonging to each set. These ground-planes intersect in three 
ideal ground-lines, one of each set; and all three ideal ground- 
planes (and also all three of the ideal ground- lines just men- 
tioned) have one and only one point in common, the triple 
point at infinity. Our nine-parameter group is then, with- 
out exception, a one-to-one continuous point ‘transformation. 
It carries over every ground-line (or ground-plane) into another 
ground-line (or ground-plane) of the same set. The whole 
subject may, be developed farther along precisely the lines of $2. 

Finally in the geometry of inversion we deal with the 
10-parameter group of circular transformations generated by 
all motions, reflections in planes (not minimal), and inversions 
in spheres (not null). By entirely elementary computation 
' we find that these generating transformations all carry over 
minimal lines into minimal lines, except that an inversion 
throws all the minimal linés through the center of the sphere of 
inversion to infinity. Moreover the points on these minimal 
lines are the only points which are not transformed. The 
minimal lines through a point form a minimal cone, and 
every minimal cone is carried into another minimal cone, with 
the exception just noted of the minimal cone with vertex at 
the center of inversion, which is thrown to infinity, and also 
` with the exception of the minimal cones whose vertices are 
on the minimal cone just mentioned. Such & minimal cone 
becomes a minimal plane, and, conversely, every minimal 
plane becomes & minimal cone ‘of the kind last mentioned. 
The generating transformations other than inversions of 
course carry over minimal planes into minimal planes. 

Out of this complexity we can bring the most beautiful 
order by introducing ideal points of which one is real (the 
point at infinity of the real geometry of inversion) and all the 
others imaginary, and which fill completely a minimal cone 
with the real ideal point as vertex. A minimal cone being 
defined as the locus of all minimal lines through a given point, 
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the minimal planes now appear merely as special cases of 
minimal cones, namely those whose vertices are imaginary 
‘ideal points. We may now say, without exception, that 
in the space of the geometry of inversion, as thus formed, the 
10-parameter group of circular transformations is a one-to-one : 
continuous transformation which carries over every minimal 
dine into a minimal line. All this may be put on a firm founda- 
‘tion most conveniently by using as an analytic instrument 
Darboux’s pentaspherical coordinates. 

‘ The simplest class of surfaces in this geometry (we will call 
‘them linear surfaces) consists of all planes and spheres. 
Among these we distinguish the singular surfaces, namely 
the null spheres (or minimal cones) of which, as we have seen, 
the minimal planes form a special case. Not only will linear 
surfaces go into linear surfaces (remaining singular if they 
were so originally) but any two non-singular (and also any. 
‘two singular) linear surfaces are equivalent with regard to 
the 10-parameter group of circular transformations. 

Here, again, the circle at infinity of projective geometry 
has no existence. Every sphere has ideal points, namely 
the points of the curve in which it meets the ideal minimal 
cone, and this curve may properly be called a circle since it is 
the intersection of two spheres, namely the given sphere and 
any sphere concentric with it. Two spheres which are not 
concentric will however, not pass through the same ideal 
circle, as they do in projective space, but through different 
ones. 

We recalled at the beginning of $4 an important result of- 
Klein. If we take as our quadric surface a real, non-singular 
quadric with real points but imaginary generators, or, in 
particular, a sphere, that result may, as is well known, be 
‘stated more precisely as follows: 

When we consider questions of reality the geometry of inversion 
in the plane is abstractly identical with the projective geometry 
of a sphere with real non-vanishing radius and real center. 

The import of this statement is not merely that there 
is a one-to-one correspondence between the points of the 
sphere and the points of the plane of the geometry of inversion 
of such a sort that real points correspond to real points, but 
also that there is a one-to-one correspondence between the 
circular transformations of the plane and the collineations of 
the spherical surface into itself. The most elementary way 
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of establishing this correspondence is, of course, by means of a. 
stereographic projection of the plane on the sphere. Now 
this stereographic projection may also be regarded as an 
inversion of space which carries over the plane into the sphere.” 
We thus look at the sphere as lying not in projective space but 
in the space of the geometry of inversion, and we are thus led 
to inquire whether the transformations of the sphere into 
itself with which we are concerned may not also be obtainable 


by means of a subgroup of the 10-parameter group of circular .: 


transformations of space: A count of constants (10 — 4 = 6) 

suggests that there should be a 6-parameter group of circular 

transformations of space which carry over the sphere into itself. 

A closer examination shows that this is actually the case, but 

that instead of there being a one-to-one correspondence 

between the circular transformations of the plane and the 

transformations of this subgroup, the correspondence is one- 

to-two; either of the two circular transformations of space 

which give the same transformations of the sphere into itself 

being obtainable from the other by following, or preceding, it 

by an inversion in the given sphere. Thus we get the geometry ` 
of inversion of the plane either by considering the 6-param- 

eter group of collineations of projective space which carry 

over a real non-singular sphere into itself or the 6-parameter ` 
group of circular transformations of the space of inversions 

which carry over a real non-singular sphere (or a real plane) 

into itself. i ' 

If what has here been said does not persuade all readers of 
the desirability of using, on occasion, other spaces than pro- 
jective space, it is hoped that it may at least make clear the 
desirability of stating explicitly in all cases what space it is 
that is being used. Papers dealing with transformations 
` which throw points to infinity are not in a satisfactory form. 
unless it is made clear what infinite region is assumed. 


HARVARD UNIVERSITY, 
CAMBRIDGE, Mass., 
August, 1913. 
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SHORTER NOTICES. 


Taschenbuch für Mathematiker und Physiker. Unter Mit- 
wirkung zahlreicher Fachgenossen, herausgegeben von FELIX 
AUERBACH und RupoLr RoTHE. 3. Jahrgang, 1913. Leip- 
zig und Berlin, B. G. Teubner, 1913. x + 463 pp. 6 M. 


Tue general aims and arrangement of this very useful little 
encyclopedia were explained by Professor J. B. Shaw in his 
review of the first volume, 1909, published in this BULLETIN, 
volume 16 (1910), page 321. The present volume opens with a 
biographical sketch of Friedrich Kohlrausch, and the principal 
other new contributions, according to the preface, are devoted 
to the following subjects: Calendar and astronomy, theory of 
aggregates, group theory and the Galois theory of equations, 
the last theorem of Fermat, integral equations and their 
applications, multiply valued functions and uniformization, 
international commission on the teaching of mathematics, 
analytical mechanics, theory of quanta, geodesy, crystallog- 
raphy, and general chemistry. 

Among the other new features there appears a short histor- 
ical list of prominent deceased mathematicians. A similar 
list of prominent physicists is expected to appear in the next 
volume. To enable the publishers to sell the book at a lower 
price the present volume contains about 100 pages less than 
its Immediate predecessor. Most of this reduction has been 
made in the part relating to mathematics. The present 
volume is about the same size as the first volume of the series 
and is sold at the same price, while the second volume costs 
one mark more. The index and the table of contents of the 
present volume include references to the more important sub- 
jects treated in the earlier volumes but omitted in this. The 
fourth volume (1915) is expected to appear at the end of 
1914. 

Small books dealing with such immense subjects are very 
useful, not only to the man who has very little time for study 
yet wishes to keep in touch with the most important facts 
. and advances, but also to the student who may wish to get 
a clear notion of some central features before entering into 
details. The two mathematical subjects to which the largest 
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amount of space is devoted in the present volume are theory 
of aggregates (12 pages) and integral equations with appli- 
cations (8 pages). The contributions dealing with these two 
subjects are due to G. Hessenberg and O. Toeplitz respectively. 
The article on Fermat’s last theorem (6 pages) is due to A. 
Fleck. This article was suggested by H. A. Schwarz, and 
should be especially welcome to editors of journals in view of 
the fact that many papers on this subject are now being offered 
for publication by authors who are not familiar with the 
literature. . 

While the number of references is not relatively as large 
as one would expect in a larger encyclopedia, yet this number 
is considerable, and sufficient to exhibit to the general reader 
the fact that rapid advances are being made, since many of 
the references are to the works of men who are still living. 
Such small books are extremely useful to secure a more rapid 
dissemination of important new knowledge and thus to secure 
for scientific workers a more general recognition. It seems 
unfortunate that we do not have a similar work in English. 
Possibly the success of this series may encourage some English 
publisher to fill the gap which is as serious with us as it was in 
Germany before the appearance of the first volume of this 
Taschenbuch. 

G. A. MILLER. 


Introduction a la Théorie des Nombres algébriques. By 

J. Sommer, translated from the German by A. Levy, with 

a Preface by J. Hapawarp. Paris, A. Hermann et Fils, 

1911. x + 376 pp. 

SowwER's “Vorlesungen über Zahlentheorie,” which was 
published in 1907, was the first book to present in form really 
available to the beginner, the elements of the theory of alge- 
braic numbers as developed by Kummer, Dedekind, and 
Hilbert. By devoting the greater part of his book to quadratic 
and cubic number realms, with applications to other branches 
of mathematics, Sommer rendered a real service to students 
who wish to become acquainted with this beautiful theory. 
The German edition has already been reviewed by Professor 
Ling,* whose favorable opinion has been borne out bylthe 
appearance of the French translation within four years of the 
publication of the original. | 


-* Ling, BULLETIN, vol. 13, No. 3, December 1907. 
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The translation has been faithfully made and will be most 
welcome to students who find German the more difficult 
language. The words "revue et augmentée" which appear 
on the title page are not to be too seriously taken, for they are 
certainly not warranted by the changes that have been made. 
The introductory chapter, which is devoted to divisibility of 
integers, the ç-function, congruences, and Fermat’s theorem, 
has been cut down from seventeen to fifteen pages. Con- 
cerning the demonstration of the unique factorization theorem 
for rational integers the translator says in a foot-note: “Cette 
démonstration étant enseignée dans toutes les écoles françaises, 
je me suis permis d’abréger ici un peu le texte de M. Sommer.” 
In a few other places we find omissions of unimportant state- 
ments. Inthe list of examples given in section 16 for the deter- 
mination of the class number, the translator has substituted for 
` the realm &(V31), the realm Et d 201. which has the same class 
` number. The increase in the number of pages from 361 to 
376 is due mainly to two things: In the French edition the 
page is shorter, and greater display is given to the equations, 
matters which add materially to the appearance of the book. 

On page 188, at which point Sommer's proof that the special 
Fermat's equation 


at ye ai 


has no solution in integers begins, the translator has very 
generously changed the heading from “Entwicklung von 
Legendre” to “Démonstration de M. Sommer." The com- 
plete omission of the name of Legendre, who used the principle 
employed, as Sommer tells us, “in seiner einfachsten Form,” 
seems scarcely warranted. 

In a gracefully written preface M. Hadamard deplores the 
neglect—“si étrange qu'il puisse paraître dans la patrie 
d'Hermite"—into which the theory of numbers has fallen in 
France and expresses the hope that through the recently 
renewed activities in this direction at the University of Paris, 
and the fact that French students have now an adequate 
text at their disposal, conditions will soon change. 

Unfortunately the book, which is printed in excellent type, 
on good paper, and with wide margins, is seriously marred by 
the fact that the proof reading has been abominably done. 
No less than forty-seven errors, to say nothing of omission of 
punctuation marks, have been found in the first thirty pages 
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of Chapter II. Of course, most of the errors would be easily 
detected, even by the casual reader, but when the text is made 
to speak of the discriminant of the realm as “le plus grand 
diviseur des nombres entiers du corps" (page 26), the be- 
ginner may have some trouble in supplying the omission. 
The same thing is true of the omission of the word “premier” 
in the statement of the theorem on page 65. In many places, 
as on page 49, where several equations are printed in one line 
without commas between, the right member of one and the 
left member of the following one appear as a product. Again, 
on page 65.where examples are given to illustrate the use of 
the symbol () to determine in what way the principal 
ideal (p) can be broken up into ideal factors, we find the word 
* Corps" in a line by itself followed in the next line by 


.K4—5) m=—5 d=-% 


without any punctuation whatever, just as though m and d 
were necessary to define the realm. 

The book would have been greatly improved for the general 
reader by printing the theorems in italics instead of in Roman 
characters. 

The reader who glances over the table of contents and finds 
the entry “Index” will wonder if Frenchmen are reforming in 
the matter of indexes. But his surprise will be quickly turned 
to disappointment when he finds that the word is only a 
translation of Sommer’s * Literatur-Verzeichnis" referring to 
the list of tables relating to the theory of numbers. 

E. B. SKINNER. 


An Introduction to the Infinitesimal Calculus—Notes for the 
use of Science and Engineering Students. By H. S. CARSLAW, 
Professor of Mathematics in the University of Sidney. 
Second edition, 1912. Longmans, Green and Co. xvi + 
187 pp. 

As indicated in the subtitle and in the preface, this little 
book is intended for first year students in the engineering 
schools of universities and technical colleges. It presumes a 
‘preparatory knowledge of trigonometry and elementary 
algebra, only. The first edition (1905, x + 103 pages) de- 
manded a knowledge of infinite series for the deduction of the 
formulas for differentiating e" and log z; in the present edition 
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new methods are used in the text and the old proofs are placed 
in an appendix. Other changes are the addition of a section 
on repeated differentiation, one on fluid pressure, and a 
number of new exercises. 

In Chapter I (16 pages) the rectangular coordinate ge- 
ometry of the straight line is presented; in Chapter II (14 
pages) the meaning of differentiation; in Chapter III (14 
pages) the differentiation of algebraic functions and some 
general theorems; in Chapter IV (16 pages) the differentiation 
of the trigonometric and inverse trigonometric functions; in 
Chapter V (20 pages) the differentiation of the logarithmic and 
exponential functions, maxima and minima, partial derivatives; 
Chapter VI (10 pages), the conie sections; Chapter VII (15 
pages), integration; Chapter VIII (22 pages), the definite 
integral and its applications. 

This book is an example of a brief text which has not 
sacrificed accuracy of definition of the terms used, and should 
be, for the most part, legible to a first year student without the 
constant assistance of a preceptor; this will hardly be the case 
however when he encounters the term “rectangular hyperbola” 
(page 18), or “parabola” (page 19), or when he is expected 
to remember (page 45) that 


lim (sin 0)/ = 1. 


First year students are not too young to be emphatically im- 


- pressed with the notion that whenever an indicated operation 


seems to demand dividing by zero, no such demand is really 
made, but a special investigation is required. Thus, after prov- 
ing (pages 4-5) that for every prescribed real number m, the 
equation y = mz represents a straight line through the origin, 
it would seem better to omit the statement, “if m = œ, the 
line is the axis of y," and state the converse: Every line through ` 
the origin, except the axis of y, can be represented by an equa- 
tion of this form. Similar remarks apply to the solution 
(page 10) 


‘of the equations 


ax + by+c=0, aæ+by+e 2-0, 
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and to the formula (page 37) 


dp de. 
dx dy ` 
. The notion of a limit set forth on page 21 is carefully worded 
and sufficient for the purpose immediately in view, and the 
use of the notation 


Lay) = 0 instead of Lt(y) = b 


makes for clearness with a beginning student, but it would be . 
unfortunate to leave him with the impression that a function 
never attains its limit. Continuity is not mentioned except 
incidentally in § 13, page 19. Little emphasis is put on the 
existence of a limit; in finding the derivative of y = x?/2 
(page 39) and of y = sin”! x (page 52) the question of existence, 
which would be unlikely to arise in the mind of the reader, is 
not raised by the author. 

Considerable interest attaches to the use in Chapter V of 
7, 8, and 15 place logarithm tables to make it seem plausible 
to the reader (the author states in advance that the discussion 
is not a rigorous proof) that lim (L+ 1/n)* exists, that 


e — 2.718 (approximately) and that lim. n logio (1 + 1/n)* 
exists and — .4343 (approximately). From these results 


logio € 





|d . 1 
ES logio x = and dz log, z,— = 


are deduced; then de*/dx = e, considering er as the inverse 
of log, z. 

If one decides not to go into a detailed proof to establish 
these formulas, it is of course a matter of opinion what would 
better. be assumed and what proved. An alternative and 
equally plausible assumption, after e has been defined, is that 

1 
Ite<e<ı _, for —1«z«1l, 


1 
from which follow 


Lee à (21 AN 
GE E an d; 987 bere 


considering log, x as the inverse of e, 
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Monographs on Topics of Modern Mathematics Relevant to the 
Elementary Field. Edited by J. W. A. Youna. New York, 
Longmans, Green and Co., 1911. viii + 416 pp. 

Tars book contains nine monographs by as many authors, 
as follows: 
1..The Foundations of Geometry, by Oswald Veblen. 

Pages 1-51. 

2. Modern Pure Geometry, by Thomas F. Holgate. Pages 

53-89. 

3. Non-Euclidean Geometry, by Frederick S. Woods. 
Pages 91-147. i 
4. The Fundamental Propositions of Algebra, by Edward 
V. Huntington. Pages 149-207. 
e The Algebraic Equation, by G. A. Miller. Pages 209- 


e The Function Concept and the Fundamental Notions 
N the Calculus, by Gilbert Ames Bliss. Pages 261-304. 

7. The Theory of Numbers, by J. W. A. Young. Pages 
305-349. 

8. Constructions with Ruler and Compasses; Regular 
Polygons, by L. E. Dickson. Pages 351-386. 

9. The History and Transcendence of v, by David Eugene 
Smith. Pages 387-416. 

The authors. of these monographs were of ilie opinion that 
there is room for a serious effort to bring within the reach of 
secondary teachers, college students, and others of a like 
stage of mathematical advancement, a scientific treatment of 
some of the regions of advanced mathematics that have points 
of contact with the elementary field. "They felt that & great 
need of our secondary instruction in mathematics is the 
enlargement of the mathematical horizon of the teachers 
themselves; and they believed that there is a large body of 
earnest teachers and students that are eager to extend their 
mathematical knowledge if the path can be made plain and 
feasible for them. 

The object of these monographs is to make a contribution 
toward meeting this need. That the topics are well selected 

- for this purpose may be seen from the foregoing list. The 
aim of each monograph is to bring the reader into touch with 
some characteristic results and viewpoints of the topic con- 
sidered, and several of them point out the bearing of these 
matters on elementary mathematics. 
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'The material in each of the monographs falls more or less 
definitely into three parts. First, there is a considerable 
body of results proved in full. Next, there is a statement 
without proof of some of the further leading methods and 
results, so as to give in minimum compass a bird's-eye view 
of the whole subject. Finally, in connection with most of 
the monographs there is a small number of references indi- 
cating what the reader may profitably take up after he has 
mastered the contents of the monograph itself. 

Naturally, the amount of technical mathematical knowledge 
presupposed on the part of the reader varies with different 
subjects. For the reading of a large part of the book, a 
knowledge of elementary algebra and geometry, together 
with a certain measure of mathematical maturity, is sufficient. 
Since the various papers are written by men well qualified 
to speak on the several subjects, there is much in them that 
will repay careful and detailed study by advanced students. 

There is not space here to go into an analysis of the separate 
monographs of the book. It seems desirable, however, to 
indicate a few specific criticisms. 

The symbol {ABC} is used in two senses in the first mono- 
graph (cf. assumption II and theorem 7); it would seem better 
to avoid this. The proof of theorem 19 in the same paper is 
incomplete. 

The statement on page 265 that the word function was origi- 
nally used to denote any power of a number seems to be inac- 
curate. Compare Encyclopédie, tome II, volume 1, page 3. 

In the seventh monograph we have the definition, “ A prime 
number (or briefly, a prime) is a number having no other 
factors than itself and unity." According to this definition, 
unity is a prime number. But on page 311 we find e(1) = 1, 
o(p) = p — 1, where p is a prime—an obvious inconsistency 
if 1 is a prime. To the reviewer it seems better to exclude 
unity from the list of primes. 

The proof reading on some of the monographs was not 
carefully done; see, for example, the inconsistent use of italics 
on page 11. But the errors of this sort will usually cause the 
reader no serious inconvenience, and consequently no list of 
them is supplied here. 

In conclusion I should like to say with emphasis that this 
book makes a step in the right direction. It looks forward 
to the time when the secondary teacher will know some of the 
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most modern notions concerning fundamental mathematical 
disciplines, a precursor of that day when the undergraduate 
curriculum will contain, in their more elementary aspects, 
many of those subjects and ideas which make mathematics 
a thing of esthetic delight to those who are now laboring in 
its development. 

Another valuable contribution to the same end would be a 
treatise on elementary geometry written from the point of 
. view of the first monograph of the present book. How this 
may well be done can be seen from the nature and arrangement 
of this monograph. 

R. D. CARMICHAEL. 


Higher Algebra. By H. E. Hawxes. Boston, Ginn and 
Company, 1918. v + 222 pp. 
Tee subjects treated in a course in algebra designed for 

freshmen and advanced secondary students constitute almost 

a fixed unit; as to the manner of presenting these subjects 

there is some difference of opinion. Some teachers believe 

in carefully formulating a few assumptions and building upon 
these with absolute rigor. From the standpoint of the scientist 
this is possibly the only correct view. Some have asserted 
that this thoroughly rigorous method of proving every step 
is practical as well as theoretically elegant; but by far the 
greater number of teachers have found by experience that an. 
entirely different method of procedure is preferable. The 
average freshman does not have the intensive interest of the 
scientist in the subject; he is looking for general rules rather 
than the exceptions with which the scientist is vitally con- 
cerned; the interest of the student should be awakened and 
stimulated by frequent appeals to his intuition and by giving 
the subject a real and tangible basis; any long series of purely 
logical steps should be avoided if possible; hence, it has been 

. found desirable in presenting the subject to this type of student : 

‘ to make bold and explicit assumptions as they become neces- : 

sary in the development, and to postpone proofs of a severely 

logical character to a later and more critical study, 

Professor Hawkes has written his book consistently from 
the second of the viewpoints just described. The book has 
been prepared to meet the needs of the student who will 
continue his mathematics as far as the calculus. The author 
has adapted the book both to the engineer and to the student 
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of pure mathematics by using the topics which must be em- 
phasized by the engineer, such as’ numerical computations, 
checks, graphical methods, the use of tables, and the solution 
of specific problems, as a basis on which the foundations of 
the more theorétical portions of algebra might be suitably 
and advantageously laid. 

In the introductory review the usual topics are taken up, 
but in such a way that much may be brought out which has 
not permeated the mind of the student in passing over the 
work for the first time. Considerable attention is paid to 
the substitution of values of z in polynomials by a selection of a 
number of good exercises in this work. To factor an expression 
of the type aa?H- br + c the author separates b into two 
parts whose product is ac; i. e., 62? — 132 — 5= 62? — 15x 
+22: — 5 (de — 5) + (22 — 5) = (2z — 5)(3x + 1). 
This is an improvement upon the method of multiplying 
through by the coefficient of 2? and changing the variable, 
after which it must be changed back to a. 

Probably the most salient feature of the book is the fact 
that the author ihsists upon the student's acquiring & knowl- 
edge of the fundamental theory of the equation; this aim 
appears not only in the chapter on the theory of equations, 
where it is woven into the very texture of the material, but 
also in the treatment of other topies. Some intimation of the ' 
theory of the quadratic is given on the first page of the book, 
where attention is called to the fact that the factors of 
zi + bz + care (<|+ p)(z + q), where p and q are two numbers 
whose sum is b ahd whose product is c. Later, to find the 
condition that one root of a quadratic shall be n times the 
other is given as ah exercise; the condition that the two roots 
of the quadratic shall be equal follows as a special case, but the 
discriminant is later given the prominence that it deserves. 
Some emphasis is|laid upon the parameters which occur in 
quadratics: application is made of this in finding algebraically 
-the maximum and minimum of a quadratic function; i. e., 
in the expression y = aa? + bz + c, the y is transposed and 
considered a parameter, and that value of y is obtained which 
makes the discriminant of the resulting expression equal to 


inction, the graph of a function and espe- 
cially the slope of the graph are clearly explained and 
attractively illustrated. Much use is made of graphical 
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methods. ‘An excellent example of the use of graphs is 
given on page 58 in discussing the behavior of a quadratic 
function when the coefficient of x? approaches zero as a limit. 
It is easier to remember the method of expanding a three- 
rowed determinant by re-writing its first two columns, taking 
the right hand diagonals for positive terms and the left hand 
diagonals for negative terms, than the usual but more com- 
plicated method of forming these diagonals given by the 
author. The changing of x to y — 2 in separating into partial 
fractions expressions of the type (8a? — 4x + 3)/(x + 2) 
. I3 of so much advantage that one wonders why so many books 
fail to suggest it. That the fraction a/n approaches a limit 
when a is a constant and n a variable which becomes infinite 
is brought out in a dialogue between two speakers and serves 
as a relief from the hackneyed expressions which usually 
-occur in that connection. 

I believe that the author may be fairly criticized for not 
having given a more formal discussion of undetermined coef- 
ficients. If one is trying to find topics which must be used 
by the applied scientist and which may be used as a medium 
in which the foundations of theoretical algebra might be laid— 
the expressed intention of the author—I know of no subject 
which could be better used to advantage i in this connection ' 
than undetermined coefficients. 

The book is exceptionally free from typographical errors. 
I have noticed only one; on pagé 21, in the example at the 
bottom of the page, 3 75 should be 3.75. 

All of the subjects taken up in this book except probability 
and infinite series have been treated in the author's former 
book on Advanced Algebra. Criticism of these topics over 
a period of about seven years has resulted in much improve- 
ment. It is my belief that the teacher will find the Higher 
Algebra a good text to follow closely in courses designed to 
give the student & thoroughly good workable knowledge of 
this portion of algebra. 
b. f Josera EUGENE Rowe. 


The Teaching of High School Mathematics. By GEORGE W. 
Evans. Boston, Houghton Mifflin Compani; 1911. x+ 

' 94 pp.. Price 35 cents. 

. Tue little book under review is one of the Riverside Edu- 

‘gational Monographs. When the reader meets in the pref- 
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ace a discussion of the modern demands of “the ideal of 
practicality,” “sound educational sociology," and “ sound 
rational psycholpgy,” he is led to expect some quite radical 
suggestions as td the material and methods to be used in high 
school mathematics. However one finds in the modern de- 
mands upon the teacher of mathematics, as discussed by 
the author, nothing very radical and only what progressive 
teachers have been practicing for some years; the large number 
of teachers who still believe the chief value of mathematics 
to be disciplinary, and who cannot accept all the claims made 
against the doctrine of formal discipline, will accept the sug- 
gestions of the autbor as helpful to better mathematics teaching. 

The emphasig placed upon efficiency and self-reliance in ` 
computation, the equation as the central idea in algebra, 
geometry as a source of algebraic material, the importance of 
graphical work, broader foundations of proof in geometry, 
and a saner attitude toward the method of limits in elementary 
mathematics are now generally endorsed by progressive 
teachers. Possibly the most radical suggestions are those for 
the use of Simpson's rule for plane areas and the principle of 


















The book gives the final impression of being written by a 
successful and progressive teacher; the few hours required to 
read it will give a teacher some valuable suggestions as well 
as inspiration td improve his own teaching. 

Ernest B. LYTLE. 


Koordinatensysieme. Von PAUL B. FiscHER. Leipzig, Samm- 
lung Gôschen,| 1911. 125 pp, 


Tuts little book gives a very readable and, on the whole, 
satisfactory account of the most important systems of coor- 
dinates which have been used in geometry. The discussion of 
cartesian point coordinates, Plückerian line and plane coor- 
dinates leads the author naturally to the homogeneous coor- 
dinates of Hesse and to the general projective systems of 
coordinates. Hb then discusses some of the most elementary 
properties of curvilinear coordinates in general and gives some 
more detailed akcount of certain special systems, especially 
polar and elliptip coordinates. . 

Although Fiseher formulates the general notion of coor- 
dinates, one cannot help remarking how little has, as yet, 
. been accomplished in the direction of & general theory of 
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coordinates. Consequently, a book on coordinate systems, 
like the present one, necessarily lacks unity since a fundamental 
unifying principle, such as the group concept in the theory of 
- transformations, has not yet been found. 

E. J. WILCZYNSKI. 


NOTES. 
Tue official list of officers and members of the American 
Mathematical Society will be published in January. ‘Blanks 
for furnishing necessary information were sent out some time 


ago. ‘To insure accuracy, members are requested to inform 
the Secretary at once of any changes of status or address. 


Tue following changes in the editorial staff of the Trans- 
actions will soon take place: Professor H. S. WHITE retires 
` from the Editorial Board on February 1, and will be succeeded 
by Professor P. F. SwrrH. Professor W. R. LONGLEY and 
Dr. R. L. Moore have been appointed associate editors. 
Professor ARTHUR RANUM has consented to serve as associate 
editor until Professor HUTCHINSON is able to resume his work. 


At the annual meeting of the London mathematical society 
: held on November 13, the following officers were elected for 
the present academic year: president, A. E. H. Love; vice- 
presidents, H. F. BAKER and W. BURNSIDE; secretaries, J. H. 
Grace and T. J. Bromwicx. Also two members of the coun- 
cil. The following papers were presented at the meeting. 
` By G. T. Bennett, “The skew-isogram mechanism"; by 
G. H. Harpy. and J. E. Lrrrzewoon, “Tauberian theorems 
concerning power series the coefficients of which are positive”; 
by G. H. Harpy, “Lambert’s theorem”; by J. E. CAMPBELL, 
“The connection between surfaces the lines of curvature of 
which are spherical and surfaces the inflectional tangents of 
which belong to linear complexes,” and “Surfaces the systems 
of inflectional tangents of which belong to systems of linear 
complexes”; by W. H. Youna, “Integration with respect to 
a function of bounded variation"; by W. W. Jomnson, “The 
computation of Cotes’s numbers, and their values up to 
n = 20"; by S. G. Soar, “Some ruler constructions for the 
» eovariants of a binary quantic"; by T. C. Lewis, “ Analogues 
of orthocentric tetrahedra in higher space.” 


D 
x 
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Tur third Scandinavian congress of mathematicians was: 
held at Christiahia September 3-6 under the presidency of 
Professor C. Srörmer. The following papers were pre-' 
sented at the congress: N. NIELSEN, “Some applications of 
' Bernoulli’s numbers to the theory of numbers "; A. WIMAN, 
“ The relation between the maximum modulus and the largest 
term of an analytic function ”; G. STRÖMBERG, “ Analysis of 
the temperature ¢urve for Stockholm during the period 1894- 
1911 ”; G. MITTAG-LEFFLER, “ A theorem of Abel and Dirich- 
let's series”; J. HreLmsLev, “ Geometry of reality”; K. F. - 
SUNDMAN, “ Apparatus for finding special perturbations ”;.J. 
F. STEFFENSEN, 5 Analytic representation of sums in the 
theory of numbers "; N. E. NöRLUND, “ Facultative series Mm 
L. VEGARD, “Action of a gravitational field of force upon certain 
solutions"; P. EGAARD, 'Contributions to the theory of 
graphs"; M. Rırsz, “On Fourier’s series”; E. PHRAGMEN, 
* Remarks on thé preceding congress"; W. V. JENSEN, “A 
formula in the theory of numbers," and “On the roots of 
algebraic equations ”; C. Jost, “Toroidal non-algebraic sur- 
faces of the fourth order"; V. BJERKNES, “ Mathematical 
treatment of meteorological problems”; J. HJELMSLEV, “Geo- 
metric experience CR M. T. Sxorzw, “ Constitution of groups 
of the identical calculus”; A. PALMS8TRÔM, “ Calculation of 
invalid insurance”; S. Jouansson, “ Representation of auto- 
morphic potentials” ; HOLTSMARK, “The calculation of insur- 
ance on two lives.” n 


H 

Tue Swiss mathematical society held its fourth annual 
meeting at Frauenfeld, September 9, under the presidency of 
Professor H. Frenn, The following papers were presented 
at the meeting. By L. CRELIER, “On correspondences in 
synthetic geometry ”; by R. FUETER, “On algebraic equations 
with given groups”; by G. Dumas, “On the singulari- 
ties of surfaces"; by A. SPEISER, “On the factorization 
of algebraic forms”; by L. BreBERBACH, A new method 
of conformal representation "; by E. Marcuann, “ Newton’s 
rule in the theory of algebraic equations"; by F. Rupro, 
“Report on the publication of Euler's works”; by D. MRI- 
MANOFF, “Some points in the theory of sets”; by W. H. 
Young, “ The integral of Stieltjes and,its generalization "; 
by A. Emstein, D Physical basis and directing ideas of a 
theory of Er "7: by M. Grossmann, “ Mathematical ` 
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definitions, methods, and problems connected with the theory 
.of gravitation.” 


Tue Société physico-mathématique of Kasan offers a 
Lobachevsky prize of 500 roubles for the most important 
work on non-euclidean geometry published during the six 
years prior to November 4, 1915. 


In Teubner’s abbreviated catalogue, issued in October, 
1913, appear, among others, the following announcements. 
The second part of volume one of the second German edition 
of Pascal’s Repertorium der héheren Mathematik is to appear 
in the spring of 1914; the second part of the second volume is 
promised before New Year’s. In the Grundlehren der Mathe- 
matik fiir Studierende und Lehrer two further volumes are 
being prepared: Algebra, by E. Netto, and Geometrische 
Gebilde vom Standpunkte der Verwandtschaften, by W. F. 
Meyer. The investigations of the Bolyai (W. and J.), by 
P. Stickel, is in the press; Geheimnisse der Rechenkünstler 
-by P. Maenchen will appear in December. Twenty-seven 
volumes on advanced mathematics are either in the press or 
in advanced preparation. Of the encyclopedia, eleven parts’ 
of the German edition and twenty-five of the French are in 
‘the press. ` 


Tue twenty-first meeting of the Association of teachers of 
mathematics in the middle states and Maryland was held at 
Albany, November 29, 1913, extending through a morning and 
afternoon session. The following papers were presented, 
“Are particular abilities necessary for the pupil to gain an 
. understanding of the elementary and secondary mathematics 

as usually given at the present time?," by M. J. BABB and 
C. F. WHEELOCK; “A comparison at equal school ages of the 
attainments in mathematics of the European and American 
schoolboy with a consideration of causes and remedies," by 
J. C. Brown; “Mathematics as a means to culture and disci- 
pline,” by A. D. Yocum; “The use of the question in the 
classroom,” by R. STEVENS. 

At the business meeting, Mr. E. R. Surrg, of the Park 
School, Baltimore, was elected president, Professor H. E. 
Hawkes of Columbia University, vice-president, and Mr. 
HF Hart, of the Montclair high school, secretary. 
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The association comprises five sections, whose meeting 
places are at Philadelphia, Pittsburg, New York, Rochester, 
and Syracuse, respectively. 


Tue firm of Martin Schilling in Leipzig announces sixteen 
new models of curves of constant width (series XL, numbers 
4 to 19) by Professor F. Schilling (price M. 145); a plaster 

` model of the surface of centers of the cubic asymptotic surface 
zyz = d? (series XLII, number 8), by Professor E. Beutel 
(price M. 120); five approximations curve from the theory of 
. Fourier series (series L, numbers 1-5), by Mr. H. Küstner 
and Dr. L. Fóppl (price, M. 7.50). 


THE announcement, in the November BULLETIN, of the : 
mathematical co given at the technical school of Stuttgart 
during the present semester should have included the following: 
Professor R. Memes: Point analysis, with exercises, four 
hours. 


THE royal society of Edinburgh has elected as honorary 
fellows Professors H. LamB of the University of Manchester 
and V. VOLTERRA, of the University of Rome. 


i | 
Proressor F. KLEIN, of the University of Göttingen, has 
been elected td membership in the academies of Berlin, 
Bucharest, and Naples. 


| 
Proressor D, HILBERT, of the University of Göttingen, 
has been elected; corresponding member of the royal academy 
of sciences at Berlin. 


Proressor K., Boru, of the University of Heidelberg, has 
been appointed professor of mathematics at the University of 
Kônigsberg, as Successor to Professor G. FABER, who has 
accepted a similar position at the University of Strassburg. 


Ar the University of Agram Professor G. MAJCEN has been 
promoted to a full professorship of mathematics. 


Dr. R. WzirzENBÓCK, of the University of Vienna, has 
.been appointed docent in mathematics at the University and 
the Technical School of Gratz. 
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Dr. K. BERLINER and Dr. L. Henoca have been appointed 
docents in mathematics at the University of Bern. 


Dr. A. PROELL, of the technical school at Danzig, has been 
appointed professor of mechanics at the German technical 
school at Brünn. 


Hon. Bertrand RussELL, lecturer at Trinity College, 
Cambridge University, has been appointed lecturer in phi- 
losophy at Harvard University for the current year. Begin- 
ning early in March, he will give courses in the theory of 
knowledge and advanced logic. 


Ar the College of the City of New York Dr. F. G. REYNOLDS 
has been promoted from an assistant professorship to an 
associate professorship of mathematics. Dr. M. Pom has 
been promoted to an assistant professorship, and Mr. G. M. 
Brett to an instructorship. 


Proressor J. F. Downey, of the University of Minnesota, 
will retire at the end of the present academic year. 


AT the University of Michigan assistant professors PETER 
Prum and T. R. RUNNING have been promoted to junior pro- 
fessorships and Dr. C. E. Love to an assistant professorship 
of mathematics. Dr. ToMmLınson Fort, Mr. C. H. FORSYTHE, 
Mr. BAnNEM Lappy, and Mr. L. J. Rouse have been appointed 


instructors in mathematics. 


AT the University of Illinois Professor H. L. RıETz has been 
promoted to a full professorship of mathematics; Mr. H. C. 
Zem has been appointed assistant in mathematics. Mr. G. E. 
CaRSCALLEN has resigned to accept the professorship of 
mathematics at Hiram College. 


Mr. C. W. Westrr has been appointed instructor in 
mathematics at the Univerity of Iowa. 


Mx. C. P. Mie has been appointed instructor in mathe- 
matics in the Carnegie Institute of Technology. 


Miss FrogENCE KENDALL and Mr. W. E. EpriNGTON have 


been appointed instructors in mathematics at the University 
of Colorado. 
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Proressor F. Pockets, of the University of Heidelberg, 
died August 29, at the age of 60 years. 1 


Dr. H. VALENTINER, formerly of the University of Copen- 
hagen, died September 17, at the age of 62 years. 


Sm RosERT STAWELL BALL, Lowndean professor of as- 
tronomy and geometry in Cambridge University and for the 
last twenty-one years director of the Cambridge observatory, 
died November 25, at the age of 73 years. 


Dr. Franz KoLÁÓEE, professor of mathematical physics in 
the Bohemian University of Prague, died December 8, at the 
age of 62 years. ` 


PROFESSOR JOHN EASTMAN CLARKE, of Boston University, 
died November 22, at the age of 63 years. Dr. Clarke had 
been a member of the American Mathematical Society since 
1900. 


De. H. J: MESSENGER; actuary of the Travelers Insurance 
Company, died December 15, at the age of 58 years. Dr. 
Messenger had been a member of the American Mathematical 
Society since 1889. . 


, ^ CATALOGUES of second-hand mathematical books.— Gustav 
Fock, Schlossgasse 7-9, Leipzig, catalogue 448, about 4700 
“ titles in mathematics.—W. Heffer and Sons, Cambridge, 
, England, catalogue 104, about 3500 titles in mathematics 
and science.—Henry Sotheran & Co., 140 Strand, ‘London, 
catalogue 741, about 1500 titles in mathematics and science. 
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NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


ApHÉMAR (R. D’). „Leçons sur les rincipes de l'analyse. Avec une note 
de S. Bernstein. Tome 2: Fonctions Bynectiques. Méthode des 
majorantes. Equations aux dérivées partieles du premier ordre. 
Fonctions elliptiques. Fonctions entiéres. Paris, Gauthier-Villars, 
1918. 8vo. 74-298 pp. Fr. 10.00 

Ancais (F. D’). Analisi infinitesimale. 3a edizione, con modificazioni 
Se? hy tae Volume II (ultimo). Padova, Draghi, 1913. 8vo. 

Pp. 


ÄBCHIMEDES. Opera omnia. Cum commentariis Eutocii iterum edidit 
I. L. Heiberg. Band II. Leipzig, Teubner, 1913. 8vo. ir Pp. 
. 8. 


——— Werke. Mit modernen Bezeichnungen herausgegeben und mit 
einer Einleitung versehen von T. L. Heath. Deutsch von F. Kliem. 


Berlin, Haering, 1913. 8vo. 124-477 pp. M. 16.00 
BnaapoN (C... A primer of higher space (the fourth dimension). Ro- 
chester, N. Y., Manas Press, 1913. 8vo. Cloth. $1.00 


Browse (L. E. J.). Intuitionisme et formalisme. (Discours sur l'in- 
tuitionisme et le formalisme dans la philosophie mathématique.) 
Amsterdam, Clausen, 1913. 8vo. 32 pp. 


Caucuy (A.). Oeuvres complètes d’Augustin Cauchy, publieés sous la 
direction scientifique de l'Académie des sciences. de series, tome 11. 
Paris, Gauthier-Villars, 1913. 4to. 512 pp. Fr. 25.00 


CHAteLer (A.). Leçons sur la théorie des nombres: Modules, entiers 
algébriques, réduction continuelle. Paris, Gauthier-Villars, 1918. 
8vo. 10+156 pp. Fr. 5.50 


CovLoN (R.). Etude sur la géométrie des formes naturelles, Rouen, 
Lainé, 1918. 8vo. 74 pp. 


Erorr (E. B.) An introduction to algebra of quantics. 2d edition, 
London, Clarendon Press, 1918. 8vo. 432 pp. Cloth. 15 8. 
Fouen (L.). Opora omnia. Series I, Vol. XI: Institutiones calculi 
in is. Ediderunt F. Engel et 5 Schlesinger. Vol. 1. Leipzig. 
Teubner, 1913. 8vo. 18+462 pp. M. 28.00 


—. era omnia, Series I, Vol. X: Institutiones calculi differentialis. 
Edidit G. Kowalewski. Leipsig, Teubner, 1913. 4to. 676 pp. 


M. 82.00 
Evans (G. C). Sopra l'algebra delle funzioni permutabili, Roma, 1912. 
4to. L. 2.50 


Firxious Maternus (J.). Matheseos libri VIII. Ediderunt W. Kroll, 
F. Skutsch, et K. Ziegler. Fasciculus 2: Libri 4 posteriores cum prae- 
fatione et indicibus. Leipzig, 1913. 8vo. 70--558 pp. M. 12.00 


FRIScHHISEN-KOHLER dE Wissenschaft und Wirklichkeit. (Wissen- 
schaft und Hypothese. Nr. 16.) Leipzig, Teubner, 1912. 8vo. 
8+ 478 pp. M. 8.00 
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Fuzrer (R.). Die Klassenkörper der komplexen Multi likation und ihr 
Einfluss auf die Entwicklung der entheorie. ipzig, Teubner, 
1911. 8vo. 47 pp. M. 1.50 


Graz (D.). Questioni riguardanti le matematiche elementari. Dei 
aumen complessi a due e a più unità. Bologna, Zanichelli, 1912. 8vo. 
146 pp. 


Heats (T. L.). See ARCHIMEDES. 
Hasena (I. L.). See ARCHIMEDES. 


KREMPELHUBER (F. v.. Eine neue Mathematik und Naturphilosophie. 
Braunschweig, 1013. 8vo. 34-152 pp. M. 5.00 


Lowanzy (W. R.). Tables and formulas for solving numerical problems 
in analytical geometry, calculus and applied mathematics. Boston, 
Ginn, 1913. 12mo. b+31 pp. $0.50 


MARKUS eae Das Gesetz der metaphysischen Dimensionen. Ein Beweis 
für das Theorem des Fermat. 2te, vermehrte Auflage. Berlin, 1018. 
8vo. 4pp. M. 1.50 


PAPERS from the science laboratories of the University of Sydney, 1908-9 
to 1911-12. A: From the departments of mathematics, pus 
chemistry and engineering. Sydney, Australia, University of Sydney, 
1912. 

Srauræ (O.). Analytische son der kubischen Kegelschnitte. 


(Teubner’s Sammlung. and XXXVIII.) Leipzig, Teubner, 1913. 
8vo. 8+242 pp. Cloth. M. 10.00 


STENTZEL (A.). Jesus Christus und sein Stern. Eine chronolo ische 
Untersuchung. Hamburg, 1913. 8vo. 84-240 pp. . 6.00 


Vorrærra (V.). Leçons sur les fonctions de lignes, professées à la Sorbonne 
en 1912. Recueillies et rédigées par J. Péres. (Collection de mono- 
aphies sur la théorie des fonctions publiée sous la direction de E. 

rel) Paris, Gauthier-Villars, 1913. 8vo. 64-230 pp. Fr. 7.50 


Warrzez (C.G.). Unterrichtsbriefe zur Einführung in die höhere Mathe- 
matik, 9te-10te Lieferung. Wien, Hartleben, 1918. M. 4.00 


WirsoN (E. B.). Vector analysis. Textbook for the use of students of 
mathematics and physics. Founded upon the lectures of J. W. Gibbs. 
o Haven, Conn. Yale University, 1913. 8vo. BIER M 

oth. d 


Il. ELEMENTARY MATHEMATICS. 


Apport (P.). Exercises in arithmetic and mensuration. London, Long- 
mans, 1913. 8vo. 534 pp. as. 6d. 


AwpEREGG (F. and Ror (E. D. 3g). Trigonometry for schools and 
colleges. Revised edition by F. Anderegg. Boston, Ginn, 1013. 
12mo. 94-108 pp. $0.75 


Baxar (W. M.) and BounwE (A. A.). A shorter algebra. With answers. 
London, Bell, 1913. 8vo. 388 pp. 28. 6d. 


Barker (E.H.). Computing tables and mathematical formulas. Boston, 
Ginn, 1913. 16mo. 5+88 pp. $0.75 
Barnanp (9.) and Camp (J. M.). Key to a new algebra. Volume 2, 
containing parts 4, 5and6. London, Macmillan, 1913. 8vo. 6s. 6d. 


Baver (Q. W.) and Brooke (W. E.). Plane and spherical trigonometry. 
Boston, Heath. 8vo. 12+164pp. Half leather. $1.50 
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Dese (E.) und Mora (À.). Abhandlungen über die Reform des mathe- 
matischen Unterrichts in Ungarn. Leipzig, Teubner, 1911. 8vo. 
6+160 pp. M. 4.00 

Boren D n Die Elemente der Mathematik. Deutsch von P. Stückel. 

eft: Aufgaben: aus der Geometrie. Lösungen. Leipzig 
"Teubner, 1913. 8vo. 44-39 pp. M. 1.50 


Bourne (A. A) See Baxar (W. M.). 


BranronD (B.). Betrachtungen über mathematische Erziehung vom 
Kindergarten bis zur Universität. Deutsche Bearbeitung von R. 
Schimmack und H. Weinreich. Leipzig, Teubner, 1913. 8vo. 
8+403 pp. Cloth. M. 7.00 


PRIGGE P ) and Bryan (G. H.). The tutorial algebra or radhakrish- 
edition. 8th impression. London, Clive, 1913. 8vo. 
Cer pp. 6s. 6d. 


Brooke (W. E.). See Bauer (G. W.). 
Bryan (G. H.). See Bnraas (W.). 


Busy (W. N.) and Crarze (J. B.). The elements of plane geometry. 
New York, Silver, Burdett & Co., 1913. 12mo. 12-+239 pp. $0.75 


Cazres (J. E.). Rural arithmetic. A course in arithmetio intended to 
start children to thinking and figuring on home and its improvement. 
Boston, Ginn, 1913. 12mo. 7-+119 pp. $0.30 


Carm (J. M). See Barnarp (S.). 
CLARKE (J. B.). See Busx (W: N.). 


Dnpasrsp (H.). Mathematische Lehrmittelsammlungen, insbesondere 
für höhere Schulen. (Unterrichtskommission. Berichte, Nr. P 
Leipzig, Teubner, 1913. 8vo. Pp. 187-217. M. 1.00 


GENAU (A.). Mathematische Ueberraschungen für Lehrer und Rechen- 
freunde. Arnsberg, Stahl, 1913. 8vo. 80 pp. M.1.00 


Harr (W. W.). See Wars (W.). 


Jacfwex (L.). Mathematische Tafeln. 6te Auflage. Wien, neo 
1913. 8vo. 174pp. Cloth. 2.20 


Karz (D.). Psychologie und mathematischer Unterricht. Rn 
lungen über den mathematischen Unterricht in Deutschland. III 8.) 
Leipzig, Teubner, 1918. 8vo. 4+120 pp. M. 3.20 

Mora (A.). See Bere (R.). 

Nunn (P.). Exercises in algebra, including trigonometry. Part I. 
London, Longmans, 1918. 8vo. 434 pp. 4s, 

Ros (E. Da), See AnpuEnae (F.). 

Wats (W.) and Harr (W. W.). Second course in algebra. Boston, | 
Heath, 1013. 12mo. 5+285 pp. Cloth $0.90 


Wonnicxg (A.). Mathematik und philosophische Propädeutik. (Un- 
terrichtskommission. Abhandlungen. Leipzig, Teubner 
. 1912. Sea, 7-+138 pp. M. 4.00 


II. APPLIED MATHEMATICS. 


ALBRECHT (M. F.) und Vmrow (C. 8.). Lehrbuch der Navigation und 
ihrer mathematischen Hilfswissenschaften. 10te Auflage, bearbeitet 
von G. Holtz. Berlin, 1913. 8vo. M. 14.00 
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SOME THEOREMS ON THE CONVERGENCE OF 
SERIES. KS 


BY PROFESSOR R. D. CARMICHARL. 
(Read before the American Mathematical Society, September 8, 1013.) 


No general criteria are known for the study of the con- 
vergence of a series of complex terms* when the series does 
not converge absolutely. The object of this note is to general- 
ize one of the few important special methods which are 
already available for such study. The theorems obtained are 
of general applicability; but their practical value lies chiefly 
in their use in investigating the convergence of series which do 
not converge absolutely. 

In $ 1 I give two lemmas which are valuable in themselves ; 
the second is fundamental in the present paper. In $2 
are two general theorems concerning the convergence of 
serles of constant terms, where the convergence need not be 
absolute. They are generalizations of important results due 
to Dedekind. In $3 two corresponding theorems for uniform 
convergence are given. _ : 

$ 1. Statement and Proof of Two Lemmas.—It is convenient 
to begin with the proof of two lemmas. 

Lemma I. Let si 89, 83, --- be any infinite sequence of 
numbers having the finite limit s. Then 


1 8 
m Wn 5. 
hm? SEFT’ 
k being a positive integer or zero.t 
If e is any positive number there exists a positive integer t 
such that |s; — s| < e/2 for every value of à greater than t. 
For n > t, let us write 


1 À 14 IX» LC 
E A Us = = Da t+ E = d = (8: — 8). 
un Za met In taie ) 





* The same statement is also true of the special case where the terms are 
real and are alternately positive and negative. 

{ For the case when k = 0 the lemma has been Fr. by Cesàro, 
Darboux’s Bulletin (2), 14 (1890), pp. 114-120. See ittaker, Modern 
. Analysis, p. 26. 
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Then we have 





Bvt Oe] stellt? 2 sl 
nc sans | N Ll 
iA n—te 
Su n ER 


where A is a positive constant such that |s;| < A for every 7. 
It is clear that an N exists such that the last member is less 
than e for every n greater than N. Therefore it follows at 
once that we have 


lim | 2 is; — -= wit 
amo E re naga nh 
Now, 


PERE SE me tönt: 


rn 


the second member being & polynomial in n of degree k + 1; 
hence we see readily that 


i ly CR Em Gal Ga 2) Ee N : 
n=O Narr n? o nk "E + r 
From this and the preceding limit follows at once the limit 
given in the conclusion of the lemma. 


COROLLARY. Let 81, su, 8s, +++ be an infinite sequence of 
functions of the complex variable x regular in a given closed 
domain D and converging uniformly to the limit function s. 
Then the limit | 








lim Fa P B 


exists uniformly in D and is s[(k + 1). 

Certain obvious verbal changes in the proof of the lemma 
lead readily to the proof of the corollary. 

Lemma II. Let sı, 8, 83, --- be any infinite sequence of 
numbers having the finite limit s. Then every solution u, of 
the difference equation* 

Aus = 8n 


* We suppose here that a solution is defined only for non-negative 
integral values of the argument n. 
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has the property that 


If ün is any particular solution of the equation, then the 
general solution is 


Un = a + ayn + amn? + +. + an + tn, 


where o, 01, Q2, +++, Qe are independent of n. Hence, if 
the conclusion of the theorem is valid for any particular 
solution dà, of the equation, it is valid for every solution. 
Accordingly we shall prove it for the particular solution defined 
thus: Write 


Ata, = > sm ns, (n > 0). 
{=1 
| Then, by Lemma I, we see that lims, = s. Then write 
AP iin = Dis = ns, (n > 0). 
4=1 


We have lim s,® = 5/2], as we see again by aid of Lemma I. 
‘ By continuing thus, the proof of the lemma is readily com- 
pleted. 

COROLLARY. Let 81, 82, 85, «++ be an infinite sequence of 
functions of the complex variable x regular in a given closed 
domain D and converging uniformly to the limit function s. 
Then every solution u, of the difference equation 


Alu, = 8n 
which is regular throughout D has the property that 
m 
bet? 


exists uniformly in D and is s/kl. 
The modifications of the preceding argument, which it is 
necessary to make to establish the corollary, are obvious. 


§ 2. Two Theorems on the Convergence of Series of Constant 
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Terms.—We are now in position to prove the following 
theorem: 


TaroreM I. Let a1, as, as, +++ be any infinite sequence of 
numbers such that each of the limits* 


(1) limS,, limn$,0, limn*S,4, +++, lim nt 15,0 


exists and 1s finite, where 
S,0 =a+tat::: + Ga, 
8,0 = 6,9 + ëmt... LSA, 
g,0 = Burn + SED +--+ + 8,072, 


Let e, Ce, Ca, «++ be an infinite sequence of numbers such that 


(2) SEDI 
B t=1 
is convergent. 
‘Then the series 
oun + deta + arcs + 557 


is convergent (but not necessarily absolutely convergent). 

It is easy to construct an example to show that the last ` 
series is not always absolutely convergent. Hence we have 
to prove only the affirmative statement in the conclusion of: 
the theorem. 

If we adopt the convention that a letter with a negative 
or a zero subscript has the value zero, we may write] s 





* In case k = 1 only the first of these limits is to be taken into consider- 
ation. The condition on the a’s then is obviously the condition that the 
series d: Look: converges. For this case cer when 
k — 1) the theorem is due to Dedekind (Dirichlet-D ekind, Zahlen- 
theorie, second edition, 1871, p. 373). It was rediscovered by Jensen. 

' t Here we employ repeatedly a fundamental identity due to Abel (Crelle, 
vol. 1 (1826), p. 314; Oeuvres, 1, p. 222), namely, 


D von m Ze (Vi — Done = % Viu — uia) + Vsus, 
i=l =1 Gi 


where 
V; = v tort s+ tm += 1, Vo = 0. 
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B, = Dae; = D (8,0 — Sie; 
del tel ER 
UST Kä S;MAc, + Sa enti 
t=1 
= — 059 — Sider + 8,964. 


* 
= > S,PA%; = Sn PAcarı + Sn Pont 
GL 


An obvious induction proof now leads to the fundamental 
relation i 


(3 S$,—(— DA SPA; + (— DS, PAT Ton 


+ (— DAS LE DA + SM Acura + SnD Cn. 


In order to prove our theorem we must show that S, 
approaches a finite limit as n approaches infinity. To do this, 
it is sufficient to prove that each term in the second member 
of (3) approaches a finite limit as n approaches infinity. 

That the first term approaches a finite limit follows from 
the convergence of (2) and the fact that (in consequence of 
the existence and finite value of the first limit in (1)) a positive 

-constant A exists such that |S;®| < A for every 2; for then 
it is clear that the series 


2 SiPAte; 
t=1 


converges absolutely. 
Now the series 


3. Ate; = A. (Aea — Alle.) 
el. i=1 


converges; and hence 

lim AF e, 

940 
exists and is finite. This, in connection with the existence 
and finite value of the first limit in (1), leads to the conclusion 
that the second term of the right member of (3) approaches a 
finite value as n approaches infinity. 
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Since lim A*c, exists and is finite it follows from Lemma 
II that each of the limits 





. Aen | Ars, . Av, 
(4) lim — —,. im, y nb 
no N ano N ao TL 


(where A°c, = c,) exists and is finite. To see this, let us 
write ; 
un = Aen, 
where £ is one of the numbers ¢ = 2, 3, --:, k. Then 
Amy, = AG. 


A direct application of the lemma (for each value of t) now 
leads to the truth of the statements which we desired to 
establish. 

We retain the same range for the variable ¢ and write 
Ate, 1 (n + 13 
(a+ Di : n^ ® 





(5) Sn DA te, . 1 = nts, HD r 


If n approaches infinity, it is clear (in consequence of (1) and 
the results just established) that each of the three factors of 
the second member of (5) approaches a finite limit. From : 
this we see that every term in the right member of (3) past 
the second approaches a finite limit as n approaches infinity. 

This completes the proof of the theorem. 

~Another valuable theorem may be obtained by making the 
restrictions on the c’s somewhat stronger and weakening those 
onthea’s. The special case of this theorem when k = 1 is also 
due to Dedekind (l. c., page 371). The general theorem may 
be stated as follows: 

THEOREM II.’ Retaining the notation of Theorem I, let us 
suppose that a positive constant B exists such that each of the 
quantities 


Sa. nS, ED, niS,077), NY nr Ag, 0 


is in absolute value less than B for every value of n. Suppose 
further that the series 


25 | Ate; | 
i=l 
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is convergent and 
lim Ate, = 0. 
Then the series 
i gu + aecz + ases + -+ 


is convergent (but not necessarily absolutely convergent). 

As before, we have the fundamental relation (3). It is 
sufficient to show that each term in the second member of (8) 
again approaches a finite limit. The first term may be dealt 
with precisely as in the preceding argument. The second term 
approaches zero, as one sees directly from the hypothesis of 
the theorem. Since lim Af ce, = 0 it follows from Lemma 


II that each of the limits i in (4) is zero. Hence, from (5) it 
follows that every term in the right member of (3) after the 
second approaches zero as m approaches infinity. This 
, completes the proof of the theorem. 

As an example illustrative of the theory, let us consider the 
series 

. eo 2n + 1 SE 
Hs gt Le ts 

(6) LC D impe (p > 0), 


where 
1 1 1 
elei Slt tap t-te: 
Let the constant & of theorem II be c,(p). Then 


1 mE jh oe 
tier ee QE Qd nf 





Aca= 


whence it follows that Z|A?c;| converges and lim Ac, = 0. 


Thus c, satisfies the conditions requisite for applying Theorem 
II when k = 2. 

Put 
2n + 1 


iati (n > 1). 


1 
m=z a, — (- D" 


Then series (6) is identieal with oe + aac» + ases + : 
except for the first term; hence it is sufficient to prove the 
convergence of the last series. We have 
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SO =, SO D + C DULL 
na (ota) +44) 
ey +) 
SE "ES ; (n> 1); 
5-5 + DE. 


It is clear that S,® and S,® satisfy the conditions requisite 
for the application of Theorem II. 
Hence we conclude the convergence of series (6). 


$3. Two Theorems on Uniform Convergence.—By employ- 
ing the corollaries to Lemmas I and II instead of these lemmas 
themselves and making certain obvious verbal changes in thé 
proofs as given in § 2, it is easy to establish the following two 
‘theorems: 

THEOREM III. Let ai, as, as, ++ be any infinite sequence of 
numbers such that each of the Se 


lim S,, lim n$,0—, lim n28,¢, ..., lim n*-18,0 
n=O "oo naw ram 
exists and is finite, where S,™, -- d ®) have the same meaning 


asin Theorem I. Let oe, cs, «++ be an infinite sequence of 
functions of the complex robe x regular in a given closed 
domain D and such that 


> | Aëc; | 
t=! 
converges uniformly i an D. 


Then the series 
4101 + gp + agcg + - 


converges uniformly in D. 
THEOREMIV. Retaining the same notation as in Theorem III, 

let us suppose that a positive constant B exists such that each of 

the quantities 


[^ 
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Si”, NEED, 28,69, ..., net go 


is in absolute value less than B for every value d? n. Suppose 
further that the series 


> | Ac; | 
i=1 


converges uniformly in D and 
lim Arte, = 0. 


n=%0 


Then the series 
gp + acs + ases + ee 


converges uniformly in D. 

For the case k = 1 both of these theorems are already 
known. This special case of Theorem III appears to have been 
first employed by Nielsen*; but Nielsen’s statement of it is 
not entirely accurate, as Landaut has pointed out. The 
corresponding special case.of Theorem IV is due to Cahen.t 


INDIANA UNIVERSITY, 
July, 1918. 


A TRANSLATION PRINCIPLE CONNECTING THE 
INVARIANT THEORY OF LINE CONGRUENCES 
WITH THAT OF PLANE n-LINES. 


BY PROFESSOR O. E. GLENN. 
(Read before the American Mathematical Society, September 9, 1913.) 


A WELL known translation principle of Clebsch§ enables us 
to construct a ternary invariant by a simple algebraical 
operation upon a binary invariant. In brief, if the line u, = 0 
intersects the curve ` 


f= a," = by, = e m U 
in the n points given by the binary form 





* Annali di Matematica (3), 15 (1908), pp. 275-282. 

f Sitzungsber. d. K. Bayer. Akad. d Wiss., Phys.-Math. Classe, 1909. 
Annales scientifiques de l'Ecole Normale Supérieure (3), 11 (1894), p. 79. 
Clebsch,- as gen über Geometrie, vol. 1, p. 276; and Journal fur 

Math., vol. 59 (1861) 
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ges a" = 5" = --- = 0, 
and if 
| I = 2C(ab')(a'e) --- 
is any invariant of g, then 
I(u) = ZC(abu)(acu) --- 


^ a contravariant of f; and it represents the envelope of 
= 0 when the latter cuts f = 0 in a range having the pro- 
jective property I = 0. 

Let us, for the moment, call f = 0, g = 0 the higher and 
lower locus, respectively, and uz = 0 the joining locus. Then 
a translation principle is an algebraical process depending 
upon the joining locus, which converts an invariant of the 
lower locus into an invariant of the higher locus. 

In tbis note we establish a translation principle in which 
the higher locus is a line congruence in three-space, the lower 
locus a plane n-line, and the joining locus is a plane. 


$1. The Congruence C(n; 1). 
The line determined by two planes 
Us = Xi — Pits — quu = 0, Ds = xà — Pats — qta = 0 


was designated by Plücker* as his element of three-space. As 
coordinates of one of the œt elements we have the non- 
homogeneous system 

(Pı, dn, Pas Qu T) [r = (pg). 
A non-homogeneous form in these variables represents oo? 


elements forming a line complex. , Consider two such forms 
of orders n and unity respectively, 


f.p, Qs r) = 0, 


1 2 
E fi, Gr) = » (api + Bigs) + var + y: = 0; 
the œ? elements common to these two complexes form a line 
congruence which we may represent by C(n; 1). 
The intersection of an arbitrary plane Wz = 0 and the con- 
gruence O(n; 1) is an n-line. 


* Plücker, System der Geometrie des Raumes u. s. w. (1846). 
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An analytical proof is furnished as follows: Impose the con- 
dition that w, = 0 pass through the element (uz, vz). This is 





w We U Ws 
(2) —1:0 D | = 0, 
0 —1 m qm 





or 
(3) prwi + pew: + w = 0, qui + qus + w, = 0. 
From (3) we get 


6 r= (pq) = È om — u), 


and the substitution of this in f, eliminates r and reduces fi 
to a linear non-homogeneous form in p; ge (à = 1, 2), involving 
the parameters w. 

We now solve fi(p, q) with (3), thus expressing ps, qu -Qi 
each as a linear expression in p1, say 


pa = glu) pi + Ma, 
qi = gi(w)pi + Beta) @ = 1,2). 
Substitute these in f,(p, q) and we get a non-homogeneous 
equation or form F(pı) in pı, with coefficients rational in 
w; (à = 1, 2, 3, 4), and of order n. The n roots p,% (j= 1, 
2, --*, n) put in (5) in turn, give us just n sets 
(p:®, qi”, r9) ($1, 2,3 = 1,2,::.., n). 
These sets are the coordinates of n lines of intersection as 
stated. ' i 
Now if we project the n-line in which w, = 0 cuts C(n; 1) 
upon the zx = 0 plane, we get the n-line whose equation is 


(5) 


~ (6) Jan = IT (pelz — pis, + r4) = 0. 
J= 


In the translation principle to be established C(n; 1) figures 
as the higher locus, fs, = 0 as the lower locus, and ws = 0 the 
` joining locus. 
$2. Translation Principle. 


- It is easy to show by combining (4), (5), (6) that the n 
lines of fs are concurrent. Some of the full invariants of 
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this n-line therefore vanish identically. Thus when n = 3: 
the only full invariant, the condition for a triple point, vanishes. 
identically. Now, however, even when n = 3 or n = 2 we 
always have non-vanishing invariants of the binary form 
F(pı), and these, through (6), have interpretations as in- 
variants of the lower locus fen. For instance, if the discrimi-- 
nant of F(pı) vanishes, then f3, has a double line. 

Every rational invariant I of F(pı) is a rational form in 
w; (t= 1, 2, 3, 4). Such a form represents an algebraical 
surface whose equation is in planar coordinates. This surface, 
p(w) = 0, is the envelope of the plane ws = 0 when the latter 
moves so as to cut the congruence C(n; 1) in the n-line having 
the projective property I = 0. 

It is to be noted that qi, 9, p» each satisfy an equation 
analogous to F(pı) = 0. But each equation may be obtained 
from F(pı) = 0 by a homographic transformation of F(pı), as 
is readily shown from (1), (8), (4). The determinants of these 
transformations will be different from zero, save when (1) 
and (3) are inconsistent. Hence the surfaces obtained from 
the equations in q; pa coincide with (w) = 0. In other 
words the translation principle gives a unique result, (w); 


| $3. Class of C(n; 1), ete. 
A conspicuous case of I is the discriminant of F(pı). Apply- ° 
ing the translation principle, we get a surface p(w) = 0 which 
is the envelope of w, = 0 when the latter moves so as to 
touch Ota: 1) in a double line. In this case o(w) = 0 may be 
called the class equation of the congruence C(n; b The 
order of p(w) is the class of C(n; 1). 
For illustration we take the special congruence MUR by 
m frp, 9) = (pg) + pun + aps = 0, 
| fie, = (pg) +1= 0. 
By (3), (4) we have 
WsP, — Wage + wi = 0, 
wip: + wp: + ws = 0, 


igi + wga + Wa = 0. 


^ Hence 


(8) F(p) = wawapi? — (w? + awıws)pı — ws(w + aws) = 0, 
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and the class equation of the congruence reduces to 
(pw) = (w? + awws)? + Awzwsws(ws + aws) = 0. 


It is known that every linear complex for which (pq) + 0 
can be reduced* by projective transformation to the canonical 
form (pq) + 1 = 0. Hence we may take as a general case 
the congruence given by the general f„(p, q) and the special. 
fi of (7). 

It follows that F(p:) in general has coefficients which are 
homogeneous expressions of order 2m in w; (i = 1, 2, 3, 4). 
Hence since the discriminant of F(pı) is of degree 2(n — 1), 
the class of the general congruence C(n; 1) is m = 4n(n — 1). 

In the special case above the class has been reduced by 
dividing out powers of wi. 


$4. Generalization to Congruence C(n; m). 
Instead of the non-homogeneous system of Plücker (pi, qi, r) 


` "we may use the homogeneous coordinates of Grassmann, viz., 


(Q12, Gis, d14 Q23; Gas, 984), 
where ; 
q12034 + quqa gaan = 0. : 
Then a congruence C(n; m) is given by the two homogeneous 
equations 
(10) Sn) = 0 ^ mlir) = 0. 
To obtain the lines in which an arbitrary wz = 0 intersects 
.^ O(n; m) let u, be an arbitrary plane cutting w, in an element 
of the complex f,. Then 
Qik UWE — Ug, 
and the planar equation of the lines of the complex which are 
contained in w, = 0 is 
(11) fn(uswe — uxw,) = 0, 
where u; are the variables. Likewise w, = 0 intersects the 
other complex in the lines 
. (12) ga ( Ui, — ww) = 0. : 


The lines (11) envelope a curve of class nt and (12) a curve of 


* Lie, Die Berührungstransformationen, p. 223. 
1 Lie, ibid., p. 286. 
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class m. Hence w, = 0 cuts O(n; m) in an nm-line, by Bezout’s 
theorem.* 

If we project the curves (11), (12) upon the z; plane, we may 
obtain the equation of the projected mn-line by interchanging 
. point and line coordinates in Clebsch’s proof of Bezout’s 
theorem (see Vorlesungen iiber Geometrie, page 282). Every 
full invariant of this mn-line gives by our translation principle 
an equation of condition among the coordinates w;. 

Àn alternative method of procedure is to use equations (1), 
(3), replacing fı by gm in (1). Rational elimination processes 
give a form in each variable pı, 91, pe, qa with coefficients 
rational in w;. Of these forms that in p; is the transformed | 
of the one in pı, say of Fi(pi), by a homographic transforma- 
tion, and that in q is likewise the transformed of the one in qı, 
viz. @1(g1). But e, is not transformable into Fi. As an 
invariant of the mn-line of intersection we may then select a 
simultaneous invariant of the binary forms Fı(pı), eo), 
and by translation this invariant goes into an equation of 
condition in the variables w;, representing a contravariant 
surface. i 
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SOME MATHEMATICAL BOOKLET SERIES. 


` Matematica dilettevole e curiosa. Di Irazo GHERSI. Con 693: 
figure originali dell’Autore. Milano, Ulrico Hoepli, 1913. 
viü+730 pp. Price L. 9.50. 

Wo steckt der Fehler? Trugschlüsse und Schülerfehler. Ge- 
sammelt von Dr. W. LrerzMann und V. Tamer. Mathe- 
matische Bibliothek, Nr. 10. Leipzig and Berlin, B. G. 
Teubner, 1913. 57 pp. Price M. 0.80. 

Encaussa and French mathematical literature is entirely 
lacking in such admirable booklets dealing with elementary 
topics, as those which have wide circulation in Germany and 
Italy.f I refer to the Mathematische Bibliothek of the 

*B Theorié érale des Equati bri 1779). 

t Tether be nee ie that the vo sepe NO by rie and 
on Geometrography by Lemoine, of the excellent “Scientia” series 
(Gauthier-Villars, Paris) are elementary, but these are only two of a dozen 
volumes by Appell, Gibbs, Hadamard, Poincaré, etc., which certainly may 
not be classed in this way. And even these two brochures are more 
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Sammlung Géschen,* the Lietzmann-Witting Mathematische 
Bibliothek f and the mathematical volumes of the Biblioteca 
degli studenti, and the Manuali Hoepli. 

The Mathematische Bibliothek contains about 35 volumes 
(44 x 6% inches; uniform price, 223 cents), each neatly bound 
in cloth and containing from 130 to 230 pages. A. Sturm, 
H. Schubert, M. Simon, O. Th. Biirklen, K. Doehlemann 
and E. Beutel are among the authors and the volumes treat 
of History of mathematics, Plane geometry, Descriptive 
geometry (2 volumes), Determinants, Analytical geometry 
of the plane, Analytical geometry of space (notably fine 
figures), Projective geometry, Algebraic curves (2 volumes),§ 
Insurance mathematics, Vector analysis, Geodesy, Surveying, 
Astronomy, ete. 

Of the Mathematische Bibliothek herausgegeben von W. 
Lietzmann und A. Witting a dozen volumes have already 
ER They are bound in boards, contain 41 to 93 pages 
(42 x 74 inches) each, and are of the same uniform price as the 
Gôschen Sammlung before 1913. In this series Wieleitner has 
written on the Idea of number in its logical and historical de- 
velopment; O. Meissner is author of Theory of probabilities 


` with applications; M. Zacharias wrote the Introduction to 


projective geometry; Ziihlke, Geometrical constructions in a 
limited plane; Beutel, Squaring the circle. 

In the Biblioteca degli Studenti are nearly a score of vol- 
umes (4 x 6} inches; limp covers; single numbers of about 85 
pages, 10 cents, double numbers of about 170 pages, 20 cents). ` 
They include, Manual of plane trigonometry, Manual of 
spherical trigonometry, Exercises of elementary geometry, 
Guide to the resolution of problems in algebra, Principles of 
perspective, Repertorium of mathematics and elementary 
physics, etc., and treat of very elementary topics. 

Some 40 of the 1,200 odd volumes (44 x 6 inches) in the 
Manuali Hoepli series are of mathematical content. Per- 
haps the two best known works are the volumes (658-]-950 
advanced in character than any of those in three, and than many of those 
of the fourth series, about to be considered. The same may be remarked 
conoeming the Cambridge Tracts in Mathematics and Mathematical 

TG. J. Göschen’sche Verlagshandlung, Berlin und Leipzig. 

B. G. Teubner, Leipzig und Berlin, 1912-1913. 
Raffaello Giusti, editore, Livorno. 


The second volume was reviewed by Professor White in this BULLETIN, 
vol. 19, pp. 417-419, May, 1913. 
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pages) of Pascal’s Repertorio di matematiche siena since 
translated into German and enlarged,t and Pascal’s Deter- 
minanti e applicazioni, 1897, which three years later was 
"elaborated into a volume of the Sammlung von Lehrbüchern 
auf dem Gebiete der mathematischen Wissenschaften. Then 
there are 4 volumes on Algebra, 4 on Arithmetic, 2 on Astron- 
omy, 4 on the Calculus, including volumes on Calculus of 
variations and Finite differences, and Critical exercises on the 
differential and integral calculus; 1 on Mathematical formulæ;$ 
Saccheri’s Euclide emendato; 3 volumes on Functions (analytic, ' 
elliptic, polyhedral and modular||); 13 on Geometry, 1 on the 
Mathematics of economics, | 1 on Groups, 4 on Mechanics, and 
1 by G. Loria on Exact science in ancient Greece.** The 
volume of Ghersi under review is the second he has written for 
` this mathematical series, the earlier one having dealt with 
Methods for resolving problems of elementary geometry. 
In recent times English, French, and German writers have 
published popular works for recreation hours of those who are 
in any wise interested in mathematics. ` Ball’s Mathemat- 
ical Recreations and Essays, which has recently reached 
a fifth edition,{{ is almost a classic in its special field. The 
older works of Lucas, “ Récréations mathématiques "1f and 
“L’Arithmétique amusante’’§§ are frequently referred to, 





* Milano, 1898 and 1900. The first volume is reviewed by E. O. Lovett 
in this BULLETIN, vol. 5, pp. 357-302 April, 1899. 
T Two volumes, Lope, 1900, 1901. New edition to be com leted in 
4 volumes; vols. 11, 21, 1910, reviewed in this BULLETIN by C. H. Sisam, 
vol. 19, pp: eg is SE 1913. 
+ Trans an by A. Sche p; Leipzig, 1899. Reviewed 
by J. K. en in this BULLETIN, V! pp. 52-4, May, 1900. 
§ This volume by Rossotti was reviewed Oye. Lovett in this BULLETIN, 
vol. 5, pp. 261-2, Feb., 1899. 
[| This | volume by Vivanti was reviewed b Ls Hutchinson i in this 
5 gee vol. 14, nt 144-5, Dec., 1907. The Da edition by A. Cahen 
was reviewed by Miller in this BoLLETIN, vol. 19, pp. 534-5, July, 
‘1913. 
NS pe 488 D, Virgilii was reviewed by J. M. Gaines in this BULLETIN, 
vol. 5 uly, 1899. 
e ‘which has just been published, 1914, contains about 1000 
pages. The title page with “seconda edizione totalmente riveduta” is 
eading, as the original work of over 900 pages of quarto format was a 
reprint of memoirs (in five books) in Mem. Acc. Modena (2), vol. 10, pp. 
8-168; vol. 11, pp. 3-237; vol. 1%, pp. 3-411; (1893-1902). Futhermore, 
“Libro II, Il periodo &ureo della geometria Greca ” appeared in still another 
form in Mem. Reale Acc. d. Sc. di Torino (2), vol. 40, pp. 369-445; (1890). 
London, 1911. 
1 Paris, T. I, 2° éd., 1891; T. II, 2? éd., 1896; T. III, 1893; T. IV, 1894. 
$$ Paris, 1895. 
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while the circulation of Ahren's Mathematische Unter- 
haltungen und ‘Spiele* and Schubert’s Mathematische 
Musestundenf is confined more to Germany. Each work 
has its own peculiar ideals, but Ball is perhaps the most 
-comprehensive in range, while he and Ahrens alone introduce, 
to an appreciable extent, references to the widely scattered 
literature of the subject. E. Fourrey’s “Curiosités géomé- 
triques "1 is also notably full in exact statement of authorities. 

From works such as these, from books like Blythe’s on 
Models of cubic surfaces, Catalan’s Théorémes et problèmes 
de géométrie élémentaire, Cremona’s Elementi di geometria 
proiettiva, Enriques’ Questioni riguardanti la geometria elemen- 
tare, de Longchamps’ Essai sur la géométrie de la règle et de 
l'équerre, Loria’s Spezielle algebraische und transzendente 
ebene. Kurven, and from various periodicals, Ghersi has 
compiled the present little work on Matematica dilettevole 
e curiosa. 

The first 74 pages are taken up with “ Curious and bizarre 
problems " such as: Euler's problem of the Königsberg 
bridges, the Hampton Court maze and other unicursal 
problems, map-coloring problem, and chess problems. Of 
course little more than the statement of a problems is frequently 
given. 

In the next 100 pages various curious properties of numbers, 
and problems of arithmetic and arithmetic geometry are set 
forth. ‘For example, we have properties of perfect and amic- 
able numbers, of the triangle of Pascal, of Lucas’s singular 
products, as well as problems of Benedetti (Speculationes 
diversæ, 1585) and of Leonardo Pisano (Liber Abaci, 1202). - 

Fermat’s equation and other problems of the theory of 
numbers are treated in the next 15 pages, then follows a 
collection of miscellaneous algebraic problems which conclude 
with graphical solutions of equations of the second, third and 
fourth degrees and with a sketch of Demanet’s and Meslin’s 
hydraulic, } and Lucas's electric solution of equations. 

Magic squares, magic polygons, and magic Be are 
illustrated on pages 251-326. 

* Leipaig, 1901. 

! en Leipzig, Bd. I, 3. Aufl., 1907; Bd. II, 2. Aufl., 1900. 

2° éd., Paris, 1906. 

§ Cf. “ Two hydraulic methods to extract the nth root of SCH number ” 

and “ Hydraulic solution of an algebraic equation of the nth degree,” 


by A. Emch, American Mathematical Monthly, January and March, 1901, 
vol. 8, pp. 10-12 and 58-9. 
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Then follow 350 pages treating of miscellaneous questions 
in geometry. On pages 329-367 we find definitions and deri- 
vation of properties, of notable transcendental, and cubic, 
quartic, and other algebraic curves. The next dozen pages 
contain instruments for tracing by continuous motion such 
curves as the conic sections, cissoid, and conchoid. Some 20 
pages given over to discussion of the solution of problems 
in elementary geometry, by ruler and compass, and then 
(pages 407-422) cyclotomy is touched upon. Then come 
100 pages occupied with the problems of trisection of an 
angle, squaring the circle, duplication of the cube. Dissection 
of figures, geometrical pavements, star-polyhedra, and hyper- 
space are some Ka the concluding topics under the -head 
geometry. 

In the final sections are paradoxes and other recreations in 
mechanics. 

It will be remarked, as indeed the title implies, that the 
volume is not confined to so-called recreations, although 
these occupy the major part of the volume. It is written with 
light touch and anyone unacquainted with books on mathe- 
matical recreations may pass a few pleasant hours in turning 
over the pages and find some things not. met with in other 
books of the kind. The reader who wishes to learn more of 
the underlying theory will then naturally turn for guidance 
to such a book as Ball’s or to the article in the Encyklopädie* 
~ or to such works in fields other than those of recreations, as 
mentioned above. 


_In the Lietzmann-Trier Bändchen, which may be classed as 
a small addition to the literature of mathematical recreations, 
Lietzmann collected the 36 fallacies (Trugschliisse) and Trier 
the 50 pupils’ mistakes. Arithmetic, algebra, elementary. 
geometry (synthetic and analytic), trigonometry are the only 
subjects illustrated. ‘The errors in the reasoning are not 
indicated. 

Among the fallacies are (1) numerous examples depending 
for their results upon division of each side of an equality by 
zero or neglect of consideration of double sign before a radical; 
(2) a series of geometrical paradoxes, several of which are 
already familiar through Ball’s book. 


BR ee Spiele, von W. Ahrens, vol. I, 2, pp. 1080-1093, Leip- 
zig, 1902. 
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Here i is an example of a different kind, which appears to be 

new: “ Consider 

(1) log, 2 = 1 — 1/2 + 1/3 — 1/44 1/5 — ---: 
multiplying through by 2 we get 

~ 2log, 2 = %— 1+ 2/3 — 1/2 + 2/5 — 1/3 + 2/7 — ---. 


Collecting terms with common denominators and arranging 
according to increasing denominators, we get 


@) 2 logs 2 = 1 — 1/2 + 1/3 — 1/4+ 1/5 — ---. 
This is, however, the same as (1). Therefore 
log. 2 = 2 log, 2.” 


The examples of Schülerfehler are taken from the exercises 
of Danish pupils. The vagaries of American youth suggest 
that. an equally interesting collection could be made on this 


. side of the water. The error in No. 32 is not evident. But 


here is No. 36: “ Given two circles which cut one another in 
P and Q and touch the sides of an angle, on the same side of 
the vertex, at the points A, 4; for one circle and B, B, for the 
other. Prove (1) that PQ produced passes through the middle 
points of AB and A,B; (2) that A4;, BB: and PQ are parallel 
to one another." Solution: “ PQ cuts AB in C, AıBı in C. 
Then by the power theorem, CA? = CP - CQ = CB. There- 
fore C is the middle point of AB. In the same way C; is the 
middle point of AıBı. AA: PQ and BB: are parallel to one 
another because they cut off the equal segments on the lines AB 
and A,B.’ Je 

Finally, No. 47: “ The sides of a triangle are a, b, c. To 
express sin A in terms of the given quantities.” Solution: 
“Of course the following relations hold good: 


a b sinB ^ ae ,, 
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MATHEMATICAL MODELS. 


Catalog mathematischer Modelle für den hôheren mathematischen 
Unterricht. Veröffentlicht durch die Verlagshandlung von 
Martin Schilling in Leipzig, mit 106 Abbildungen. Siebente 
Auflage, Leipzig, 1911, xiv + 172 pp. 

Verzeichnis von H. Wieners und P. Treutleins Sammlung 
mathematischer Modelle für Hochschulen, hôhere Lehranstalten 
und technische Fachschulen. Zweite Ausgabe mit 6 Tafeln. 
Leipzig und Berlin, Verlag von B. G. Teubner, 1912, 64 pp. 

Abhandlungen zur Sammlung mathematischer Modelle. In 
zwanglosen Heften herausgegeben von HERMANN WIENER. 
Leipzig, Verlag von B. G. Teubner. 1. Heft von H. 
Wiener, 1907, 90 pp.; 2. Heft von P. Treutlein, 1911, 20 pp. 

Illustrierter Spezialkatalog mathematischer. Modelle und Ap- 
parate. Entworfen von G. Korrr und anderen bewährten 

- Fachmännern. New York City, Eimer and Amend, 

128 pp. 

For fifteen years the bulk of the models used by advanced 
mathematical students all over the country has been procured 
from Schilling of Leipzig. This firm was developed from the 
Firma L. Brill of Darmstadt, the foundation of which reaches 


back some 35 years. Klein and A. von Brill, in those early years’ 


professors in the Technische Hochschule at Munich, had more 
than two score of models made for the Hochschule under 
their direction. Copies of these (for example: the tractrix 
of revolution, geodetic lines on an ellipsoid of rotation, 
Kummer’s surface, forms of Dupin’s cyclide, the spherical 


catenary, twisted cubics) in gypsum, wire, and brass form a- 


portion of the great Schilling collection. In more recent times 


H 


construction of new models has been carried on by the as- _ 


sistance of many other mathematicians. Among them are 
Professors Dyck, Finsterwalder, Kummer, Schoenflies, H. A. 
Schwarz, C. und H. Wiener. 
As nearly ten years had passed since the sixth edition of the 
catalogue, the seventh editionf fills a long felt want. It 
Jo tions of models which have been manufactured since this edition 


ublished, have appeared in J'ahresbericht d. Deutsch. Math.- Ver., 1913, 
vol , PP. 75-76, 184-187. 








1914.] | MATHEMATICAL MODELS. 245 


describes some 400 models. Nothing more than an indication 
of the subjects illustrated can be given here: surfaces of the 
second order, algebraic surfaces of the third order, algebraic 
surfaces of the fourth and higher orders, line geometry, screw 
surfaces, space curves and developable surfaces, descriptive 
and projective geometry, analysis situs, algebra, function 
theory, mechanics and kinematics, mathematical physics, and 
structure of crystals, 


Shortly after the third International Mathematical Congress 
at Heidelberg in 1904, Teubner offered to the public a selection 
of about 60 of the mathematical models for Hochschule in- 
struction which had been exhibited at the. Congress by the 
mathematical Institut of the Technische Hochschule of 
Darmstadt. The construction of the models in the selection 
was inspired by Professor H. Wiener.* In the new catalogue 
` now before us we find that Professor Wiener has increased 
his collection by 50 models, while the late Professor Treutlein 
has contributed about 200 more.t All of the models are 
designed as aids to instruction in German secondary schools 
and Hochschulen. For students of higher mathematics the 
models of twisted curves and deformable quadric surfaces 
will probably be the only ones of especial interest. 


The Abhandlungen are intended to be of value for those using 
the models. In Heft 1 are 9 Abhandlungen by Wiener: (1) 
Mathematical models and their use in instruction (pages 3-8); : 
(2) On the projection of some plane figures (9-10); (3) The 
regular Platonic polyhedra, Regularity in a group (11-14); 
(4) Regular polygons and closed reflective systems (15-18); 
(5) The building up of the regular polyhedra (19-51); (6) How 
shall surfaces, especially those of the second order, be drawn? 
(52-54); (7) On surfaces of the second order (55-84); (8) De- 
formable thread models of ruled surfaces of the second order 
with fixed thread lengths (85-87); (9) Deformable metal-bar 
models for transforming a.surface of the second order into 
confocal surfaces (88-91). 

These Abhandlungen are similar to those which Schilling 





* The catalogue (Verzeichnis mathematischer Modelle, 28 pp.) was pub- 
lished in 1905. 

+ An interesting account of these models written by Prof. H. Wiener, 
may be seen: in Jahresbericht d. Deutsch. Math.-Ver., Nov., 1913, vol. 22 
pp. 207-304. 
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distributes* with his models and some of them are of consider- 
able interest; on the one hand because of the developments of 
the theory of the surfaces, on the other through the applica- 
tion of the theory to construction of the models. Numerous 
bibliographical references are given. In illustration of these 
characteristics note, for example, (5) and (9). 

In (5) the first five pages contain an historical review of the 
subject, then the theoretical considerations are treated under 
the headings: The notion of a polyhedron (e. g., Idea of a side, 
of “ Vielkant," of ''Vielflach," of “ Vielzell’’); First and 
second definitions of the regular polyhedron by the group; 
Transformation of an angle into a neighboring angle (by 
rotation); Range of the different suppositions; Third definition 
of the regular polyhedra; Construction of a regular poly- 
hedron from its group. 

In (9) we find that the construction of the model was 
made possible through theorems of Henrici and Greenhill. 
Among other studies in this connection, those of Mannheim, 
Darboux, and Schur are also considered. 

The second Heft, written by Treutlein, contains Abhand- 
lungen on the following subjects: ‘‘ On the intuitive method 
of mathematical instruction" (pages 3-6) ; '* On mathematical 
models and their use in teaching ” (7-9); “ Explanations in 
connection with the series, and the single models, of the 
Treutlein collection ” (10-20). 

In all of the above mentioned publications, Dyck’s Katalogf. 
is frequently referred to. 


The Eimer and Amend collection is of use more particularly 
in connection with elementary work in planimetry, stereom- 


*The “Erste Folge, Abhandlungen zu den Serien I-XXIII, mit 71 
Fi auf 6 Tafeln und im Text’’ have also been published in a single 
volume, in connected form. In the “ Neue Folge” Hefte 1-9 have been 
already issued between 1899 and 1912. The authors are: Fr. Schilling, H 
Wiener, W. Ludwig, H. Grassmann, W. Boy, E. Estanave, R. Hartenstein, 
and F. Pfeiffer. 

1 Katalog mathematischer und mathematisch-physikalischer Modelle, 
Apparate und Instrumente. Unter Mitwirkung zahlreicher l'achgenossen 
herausgegeben im AME des Vorstandes der Deutschen Mathematiker- 
Vereinigung von geh. Hofrat Dr. Walther v. Dyck, Professor an der 
Technischen Hochschule zu München. Teubner, Leipzig, 1802, xvi+- 


430 pp. 

Nachtrag, Leipzig, 1893, x 4-135 Pp. 

These volumes contain papers by Klein, Voss, Brill, Hauck, v. Braun- 
mübl, Boltzmann, Amsler, and Henrici, beside descriptions of the vari- 
ous models by their respective designers. 
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etry, trigonometry, and related branches. The models of star- 
polyhedra, Poinsot polyhedra, and the so-called Archimedian 
semi-regular solids may be mentioned as desirable for more 
advanced mathematical considerations. 

R. C. ARCHIBALD. 


Brown UNIVERSITY, 
Provence, R. I. 


. DIFFERENTIAL GEOMETRY. 


Leçons sur les Systèmes orthogonaux et les Coordonnées curvi- 
lignes. Par Gaston DarBoux. Deuxième édition, com- 
plétée. Paris, Gauthier-Villars, 1910. 8vo. i+567 pp. 
TEE first 323 pages of the present volume constitute a 

reprint of the first edition, which was reviewed in the BULLETIN 
of January, 1899, by President E. O. Lovett. It was originally 
Darboux’s intention to include in the complete work a number 
of other subjects, such as the theory of quadratic differential 
forms. ‘This plan was eventually abandoned, and only such 
subjects are discussed in the completed volume which is now 
before us as are more or less directly connected with orthogonal 
triple systems of surfaces and families of Lamé. From the 
. point of view of the artistic unity of the book, this change of 
' plan is only to be commended. Let us hope however that 
the Fates may deal kindly with the great master of differential 
geometry; may the fear, which he expresses in his preface, 
of being prevented from completing his discussion of these 
other matters, prove to be unfounded; and may he be permitted 
to add many further contributions to the science to which he 
has devoted his life and which already owes him so much. 

For mathematics owes a great debt to Darboux. Rarely 
do we find such a combination of the geometer and the 
analyst as is present in this master mind. He makes clear, 
not merely by precept but by example, that it is not enough 
to express a problem of geometry in analytic form and then 
solve the differential equations. He recognizes the true task 
of differential geometry as an exhibition of the complete 
parallelism between analysis and geometry. Not until this 
has been accomplished does he rest content with the solution 
of a problem, and many of his most notable contributions 
have resulted from this tendency to strive for a complete 
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understanding of a mathematical situation from more than 
one point of view. 

The present volume is divided into three books. The first 
two of these constitute the subject matter of the first edition, 
and we may refer for an account of their content to the review 
by Lovett which has already been mentioned. The third 
book begins with the exposition of certain existence theorems 
for systems of partial differential equations, based on the 
method of successive approximations, which has nowadays 
become thoroughly familiar to most mathematicians. The 
systems of partial differential equations considered are all of 
the form 


Ou; / 
(1) Oz, = Latz, Te 3 


where the indices 4 and À may assume different values and 
where the right members are given functions of the unknown 
functions and the independent variables. 

Darboux considers three cases. First, let the system be 
such that one and only one of the partial derivatives of each 
unknown function is given by an equation of form (1). Then, 
under certain simple continuity conditions, there exists a 
unique system of solutions such that u; reduces to an arbitrary 
function of all of the z's except xa, when x, assumes its initial 
value. 

Darboux's second case is that of a completely integrable 
system, when all of the first order partial derivatives of each 
unknown function are expressible in the form (1), and when 
the resulting integrability conditions are satisfied. 

The third case, intermediate in character, is that of a system 
in which several, but not all, of the first order partial deriv- 
atives of each of the unknown functions are expressible in 
form (1). 

In Chapter IT, these theorems are applied to an equation of 


the form 
da = (2 ES =) 
ðzðy "A E ars: 


The result (already familiar from a direct investigation by 
Picard) is this: there exists a unique solution z which reduces 
to & given function of z for y — yy and to a given function of 
y forz = x. A second application of the results of Chapter I 
is concerned with a corresponding theorem for the system 
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Darboux now makes use of these theorems for the solution 
of some interesting problems of geometry. Let S and S, be 
any two surfaces, and let us establish a point-to-point cor- 
respondence between them, such that the tangent planes at 
any pair of corresponding points M and M, are parallel. 
There will exist in general two tangents Mt and Mu of S, 
such that the tangents Mit, Miu; of Sı which correspond to 
them are respectively parallel to Mt and Mu. Mt and Mu 
will then be conjugate tangents of S at M, while Mii; and 
Miu, are conjugate tangents of Sı at M1. The curves of S 
tangent to Mt and Mu, and the curves of Sı tangent to Mit 
and Mu, thus form two conjugate nets which are said to be 
parallel. Having developed these notions, Darboux formu- 
. lates the following problem. Given a surface S and a con- 

jugate net traced upon $; to find all of the surfaces Sı whose 
points correspond to S in such a way that the corresponding 
tangent planes are parallel and that to the given conjugate 
net of H there corresponds on S a conjugate net. 

The solution is very simple. Let C and D be the two curves 
of the original net which pass through M. Let M; be any 
point of space and let C; and D; be any two curves through M, 
whose tangents are respectively parallel to those of C and D. 
There exists one and only one surface Sı passing through Ci 
and D; and satisfying the conditions of the problem. 

The corresponding problem in three dimensions next 
occupies the attention of the author. If two triple systems of 
surfaces or, what amounts to the same thing, two systems of 
curvilinear coordinates of space, can be made to correspond 
in such a way that at all pairs of corresponding points the 
tangent planes of the coordinate surfaces are parallel, Darboux 
speaks of them as parallel systems. It is easy to see that 
the coordinate curves of each system will then form net- 
' works of conjugate curves on each of the coordinate surfaces. 
Such a triple system of surfaces is said to be a conjugate 
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system and clearly, on account of Dupin’s theorem, every 
orthogonal system is included in this class. 

The existence theorems proved in Chapter I now easily 
lead to the following result. Let M be a point of space, and 
let Ci, C2, Cs be the three coordinate curves which, in a given 
conjugate system, pass through M. Choose any other point 
M' of space and let Cy’, C3’, Cs’ be any three curves through M’ 
- subject only to the condition of having their tangents re- 
spectively parallel to those of C1, Cs, Cs. There exists one and 
only one conjugate triple system of surfaces parallel to the 
given conjugate system and having the curves Cy’, Cy’, Cy’ 
among its coordinate curves. 

After these preparations the general conditions for the 
existence of a conjugate triple system of surfaces become easily 
intelligible. Let Z, Z;, Z be three surfaces passing through 
the point M, and let C; be the curve of intersection of Xs 
and Zu. The three surfaces are subject only to the conditions 
that the tangents at M to Cy and C; shall be conjugate tangents 
of >. Then it is possible, in an infinite number of ways, to 
construct on each of the surfaces Z, a conjugate net containing 
the curves C, and C, The choice of these three conjugate 
nets involves the introduction of three arbitrary functions, 
each of two independent variables. These having been 
chosen, there exists one and only one conjugate triple system 
containing the given three surfaces Z; as coordinate surfaces, 
and the curves of the three arbitrarily chosen conjugate nets 
on these surfaces as coordinate lines. 

The theory of conjugate triple systems is skilfully reduced 
by Darboux to the consideration of the following systems of 
partial differential equations: 





(A) De = Bapu G+E+D, 
(B) : D = Buln, 
(B) a SB, (i, k, 1= 1, 2, 3), 
© = HU 


where the notation may be explained as follows. Let 
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t — Tip, pa, ps), y = 9(pı, ps, ps), % = h(p1, ps, ps) 


be the expressions for the cartesian coordinates of a point in 
terms of the conjugate triple system of curvilinear coordinates 
under consideration, so that the triple system is composed of 
the surfaces ‚Pı = const., Ra = const., p, = const. Let the 
direction cosines of: the coordinate curves be X, Y; Zu 

Suppose now that a system of six functions B; of pi, po, ps 
has been obtained which satisfies (A). We must then find 
three systems of solutions of the three equations (B), which may 
then be identified geometrically with Xi, X», Xs; Yi, Yo, Ys; 
Zi Ze, Zs. It remains to find Hi, Hs, Hs by integrating (B^, 

and finally to obtain z, y, z by quadratures from (C), identi- 
fying in order u with 2, y, and z. 

It is clear that the integration of system (A) is the most 
serious part of this general program. Darboux shows, in 
Chapter III, that there exists a single partial differential 
equation of the sixth order for a single function V whose 
integration completely replaces that of system (A) as far as 
this geometric problem i is concerned. 

À new notion is now introduced, that of supplementary 
triple systems of surfaces or, as we may say, polar systems. 
Whenever a conjugate triple system S is given, one may find 
an infinite number of triple systems E, such that the funda- 
mental trihedrals of the two systems at corresponding points 
are polar to each other, that is, such that the tangents of the 
coordinates lines of Z are perpendicular to the tangent planes 
of the coordinate surfaces of S. 

In Chapter IV the author returns to orthogonal triple 
surfaces. Since these are also conjugate systems they must 
satisfy the equations (A), (B), (B’), > But they must also 
satisfy the further equations 


(A’) dr A + Bibu = 
and 
(D) " = — BuU, — Bu, 


which essentially express the fact that, for an orthogonal 
. triple system, the parallel systems &nd the polar systems are 
identical. 'The general existence theorems applied to the 
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enlarged system of partial differential equations lead to the 
following result. 

Let there be given three surfaces (not planes or spheres), 
cutting each other in pairs orthogonally along a common line 
of curvature. There exists one and only one orthogonal triple 
system containing the given three surfaces. If one of the 
three surfaces is a plane or sphere, to obtain a correspondingly 
unique result, there must be given upon it an orthogonal net- 
work of curves to take the place of the lines of curvature 
which in these cases are indeterminate. 

Chapter V is given up to a discussion of the theorems of 
Combescure and Ribaucour which lead to a transformation 
theory enabling one to deduce from a given triple system an 
infinite number of others, containing additional arbitrary 
functions. 

The author now takes up the problem anew, from the general 
kinematic point of view which is characteristic of his theory 
of surfaces. In this connection he obtains the third order 
differential equation of Bonnet (who was the first to notice 
the possibility of such a reduction), and introduces a new set 
of variables in terms of which the fundamental differential 
equation assumes a very simple form. Although these new 
variables are complicated by imaginary quantities, they seem 
to be especially well adapted for further investigations. 

The main body of the book closes with a detailed consider- 
ation of triple systems which admit a continuous group of 
transformations of Combescure. 

The four notes which follow are devoted to the application 
of Abel’s theorem to the discovery of algebraic triple systems; 
to the theory of the cyclides of Dupin; to orthogonal triple 
systems of cyclides; and to the discussion of a special class of 
point transformations closely connected with the subject of 
orthogonal triple systems. 

We may say that the new portion of this great work is 
characterized by a generalization of great moment. Or- 
thogonal triple systems now appear as special cases of the 
more general notion of conjugate triple systems. But the 
theory of conjugate triple systems belongs properly to pro- 
jective differential geometry, more specifically to that chapter 
of projective differential geometry which deals with triple 
systems of surfaces, a chapter which has been attacked but 
very recently, in a remarkable Columbia dissertation, by 


H 
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G. M. Green.* There can be little doubt but that the methods 
of projective differential geometry will serve to throw a flood 
of light upon the theory of conjugate triple systems, which 
promises to become a most fascinating and fruitful field for 
further research. 

E. J. WILCZYNSKI. 


Tae Üwrvgng&ITY or CHicAG0, 
September 23, 1913. 


DESCRIPTIVE GEOMETRY. 


Elements of Descriptive Gcometry, with applications to spherical 
and isometric projections, shades and shadows, and per- 
spective. By A. E. Church, late professor of mathematics 
in the United States military academy, and G. M. BARTLETT, 
instructor in descriptive geometry and mechanism in the 
University of Michigan. New York, American Book Com- 
pany, 1911. 286 pages and 143 figures. 

Practical Geometry and Graphics. By D. A. Low, professor 
of engineering, East London ‘College. London, Longmans, 
Green and Company, 1912. 448 pages and 823 figures. 

Vorlesungen über darstellende Geometrie. By Gumo Hauck, 
late professor of descriptive geometry and graphical statics 
in the technical school at Berlin; edited by ALFRED Hauck, 
director of the Realschule in Schénlanke. Leipzig, Teub- 
ner, 1912. Volume I. 639 pages and 641 figures. 

Lehrbuch der darstellenden Geometrie fiir technische Hochschulen. 
By Emr MÜLLER, professor of mathematics at the technical 
school of Vienna. Second volume, first instalment. Leipzig, 
Teubner, 1912. 129 pages and 140 figures. | 
Mr. Bartlett’s revision of Church’s well-known Descriptive 

Geometry follows the original text very closely, the main 

departures being in mechanical make-up. The type is larger; 

the articles are renumbered; important theorems and new 
words are printed in bold-faced type; the figures are re-drawn 
and put in the text itself, a number of new ones being added, 
in particular, two hyperboloids tangent along a generator, 

* G. M. Green, “ Projective differential geometry of triple systems of 


. surfaces.” Dissertation Columbia University, 1913. Press of the New 
Era Printing Company, Lancaster, Pa. 
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development of a tea-pot spout, intersection of a torus and a 
cylinder as exemplified in a joint of a water pipe; a generous list 
of illustrative exercises for the student is distributed through- 
out the text. A few corrections in loose mathematical expres- 
sions have been made, but too many still remain, and a few of 
the new ones are also inaccurate. In all important features 
the text is still elementary and conservative. While it retains 
many of the antiquated features long discarded in the draught- 
ing room, still it does impart the essence of the subject in a 
lucid and concise way. 


Professor Low’s book commences with elementary con- 
structions usually met with in books on plane geometry. 
The chapter on the circle is in sufficient detail for the actual 
beginner in geometry. Then follows one on geometrical 
conics, after which comes a short chapter on tracing-paper ' 
problems, In the introduction of each new idea the student 
is urged to perform all the steps of every construction. 
Chapter V considers approximate solutions of various graph- 
ical problems, their actual solution being impossible with 
ruler and compasses; they include rectification of a circular 
arc, squaring of the circle, obtaining the square root of r, and 
others. Roulettes and glissettes are treated by means of a 
combination of the methods of tracing paper and of approxi- 
mate solutions. The short chapter on vertors contains little 
more than what one learns in a first course on mechanics; the 
principles are applied to graphical statics, including an ex- 
tensive treatment of center of gravity and of moment of 
inertia. 

Now follows & chapter of 20 pages on. plane coordinate 
geometry, starting at the beginning and treating straight 
lines, conics, and spirals. A chapter on harmonie motion 
combines graphical with analytic methods in the discussion 
of finite series of sine curves. 

Many topics are treated more thoroughly than even in the 
better American institutions; apart from the rule of thumb 
method of approximations, these 165 pages cover much the 
same kind of work as an American student would have had 
who had taken high school mathematics, a brief course in 
graphical algebra, and an elementary course in mechanics. 

The subject proper begins with projection, first illustrated 
by a drawing in central perspective, then followed by the 
usual two-plane method of orthographic representation. 
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Treatment of points, lines, planes, prisms, pyramids, poly- 
hedra, cones, and spheres is rapid, but clear and extensive. 
In the discussion of the uses of the general profile the drawings 
in À and » are accompanied in each case by a pictorial one 
which makes the problem much more real. The elementary 
principles are followed by numerous practical applications, 
including joinery, mitred mouldings, and a generous list of 
problems for the student. 

. À detailed discussion of the sphere and the quadric cylinder 
and cone follows, after which we return to the consideration of 
, plane figures defined in various particular ways. 

' This second part of 114 pages completes the treatment of 
orthographie two-plane projections. It includes all the . 
principles usually given in an ordinary course in descriptive 
geometry, treats a number of special cases, provides one or 
more figures for every case considered, and furnishes hundreds 
of exercises for the student to work out. 

Now follows an excellently well written chapter on hori- 
zontal projection, including contours and various problems 
connected with them. In this chapter a knowledge of dif- 
ferentiation is presupposed. Now comes pictorial drawing, 
parallel perspective and central perspective, together with the 
relation between these methods and those of orthographic 
projection. 

A combination of various preceding methods is now em- 
ployed in: the discussion of curved surfaces, tangent planes, 
developments, helices and screws, intersections of surfaces, 
together with a short introduction to shades and shadows. 
The book closes with a short chapter on miscellaneous ap- 
plications to solid geometry. It is provided with an index 
and a number of numerical tables. 

One who has mastered Professor Low’s elaborate treatise 
will be well equipped with a knowledge of graphical proc- 
esses and particularly with the relations between them, 
although no use is made of general: axonometric methods; 
isometric projection is mentioned incidentally as a particular 
kind of pictorial drawing. 


During a long period the lectures’ and exercises of Professor 
Guido Hauck at the technical school of Berlin have enjoyed 
a reputation for elegance, beauty, and pedagogical merit 
hardly to be found elsewhere. Under these circumstances it 
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is interesting to be able to see the book prepared on the results 
of this experience and to profit by the study of the methods of 
the master. The science of descriptive geometry is essentially 
an auxiliary one; its main purpose is to provide suitable tools 
for other purposes, namely, the proper representation of 
objects for the artisan and the-engineer. In so far as it remains 
a science and does not become purely an empirical procedure 
it serves the further purpose of providing real mental discipline 
and spurs the students to originality in extending its scope and 
its usefulness. 


The book commences with the usual presentation of the `” 


orthogonal two-plane projection, with the added feature of 
showing the reader how to distinguish which of two segments 
lies in front of the other—first of points, then of segments of 
lines, then of polygons, the latter incidentally determining a 
plane. True lengths of segments, size of triangles, shape and 
size of polygons are considered before the plane is mentioned. 
Then follow a number of problems concerning planes, defined 
by three non-collinear points, problems involving the angles 
which a line makes with the vertical and the horizontal planes, 
‘distance between parallel planes, etc. A large number of 
exercises are provided, but all of them are solved in the text, 
though in many cases not much more than an outline of the 
solution is given. In the constructions the ground line is 
always used, but the figures have but very few letters—most 
of them not containing any, and scarcely any construction 
lines are provided. This arrangement makes it much harder 
to understand the solution, but prevents mechanical repro- 
duction. It puts the difficulty in another place by putting 
the student squarely on his own feet to provide the details 
himself. In this way the power of space visualization is 
greatly enhanced, incidentally giving the student the esthetic 
satisfaction of doing much of the work himself. 

The idea of rotating a polygon about one of its sides and of 
reflection, even of a stereometric figure, about a line are in- 
troduced early and used frequently. In the first two chapters 

ese ideas are treated as distinct problems, without much 
emphasis of the relations between them; the first time any 
new idea is introduced it is developed in considerable detail, 
but when use is made of the same idea later the reader is 
supposed to be familiar with the principle; one who reads 
without mastering the details will soon be swamped. 


et 
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Chapter III, stereometric constructions, begins with a 
resumé of all the results obtained in the preceding ones, then 
applies them to a number of constructions of solid geometry. 
The next chapter, called transformations, while dealing with 
no ideas that are essentially different from those treated by 
other authors, gives a very systematic development of the 
use of rotation about certain lines. The first mention of a 
profile plane is made on page 62 as an incident in the dis- 
cussion of transformations. Intersections of prisms, pyra- 
mids, etc., roof constructions, excavations complete the 
ordinary two plane discussion of figures bounded by planes. 

Now follows a short chapter on axonometric drawing, 
together with a comparison with the preceding method, showing 
its advantages and disadvantages; then comes a chapter on 
certain skew parallel projections, in particular the military 
and the cavalier. All three methods are illustrated by a 
complicated architectural drawing. 

The graphical development is here interrupted to give a 
considerable discussion of the elements of projective geometry, 
showing various particular kinds of perspective, including 
affinity and similarity and plane perspective. Cross-ratio 
and harmonic forms are treated metrically and algebraically. 
The idea of a curve first appears on page 133—the concepts 
of tangent, contact, curvature, evolute, and involute are all 
discussed and the statement explicitly made that our only 
general method of constructing curves is to locate a number of 
points and then connect them freehand. 

No knowledge of conics is presupposed, but an extensive 
theory is built up, commencing with Steiner’s method of 
generating a conic as locus of intersection of corresponding 
rays of two coplanar projective pencils, then establishing the 
theorems of Pascal, Brianchon, and Desargues, the theory of 
pole and polar; center and diameters, asymptotes, and focal 
properties. ‘These ideas are then skilfully applied to a large 
number of problems of construction. . 

Curves in space are given a much briefer treatment, details 
being given only for helices. ‘Then follow developables, cones, 
cylinders, and curves of intersection, with development, 
surfaces of revolution, quadric surfaces by means of parallel 
sections, and finally topographical surfaces, conoids and ruled 
quadrics. In the forthcoming second volume curves of inter- 
section of. curved surfaces and shades and shadows are to be 
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The first volume of Professor Müller's book was reviewed in 
the BULLETIN, volume 16, page 136. This first instalment of 
the second volume maintains the same standard and vigor as 
the first volume, and furnishes a comprehensive compendium 
as well as a text-book on the subject. 

The volume begins with horizontal projection, and applies it 
to topography, roof construction, and excavations, the scope 
and treatment being rather similar to that given by Professor 
Low. Then follows a chapter on axonometry, with appli- 
cation to the representation of curve surfaces, including a 
number of metrical problems. An interesting feature is the 
extensive historical development, given in the form of foot- 
notes. 

In this set of four books, one American, and three European, 
we find a good representation of the relative states of the 
science, as viewed by the different countries. When shall 
we be able to regard descriptive geometry as a science co- 
extensive with projective and analytic geometry? 

VIRGIL SNYDER. 


CORNELL UNIVERSITY, 
August, 1913. 


SHORTER NOTICES. 


Zahlentheorie. By Kurt Hensev. Berlin and Leipzig, G. J. 
Göschen, 1918. 356+ xii pp. 


As a knowledge of the elements of the theory of congru- 
ence of integers is essential in many branches of mathematics, 
and as the higher parts of the theory of numbers have enthusi- 
astic devotees, it is not surprising that there are published 
yearly several books treating the theory of numbers from 
various standpoints. The usual topics on congruences, 
including the reciprocity law for quadratic residues, are 
treated in the present book, but at widely separated intervals, 
the. interspersed material being of quite a different nature 
described below. Consequently, a reader desirous of ac- 
quiring rather quickly a knowledge of the classical theory of 
congruences will not find the present book so well adapted to 
his needs as most of the texts available. However, there will 
be readers who appreciate the opportunity of being able to 
pick up incidentally this useful information while enjoying 
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Hensel’s new and powerful method for number-theoretic 
questions, a method analogous to that of power series in the 
‘theory of analytic functions. This new method in number 
theory is that of p-adic numbers described in detail in my 
extensive review, BULLETIN, volume 17 (1910), pages 23-36, 
of Hensel’s Theorie der algebraischen Zahlen. The newer 
book treats also of the similar, but more general, g-adic 
. numbers, where g is any integer, whereas p was a prime. The 
g-adic numbers are, however, compounded in a very simple 
manner of p-adic numbers, where pi, ps, --- are the prime 
factors of g, so that the matter finally rests upon the case 
treated in the former book. The new book is however an 
essentially new contribution to this subject. It gives also 
an exposition of series of p-adic numbers and of g-adic numbers; 
as well as of power series in which the variable and the 
coefficients are p-adic or g-adic numbers, with a detailed 
treatment of the exponential and logarithmic functions of a 
g-adic argument. The final chapter (sixty pages) obtains 
from the point of view of p-adic numbers the more fundamental : 
properties of binary and ternary quadratic forms. 
It is certainly instructive to see the theory of congruences 
` developed by the side of, and largely by means of, the theory 
of p-adic numbers, a theory shown in Hensel’s former book 
to be a powerful instrument for the investigation of algebraic 
numbers. ` 

L. E. Dickson. 


Leçons sur les Equations intégrales et les Equations intégro- 
différentielles. Professées à la Faculté des Sciences de Rome _ 
en 1910, par Vrro VOLTERRA, et publiées par M. Tomas- 
SETTI et'F. S. ZanLaTTI. Paris, Gauthier-Villars, 1913. 
vi+164 pp. 

Tax subject of integral equations is rapidly coming to the 
front as one of the most important branches of mathematics. 
Several books on this subject have been published recently, 
but the book in question, being the published lectures of one of 
tbe founders of the theory of integral equations, will no doubt 
be received witb an especially hearty welcome by mathema- 
-ticians. As stated in the preface, the book is based on the 
course of lectures given by Volterra at the University of Rome 
in 1909-1910. 'The plan of the lectures, however, has been 
somewhat changed, partly by adding someinteresting investiga- 
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tions of more recent date and partly by leaving out most of the 
applications. This latter fact seems regrettable, but we are 
promised by the author a second volume which will be devoted 
to various applications and also to a more extended presenta- 
tion of the theory of integro-differential equations. 

The object of the author is to give a brief and systematic 
. outline of the entire field of integral equations. The treatment 
of the topics considered is excellent, and the book will appeal 
not only to the student who wishes to lay a good foundation 
for further work but also to the more superficial reader whose 
object is simply to get some idea of the subject. 

The author often confines himself to special cases imposing 
certain restrictions on the functions with which he is dealing. 
It might have been desirable to give a more general treatment. 
In nearly all cases, however, he points out how his methods 
may be extended, to more general cases. Whether this is a 
good procedure or not is, of course, a matter of opinion. The 
book covers an unusually large number of topics, and a great 
number of references are given. 

In Chapter I the author gives a brief outline of the theory 
of functions which depend on all the values of a function in a 
certain domain, or functions of lines as distinguished from 
ordinary functions of points. The expression 


A= [vw 


is a function of all the values which et) takes in the interval 
(a, b). The form of p(z) determines the variation of A or, 
in other words, A depends on all the ordinates of the curve 
y = e(z) in the interval (a; b) and is hence a function of an 
infinite number of variables. To: indicate the fact that a 
quantity F depends on all the values of a function (x) in an 
interval (a, 6) the notation 


F= Plet) 


is used. Starting from this notion the author defines con- 
tinuity, derivatives, etc., and gives several examples of func- 
tions of this kind. The treatment is very brief, and rigorous 
proofs are omitted, but numerous references are given for the 
benefit of the reader who wishes to penetrate deeper into this 
most fascinating field. Confining himself to functions which 
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are developable in a series corresponding to Taylor's series, 
the author is finally led to the consideration of a general 
functional equation of which the ordinary linear integral 
equation is a special case. 

In Chapter Il the author begins a systematic treatment of 
integral equations. He first considers two mechanical 
problems of Abel and Liouville, and then takes up a general 
discussion of the integral equation of the Volterra type of the 
second kind, i. e., an equation of the form 


eG) = ut) + | Ke, Duende, 


where the kernel K(x, £) is supposed to be finite and con- 
tinuous in the region 
OS Fae Sb. 


The integral equation is considered as a limiting case for a 
system of n algebraic equations as n becomes infinite. 
The integral equation of the.first kind, i. e., 


ow) = | Kl, Ducbt, 


is considered next. Here both K and dK/dx are supposed 
to be finite and continuous, and also et) = 0. A solution is 
obtained by reducing the given equation to an equation of the 
second kind. The special case when K becomes infinite of an 
order a < 1 for z — & is then discussed. Finally the case 
when K(x, x) = 0 is considered. In discussing this case the 
elegant method of Lalesco, which consists in making use of 
linear differential equations, is applied. 

The author next considers systems of integral equations and 
equations containing multiple integrals and shows how the 
ordinary methods can without serious complications be ex- 
tended to these cases. A few pages are then devoted to the 
method of successive approximations as applied to integral 
equations. Other topics of which a brief discussion is given 
dre generalized equations of the Volterra type, equations 
where the two limits of integration are variable, and non-linear 
equations. 

In Chapter III equations of the Fredholm type 


eG) = ue) +A [ Ke, Hutdaz | 


D 
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are discussed. The same method of considering the given 
equation as the limiting case of a system of algebraic equations 
is used in treating this type. The kernel is supposed to be 
finite. ‘The case where the kernel becomes infinite is discussed 
very briefly. A few pages are devoted to systems of equations 
and equations involving multiple integrals. At the end of 
the chapter some very interesting applications are made to 
Dirichlet’s problem and to the vibration of strings. 

In Chapter IV a very brief and incomplete account of 
integro-differential equations is given. By such an equation 
is meant one involving not only the unknown functions under 
signs of integration but also the unknown functions them- 
selves and their derivatives. No attempt is made to give 
a systematic treatment of this subject. A féw problems 
from mechanics leading to equations of this kind are discussed. 
A few pages are also devoted to permutable functions. Fora 
more complete discussion of these very interesting topics the 
reader is referred to papers by Volterra published in Acta 
Mathematica and Atti d. R. Accademia dei Lincei. It is with 
great pleasure that we receive the news that the author intends 
to give an exhaustive treatment of these topics in a second 
volume which will soon be published. 


JACOB WESTLUND. 


Die komplexen Veränderlichen und ihre Funktionen. Von 
Dr. GERHARD KOWALEWSKI, Ord. Professor an der Hoch- 
schule zu Prag. Leipzig und Berlin, B. G. Teubner, 1911. 
455 pp. - 

Tms volume, by the well-known author of the recently 
published text on determinants, is intended to be a continu- 
' ation of the Grundzüge der Differential- und Integralrech- 
nung, which was reviewed on page 531 of volume 19 of the 
BULLETIN, as well as an introduction to the theory of functions. 
Some of the very convenient terms introduced in the afore- 
mentioned book, such as the expression “ fast alle," meaning 
“all with a finite number of exceptions,” so useful in the 
discussion of propositions involving the limits of sequences, 
are also used in this book. Other new ones are introduced, 
as for instance the “ Hof " of a point, meaning a circle having 
the given point as a center. This strikingly descriptive 
terminology, as well as the interjection in appropriate places 
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of interesting historical remarks,* lend to the style of this 
author a certain charm and clearness which it is difficult to 
characterize more specifically, but which must be evident to 
any one who reads his books; among these I should like to 
mention his Klassische Probleme der Analysis des Unend- 
lichen, a book that seems to the present reviewer to be well’ 
worth the attention of teachers of the calculus. Professor 
.Kowalewski succeeds in a remarkable way in bringing at 
least some features of the more advanced portions of analysis 
within the reach of the less advanced student; this gives his 
books added pedagogical value, inasmuch as they arouse the 
reader’s interest in the Tegions lying a little beyond his present 
capacity. 

The text on the complex variable and its functions possesses 
all the good qualities of the former productions of this author. 
Let me say at the outset that the book treats only of uniform 
functions, so that with the exception of a brief passage on 
page 319, no mention is made of a Riemann surface nor of any 
of the subjects connected therewith. The book is divided 
into seven chapters, the first one of which, comprising 64 
pages, deals with the representation of complex numbers by 
means of the points of the plane, and with'a discussion of the 
general linear fractional function of the complex variable 2. 
In addition to the topics usually treated under this heading, 
the author gives in this chapter: first, a treatment of the 
transformation z’ = (az + b)/(cz-+d), where Z is the 
conjugate of 2; this section closes with a proof of the fact 
that all the elementary transformations, including rotations 
and translations, can be compounded out of reflections; 
second, a treatment of the linear fractional function in the 
homogeneous form, which gives an opportunity to bring in 
some interesting facts about Hermitian forms. The classi- 
fication of finite linear transformation groups, including the 
modular group, leads to a digression on the equivalence of 
positive quadratic forms and to a short study of linear and 
planar “ Punktgitter,”” useful later on in the discussion of 
doubly periodic functions. 

Chapter II, 18 pages, is devoted to complex functions of a 


* Such as, for instance, the remark on p. 91 of the present volume, just, 
before a proof of the fundamental theorem of algebra, that Leibniz did 
not believe it to be be possible to solve the equation zt + 1 = 0 by! the aid of 
complex num 
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real variable. The first and second mean-value theorems of 
the integral calculus are proved with the utmost rigor by 
means of the notion of the “smallest convex enclosure " of a 
given point set M. By this is meant the set consisting of all 
the points common to all the convex sets which contain M. 
It is proved that whenever M is closed and connected, then its 
smallest convex enclosure consists of all the points which 
lie on chords of M. 

In Chapter III comes the introduction of the analytic or 
monogenie function, defined as & function for which the de- 
rivative exists. "The definition of the derivative is given in & 
beautifully clear but at the same time completely rigorous 
way; the term “ ausgezeichnete Folge," used so successfully 
in the “ Grundzüge," and the theorem that all sub-Sequences 
of a given convergent sequence are convergent, and that 
their limit is the same as that of the original sequence, applied 
to great advantage throughout the book, help materially 
in accomplishing this result. The analytic character of 
rational functions, the fundamental theorem of algebra, the 
unlunited differentiability and integrability of power series 
in the interior of their circles of convergence are proved in the 
first 26 pages of this chapter. The remaining 25 pages are 
given up to the exponential and trigonometric functions, 
defined by means of power series, and to the inversion of the 
former, the logarithmic function, closing with a section on 
functions of a function. The Mercator map is introduced by . 
way of the conformal representation of a cylinder upon a 
circular ring. In the discussion of the logarithmic function, 
the different determinations are kept distinct and treated as 
different functions; it is shown that each one of them is de- 
termined by its derivative and by its value at one point. The 
expansions of the principal logarithms of 1+ 2 and of 
(1 — z)/(1 + 2) lead very naturally to a discussion of series 
of the form 


S cos È sin 
Lei ad Zen Gaa 


Chapter IV, entitled “ Curvilinear integrals," contains 
within its 46 pages propositions relating to the integrals of 
functions of a complex variable along rectifiable curves. The 
existence of 
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is proved for a continuous function f(z) by reducing to integrals 
of functions of a real variable, and also directly without sepa- 
rating into real and imaginary parts. It would take us too 
far afield to report in detail upon the mode of presentation, 
which is a model of clearness and rigor. For the fundamental 
theorem that a function which has the derivative f(z) at every 
point of a path AB is representable in the form 


+ f feds 


the path of integration is further conditioned so as to have the 
following property: If zi, 22, - -- is a sequence of points on AB, 
converging to a point aa of AB, but not containing zo, and if 
1, is the length of the path 22, then lim 1,/|z) — zn] must 
exist, and be finite. This condition is equivalent to the one 
used by Moore in his proof of the Cauchy-Goursat theorem 
(see Transactions of the American Mathematical. Society, 
volume 1), but seems to be simpler in form. All paths of 
integration considered from here on are assumed as having 
this ‘property. Formulas are obtained for the coefficients of a 
power seriés in the usual way and also by means of Hada- 
mard’s formulas in terms of the real and imaginary parts of 
f(z) expressed in terms of polar coordinates. The latter results 
are then used to derive Poisson’s integral. 

Chapter V is devoted to Cauchy’s fundamental theorem and 
its consequences. It covers 143 pages and is the longest 
. single chapter in the book. Cauchy’s fundamental theorem 
is given first for a rectangle, by the method of Moore. A little 
farther on follow two proofs of the same fundamental theorem 
for so-called ‘‘ Normalbereiche,” defined as the set of points 
given by the formula | 


a= {u + i(1— Duo) + ia(u)}e (a £u<b,0£<t<£1), 


where yolu) and data) are real and continuous functions of 
limited variation on the interval (ab), subject to the restric- 
. tion yolu) < Yılu). The first of these proofs proceeds by 
means of decomposition into rectangles; the second one pro- 
ceeds directly by a generalization of the method used for the. 
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case of a rectangle. By the same method again, Green’s 
theorem is proved for two functions u(x, y) and v(x, y), which 
are assumed to be “ properly differentiable.” A function 
f(z, y) is said to be properly differentiable at a point (xo, yo), 
if there exist two functions fi(z, y) and fs(z, y) such that 


li (tn, Yn) —f (to, Yo) — (tn — Xo) fito, yo) — (yn — uos (to Yo) ` 0 
m ! =0, 
[ťa — do) + [ya — yol 


whenever lim +, = v, and lim yn = Yo, Dia Yn F zo, yo). 

. From this it follows that the function f(z) possesses a 
derivative at the point zo, when and only when its real and 
imaginary parts u and v are properly differentiable at (zo, yo) 
and satisfy the conditions 

ðu ðr dat Ov 


dr Oy än ðr 
This result seems distinctly valuable inasmuch as it states 
the exact condition under which the two definitions of an 
analytic function are equivalent. Next come, very much as 
is customary, the important consequences of Cauchy’s 
theorem: Cauchy’s formula, Taylor’s series, Laurent’s series; 
followed by Liouville’s theorem, the theorems on rational 
functions and residues, the second proof of the fundamental 
theorem, etc. The author proposes the term “ Laurent 
point ” of a function for a point at which the function is either 
regular or has an isolated singular point, i. e. a point at which 
the function may be developed into a Laurent series, a regular 
point then becoming a “regular Laurent point." The use 
. of the proposed term throughout the rest of the book is a 
good argument in favor of its acceptance, for it enables the 
author frequently to simplify his statements. Between the 
Taylor series and the Laurent series, 15 pages are devoted 
to boundary-value problems. There is a clear treatment of 
the two-dimensional boundary-value problem for the circle 
and of the reduction of this problem and of the corresponding 
one for the ellipse to linear integral equations. This is one 
of those instances in which the author has brought the more 
advanced topics of his subject within the scope of a more 
elementary text. The last 34 pages of the chapter are devoted 
to the inversion of a system of two functions u(x, y) and o(x, y) 
and to the inversion of power series in the neighborhood of 
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simple and of multiple zeros of the function. The discussion 
of the latter case is the only place in the book where, as noticed 
above, a Riemann surface is mentioned. Conformal repre- 
sentation gets an admirable discussion in connection with 
this subject by means of the notion of a “ Jordan neighbor- 
hood ” of a point (zo, yo), by which is meant the totality of all 
points in the interior of a Jordan curve which surrounds the 
point (ao, yo). This chapter closes with the discussion of the 
transformation effected by w = f(z) in the neighborhood of a 
multiple zero. 
' Chapters VI and VII take up the subjects of infinite series 
and infinite products of functions of a complex variable. The 
definitions and well-known theorems on uniform and absolute- 
uniform convergence are followed in section 68 by the definition 
of “ normal convergence,” as given by Baire in his Leçons 
. sur les Théories générales de l’Analyse. Then comes the 
theorem that every uniformly convergent series can be trans- 
formed into a normally convergent series by the omission of a 
finite number of terms at the beginning of the series and by 
grouping of neighboring terms. No reference is given for 
this theorem; it seems to be due to Baire, who proves it on page 
30 of volume 2 of the book, mentioned above. The complete 
absence from the text under review of references to the litera- 
ture ig unfortunate. Creating, as it cannot help doing, a great 
deal of interest in allied fields of mathematics, the book loses 
a great deal of its value by not giving the reader any guidance 
in his attempts to gain further knowledge of these fields. 
The theorem to which reference was made above and the 
concept of normal convergence, including as it does uniform 
and absolute-uniform convergence, prove to be very useful 
in several of the later proofs on infinite series and infinite 
products. The discussion on pages 348 and 349 of the de- 
rivatives of & uniformly convergent series of differentiable 
functions seems to be unnecessarily lengthened by the proof 
of the formulas for the successive derivatives of the function 
s(3); as soon as the existence of the first derivative is proved, 
these results can be obtained by application of the results of 
pages 215 and 216. The theorem of Heine-Borel (or rather 
that of Borel-Heine, as the author calls it with a regard for 
historical accuracy, not marred by national prejudice) is used 
to prove the following theorem: If P is a point set which con- 
tains interior points, if f,(z) are functions which are differenti- 
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able at every interior point of P, and if the series Df,(2) is 
uniformly convergent on every closed subset of P, which 
contains interior points only, then this series may be differ- 
entiated term by term indefinitely at every interior point and ` 
the resulting series converge uniformly on every such subset. 

Nearly one half of these last two chapters, 64 pages, is. 
given to doubly periodic functions and to elliptic integrals. 
The book ends with the presentation of the theorem of 
Mittag-Leffler and of Weierstrass's theorem on the factoriza- 
tion of entire-functions. It is surprising that the subject of 
analytic continuation does not even receive mention. 

The misprints are rather more numerous than is usual in 
Teubner’s books, but they are not very important. It will 
suffice to point out the following: 

Page 95: line 16 from top: read R(z) instead of Q(z). 

Page 119: line 8 from bottom: read F(w) instead of G(w). 


Page 129: line 6 from, top: read 25 + at ES -.. instead! 
1 1 1 
of ots t gt o 


“Page 284: line 1 from bottom: read „+ y" = oi + e^ 
instead of: v’ = pl! — o! +”, 
Page 349: lines 1 and 6 from top: the last exponent on each 
of these lines should read — (p + 2) instead’ 
of — (p + 1). 
line 10 from top: a factor Mp should be multiplied 
into the second term on the right-hand side of 
the equation. 
Page 375: line 3 from top: read Ze instead of 1/2. : 
ARNOLD DRESDEN. 


Calcul des Probabilités. Par Lovis BacmEnreR. Tome I... 

Paris, Gauthier-Villars, 1912. vii+ 516 pp. Price 25 fr. 
- Tux object of this book is to give not merely an exposition 
of some of the leading principles long known in the theory,. 
but to present recent methods and results, due to the author, 
that represent from certain points of view a decided trans- 
formation of the calculus of probabilities. 

The conception of continuous probabilities is at the founda- 
tion of this change. The author points out the fact that the 
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continuous formulas long used in the theory of probability 
have been thought of as approximations in such a way that 
they could not serve as a basis for new research. To this 
fact he attributes the failure to make greater progress in the 
‘development of the theory since the time of Laplace. This 
idea of considering probabilities as continuous is at the basis 
of much of the author’s work published within the past ten 
or twelve years in the Annales de l'Ecole Normale Supérieure 
and Comptes Rendus. The book gives a unified presentation of 
the development of the conception of continuous probabilities 
contained in these papers, and shows some generalizations. . 

It is easy to see one advantage of continuous probabilities 
in that the results are mathematically exact and do not depend 
upon approximations. The theory has also made possible 
new results and fortunately some of these results are well 
adapted to numerical applications. 

It should perhaps be said that the first five chapters of the 
book are given to discontinuous probabilities. This part 
contains nothing novel, and the effort has been toward sim- 
plification. 

To consider briefly the method of treatment of continuous 
probabilities, let us assume the continuity of a function that 
represents a probability. To satisfy this condition we may 
consider a series of a great number of trials, of such nature 
that the succession of these trials is regarded as continuous, 
and that each trial may be regarded as an element. If we are 
concerned with a great number of trials, we may assume that 
they follow each other in small equal infinitesimal intervals of 
time di, and represent the total time by t. This likeness 
between trials and time furnishes a valuable image which 
helps us to conceive of the transformation of probabilities in 
a series of trials as a continuous phenomenon. 

In this book, probabilities are classified from three points of 
view. First, the classification is made with respect to con- 
ditions of play i in the game with which we are concerned. If 
the conditions of play are identical all the time or for each y, 
uniformity is said to exist. If conditions depend uniquely on 

_ the order in.the series and are independent of what has gone 
before, there is said to be independence. If the conditions 
depend on what has happened before in the playing, there 
is said to be. connexity (connexité). Second, the classi- 
fication is made with respect to the number of players. Prob- 
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lems may involve one, two, three, . . ., or n players. Third, 
the classification is made with respect to the values of the 
variables, or the values of the fortunes of the players. When 
variables may take values from — œ to + œ, the proba- 
bilities are said to be of the first kind; when one variable is 
limited in value in one direction, the probabilities are said to 
be of the second kind; when one variable is limited in both 
directions, the probabilities are said to be of the third kind; 
when two or several variables are limited, the probabilities 
are said to be of superior kind. 

To illustrate the general character of the treatment, let us 
consider the case of probabilities of the first kind with one 
variable and under independence. Further, assume that a 
function f(u,, 4s, y) exists such that f(u. ue, y)dy is the proba- 
bility of a loss between y and y + dy in the playing of matches 
between uz, and ug. Then, for the probability of a loss between 
z and z + dx at the match y, under the specified condition 
that at match y, the loss is between z and 2; + dn, we have 


ZO, B z)dz = fo, Hi: 21) KR fus H, © — 2;)dx41dz, 


and, since +, may take values from — œ to + œ, we have 
that the function f must satisfy the functional equation 


10, m = f FO, m afin, wy £ — coda. 


Furthermore, the condition of continuity requires that 


limit [ru H, y)dy = 1, 


Km] 
where a and b are any assigned positive numbers. 
It is shown that these fundamental relations imply a certain 
partial differential equation 


WU 4 

Ox pu) är pou ^" 

where y’(u) and e'(u) are known functions. In fact, J'(u)du 
is the mathematical hope of the interval u to u + du, and 
g’(u)du is the function of instability for the same interval. 
In the case of symmetry of probabilities, the equation becomes 
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If we make u = f, and think of it as the time, we have the 
familiar equation of Fourier, and we note that the theory of 
continuous probabilities has led to a likeness between what 
may be called the movement or transformation of proba- 
bilities and certain physical phenomena. This theory of 
probability serves logically as an introduction to mathematical 
physics, not only because a knowledge of the laws of chance 
often supplements our ignorance of the laws of nature, but 
also, because the theory, based on purely mathematical con- 
ceptions, leads to differential equations that are of fundamental 
importance in physics. 

In the chapter on the radiation (rayonnement) of proba- 
bilities, we find established, under an assumption of uniformity, 
that a state (cours) radiates towards a neighboring state a 
quantity of probability proportional to the difference of their 
probabilities. This theorem and others on the radiation of 
probabilities struck me on first reading as involving a strained 
use of language. To explain the meaning: the probability 
that a state of gain or loss be x at time t and x + u at time 
t + dt is expressed by saying that the state x has in time dé 
given to state + + u a quantity of probability equal to the 
probability of the combined states at the times specified. 
Considerable deliberation on the subject has led me to feel 
that this view of the radiation of probabilities is a rather 
natural conception; for, if a certain state has a high proba- 
bility, we should naturally expect, under continuity, that this 
situation would tend to give to neighboring states increased 
probability. 

The analogy of the above theorem to the theorem concerning 
the flow of heat from a body to a cooler body is discussed. 
This analogy no longer subsists in the problem either of con- 
nected probabilities or of independent probabilities of several 
variables. In these cases, the laws of probability are more 
complex than those of heat radiation. 

In the illustrations that we have cited, independence is 
assumed. When one tries to free the development from this 
assumption, such difficulties are presented that the author 
considers only certain special classes of connected probabilities. 
He treats in elegant form connected probabilities of the first 
kind for one variable, by which it is meant that the conditions 
of play depend uniquely on the actual loss and on the order of 
the match. He treats in particular the simple but useful 
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case in which we conceive & cause accelerated or retarded by 
deviations proportional to the value of such deviations. To: 
illustrate this problem, we may cite the following urn scheme: 
An urn A contains n white and n black balls, and a second urn 
B contains n white and n black balls. We draw at random 
a ball from A and place it in B, at the same time drawing 
one from B and placing it in A. If this process is continued 
p times, what is the probability that the number of white 
balls in the urn is n— x? In this case, the mathematical 
hope of the player is z/n when the deviation is a. 

The plan of extension from a single variable to any number 
of variables, in the case of independence, proceeds in a very 
direct and systematic manner. In fact, the unity of method 
in the development of the different classes of probabilities, 
founded on an integral equation, is one of the characteristic 
features of this work. Thus, if we let f(m, u, x1 — Xy, «°°, 
2n-1 — X41) be the probability that, between matches pı 
and u, A loses zı — Xi, B loses zs — Xs, - - -, the fundamental 
functional relation for independent probabilities of the first 
kind, is 
flo; Bic dui 


Lo o To 
=f T ef fu, ii Xy +++, Xn-1) 


x fa, HB, q1— Xy ttt, La — X, 3d XidXs ee dX nis 
with the further condition that 


ES in «f fossis ty us ud +) Un-1) 
a  —81 bag 


x duidu, - el) 
. positive 
for u—m #0, and u= zi A, wen — Xa, 55, 


Uni = Yaoi Aa 

The function f is determined by these conditions. The 
analogy of the results with those of Pearson on multiple cor- 
relation is worth noting. 

The book contains a short chapter on geometrical proba- 
bilities, one on kinematic probabilities, and one on dynamic 
probabilities. What is meant by kinematic probabilities may 
be expressed by saying that a problem has to do with kine- 
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matic probabilities when it requires a treatment of displace- 
ments that depend wholly or in part on chance. A problem 
of dynamic probabilities is one that has to do with move- 
ments of a system under forecs that depend wholly or in part 
on chance. 

In conclusion, let me say that the fact that the book gives 
practically no references makes it difficult to determine just 
what is due to the author and what is derived from earlier 
authority. However, much of this work on continuous proba- 
bility is original with the author, and it appears to the re- 
viewer that this first volume gives a systematic and unified 
presentation of the author’s contributions to the development 
of a conception of probability that makes possible a distinct 
advance in this field of mathematics, and in our notions of 
the application of probability theory. It is further a fact of 
some interest that integral equations play a fundamental part 
in this treatment of probability. 

H. L. Rrerz. 


Entwurf einer verallgemeinerten Relativitätstheorie und einer, 
Theorie der Gravitation. I. Physikalischer Teil. Von A. Eın- 
STEIN. II. Mathematischer Teil. Von M. GROSSMANN. 
Leipzig, B. G. Teubner, 1913. 38 pp. 


EINSTEIN no sooner had defined the principle of relativity 
and established it on a sound basis than he went about de- 
stroying it, as some would say, or generalizing it, as he says, 
so as to take account of gravitational phenomena. A funda- 
mental point of view in the original theory of relativity is that 
mass and energy are proportional; the new theory says that 
mass and weight are also proportional, for example, a ray of 
light is attracted by matter. The uniform rectilinear velocity 
of light in “ free space ” is therefore abandoned, or to put it 
differently, the presence of matter anywhere renders all space 
no longer free. The mathematical part of the theory will be 
especially interesting to those familiar with quadratic differ- 
ential forms and Ricci’s absolute calculus. 

The pamphlet contains the most recent and detailed pre- 
sentation of revised relativity; it is merely a reprint with 
repagination of an article in the Zeitschrift für Mathematik und 
Phystk, volume 62. 

E. B. Witson. 
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NOTES. 

THE opening (January) number of volume 15 of the Trans- 
actions of the American Mathematical Society contains the 
following papers: “On the degree of convergence of Laplace’s 
series," by T. H. GnoNwarL; “Linear associative algebras 
and abelian equations,” by L. E. Dickson; “Some theorems 
concerning groups whose orders are powers of a prime," by 
W. B. Frre; “Limits in terms of order, with example of 
limiting element not approachable by a sequence,” by R. E. 
Root; “The symbolical theory of finite expansions," by O. E. 
GLENN; "Lebesgue integrals containing & parameter, with 
applications,” by B. H. Camp; “Congruences and complexes of 
circles," by J. L. CooLiper. 


At the meeting of the London mathematical society held 
December 12 the following papers were read: By E. W. 
Hosson, “The linear integral equation”; by H. E. J. Curzon, 
“Generalized Hermite functions and their connection with 
Bessel functions”; by J. Proupman, “Limiting forms of long 
period tides”; by A. L. CUNNINGHAM, “The number of 
primes of same residuality”; by R. H. Fow er, “Some results 
on the form near infinity of real continuous solutions of a 
certain type of second order differential equations”; by S. 
BRODETSKY, “The potential of a homogeneous convex body 
and the direct integration of the potential of an 'ellipsoid "; 
by G. R. Goppssroveu, “The dynamical theory of the tides 
in a polar basin"; by J. C. FrELps, “Proof of the comple- 
mentary theorem." . 


AT the International conference on the teaching of mathe- 
matics, to be held at Paris, April 1-4, the first day will be 
devoted to the assembling of the delegates, meeting of the 
central committee, and an evening session of the Société 
mathématique de France. At the general session on Thursday 
there will be opening addresses by Professors P. APPELL and 
Feux Krem, followed by lectures by Professor E. BOREL on 
“The adaptation of teaching to the progress of science," and 
Professor M. p’Ocacne on “The rôle of mathematics in 
engineering sciences.” The afternoon session will be devoted 
to the discussion of the introduction of the calculus and the 
use of elementary functions in secondary instruction: Reports ' 
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wil be presented by Professors E. Dep and C. Brocur. 
The Friday sessions will discuss the teaching of mathematics 
to engineering students, with a report by Professor P. 
STAECKEL. In the evening there will be a meeting of the 
Society of civil engineers of France. On Saturday the dis- 
cussions will be continued and policies outlined in preparation 
for the meeting at Munich in 1915. 


At the annual public meeting of the academy of sciences of 
Paris, the permanent secretary, Professor Gaston DARBOUX, 
delivered an eulogy on Hewat Pomcarf. The following 
prizes were awarded in mathematics, some of which had been 
announced earlier in the year: The Francoeur prize (2000 fr.) 
to A. CLAUDE for the whole of his work in astronomy. The 
Poncelet prize (3000 fr.) to Maurice LeBLanc for his work 
in mechanics. The Petit d’Ormay prize (10000 fr.) to Pro- 
fessor C. GUICHARD for the whole of his work in mathematics. 
The Montyon prize (700 fr.) to Professor M. SAUVAGE for his 
work in mechanics. The Bordin, Gutzman, and grand prizes 
were not awarded. 


Proressor E. W. Brown, of Yale University, has accepted 
the invitation of the British association for the advancement 
of science to attend the Australia meeting in 1914. He 
expects to be absent from the university until February, 1915. 


Proressor EDWARD KABNER, of Columbia University, has 
been granted leave of absence during the second term of 
the present academic year, to study in Europe. 


Dr. EuzasETH B. Cow ey, of Vassar College, has been 
promoted to an assistant professorship of mathematics. 


Mr. A. L. Men has been appointed instructor in mathe- 
matics at the University of Michigan. 


PROFESSOR BENJAMIN Oscoop Perce, of Harvard Uni- 
versity, died January 14 at the age of 60 years. He was a 
member of the National academy of sciences and of many 
learned societies of Europe and America. He had been a 
member of the American Mathematical Society since 1891, 
and was vice-president of the Society in 1913. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


BanBETTA (E.) Sur les carrés panmagiques. Paris, Gauthier-Villars, 
1913. 8vo. 32 pp. Fr. 1.50 


BATTAGLINI (G.). See ToDHUNTER (1.), 


Bauer (W.) und HANXLEDEN (E. vi Differential- und Integralrech- 
nung nebst den Grundzügen der synthetischen und darstellenden 
Geometrie. Braunschweig, Vieweg, 1013. 8vo. 104-216 Pp; 
Cloth. M. 4.20 


"Bern (E.). Opere matematiche, pubblicate per cura della r. accademia 
dei Lincei. Tomo II. Milano, Hoepli, 1913. 8vo. 8+496 pp. 


Boryar (W.) und Borrar (J.). Geometrische Untersuchungen. Mit 
Unterstützung der ungarischen Akademie der Wissenschaften heraus- 
gegeben von P. Stickel. 2 Teile. (Urkunden zur Geschichte der 
nichteuklidischen Geometrie. Band II.) Leipzig, Teubner, 1913. 
8vo. 293 and 281 pp. Cloth. M. 32.00 


Bournoux (P.). Les principes de l'analyse mathématique, exposé histo- 
rique. Tome ler. Paris, Hermann, 1914. 8vo. 11+547 pp. 


Fr. 14.00 
CAHEN (E. P.). Théorie des nombres. Tome ler: Le premier degré. 
Paris, Hermann, 1914. 8vo. 12+408 pp. Fr. 14.00 ' 


Cantor (M.). Vorlesungen über Geschichte der Mathematik. 2ter 
Band: Von 1200-1668. Unveränderter Neudruck der 2ten Auflage. 
Leipzig, Teubner, 1918. 8vo. 12-943 pp. M. 29.00 


CREMONA (L.). Opere matematiche, pubblicate sotto gli auspici della 
r. accademia dei Lincei. Tomo I. Milano, Hoepli, 1914. 4to. 8+ 
497 pp. L. 25.00 


Darsoux (G.). Leçons sur la théorie générale des surfaces et les applica- 
tions géométriques du calcul infinitésimal. lre partie: Généralités, 
coordonnées curvilignes; surfaces minima. 2e édition, revue et aug- 
mentée. Paris, Gauthier-Villars, 1914. 8vo. 7+618pp. Fr. 20.00 


ExcycLorépin des sciences mathématiques. Edition française. Tome 
II, 6e volume, Ire fascicule: Calcul des variations. mpléments. 
Par A. Kneser, E. Zermelo, H. Halm, et M. Lecat. Leipzig, Teubner 
1913. 8vo. Pp. 1-128. M. 4.80 


Fasry (E.) Démonstration du théorème de Fermat. Paris, Hermann; 
1913. 8vo. 23 pp. Fr. 1.50 


Firz-Parrick (J.). Exercices d'arithmétique; énoncés et solutions. 
Avec une préface de J. Tannery. 3e édition entièrement refondue 
et considérablement augmentée. Paris, Hermann, 1914. 8vo. 5+ . 
707 pp. Fr. 12.00 


GEBHARDT (M.). See Wırrına (A.). 
HANXLEDEN (E. v.). See BAUER (W.). 
Hemera (J. L.). See Tannury (P.). 


Huser (D.). Théorie des corps de nombres algébriques. Ou e 
traduit de l’allemand par MM. Got et Lévy. Avec préface de G. 
Humbert. Paris, Hermann, 1912. 4to. 400 pp. Fr. 25.00 
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Junk (W.). Rara historico-naturalia et mathematica. Volumen I (21 


partes). Berlin, Junk, 1900-13. 8vo. 34-121 pp. M. 20.00 
JUNKER (PA. Analysis (Differential- und Integralrechnung). Stuttgart 
Ulmer, 1913. 'Bvo. 84-216 pp. Cloth. M. 2.40 


Knopp (K.). Funktionentheorie. 2ter Teil: Anwendungen der Theorie 
und Untersuchung spezieller analytischer Funktionen. (Sammlung 
Göschen. Nr. 703.) Berlin, Göschen, 1913. 8vo. 116 pp. Cloth 


Loria (G.). Le scienze esatte nell’antica Grecia. 2a edizione T eis 
riveduta. Milano, Hoepli, 1914. 16mo. 24--900 pp. L. 9.50 


MAENNCHEN (P.). Geheimnisse der Rechenkünstler. (Mathematische 
Bibliothek. Nr. 13.) Leipzig, Teubner, 1913. 8vo. 4+48 pp. 
M. 0.80 


Marre (A). L’oeuvres scientifiques de Blaise Pascal. Bibliographie 
critique et analyse de tous les travaux qui s'y rapportent. Préface 
par P. Duhem. Paris, Hermann, 1913. 8vo. 304-184 pp. Fr.15.00 


PPascAL (BLAISE). See MAIRE (A.). ' 


PLATRIER (C.). Sur les mineurs de la fonction déterminante de Fredholm 
et sur les équations. intégrales linéaires. (Thése.) Paris, Gauthier- 
Villars, 1913. 4to. 74 pp. Fr. 4.00 


Porncarfé .) L'oeuvres d'Henri Poincaré. Par Brunschvicg, Hada- 
mard, euf, Langevin. (Revue de Métaphysique et de Morals, 
Paris, Hermann, 1913. 8vo. 120 pp. Fr. 4. 


Rinsz (F.). Les systèmes d'équations linéaires à une infinité d'inconnues. 
(Collection de monographies sur la théorie des fonctions publiées 
sous la direction de M. Emile Borel.) Paris, Gauthier-Villars, 1913, 
8vo. 6-L182 pp. Fr. 6.50 


Scumrrers (G.). Anwendung der Differential- und Integralrechnung auf 
Geometrie. 2ter Band: Einführung in die Theorie der Flächen, 2te 
verbesserte und vermehrte Auflage. Leipzig, Veit, 1913. 8vo.: 
114-582 pp. Cloth. M. 16.00 


SCHORNFLIRS (A.). Entwicklung der Mengenlehre und ihrer Ánwend- 
ungen. Umarbeitung des im 8ten Bande der Jahresberichte der 
deutschen Mathematiker-Vereinigung erstatteten Berichts. Gemein- 
sam mit H. Hahn herausgegeben. Lie Hälfte: Allgemeine Theorie 
der unendlichen Mengen und Theorie der Punktmengen. Leipzig, 
Teubner, 1918. 8vo. 114-389 pp. M. 18.00 


Sräcrer (P.. Bee Borrar (W.). 


Suarez (R.). Zumgrossen Fermatschen Satz! Beweis. Dresden, Köhler 
1913. 8vo. 4pp. ' M. 0.50 


Tannery (P.) Mémoires scientifiques, publiés par J. L. Heiberg et G. H. 
Zeuthen. Tome IL: Sciences exactes dans l'antiquitó. (1883-1898.) 
Paris, Gautbier-Villars, 1912. 8vo. 12--555 pp. Fr. 15.00 


Tea), Trattato sul calcolo. Versione dall’inglese, con aggiunte, 
di G. Battaglini. 5a edizione, riveduta ed aumentata ultima 
edizione inglese. 2 volumi. Napoli, Pellerano, 1913. 8vo. 476 and 
451 pp. L. 12.00 


"WuzrrzEL (C. G.). Unterrichtsbriefe zur Einführung in die höhere Mathe- 
matik. lter Band: Stereometrie und Trigonometrie. 8+472 pp. 
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2ter Band: Analysis, analytische Geometrie, Differential- und Inte- 
gralrechnung. 84-480 pp. Wien, Hartleben, 1913. 8vo. M. 17.50 


Wars (C. E.). Theory of the irreducible cases of equations and its 
applications in algebra, geometry and trigonometry. Part II. Buck- 
hannon, W. Van ch 1913. 8vo. 44-90 pp. 


Wırrovg (A.) und GesHanpr (M.). Beispiele zur Geschichte der Mathe- 
matik. Einmathematisch-historisches Lesebuch. 2ter Teil, (Mathe- 
matische Bibliothek. Heft 15.) Leipzig, Teubner, 1918. 8vo. 8+ 
61 pp. M. 0.80 


ZEUTHEN (G. H.). See TANNERY (P.). 


ZORETTI (L.). Leçons de mathématiques générales, Avec une ngu 
de P. Appell. Paris, Gauthier- illars, 1913. 8vo. sa 
Cartonne. Fr. 204 


IL ELEMENTARY MATHEMATICS. 


BoraL (E. Die Elemente der Mathematik. Deutsch von P. Stäckel. 
ltes Heft: Aufgaben aus der Arithmetik und Algebra. Lösungen.. 


Leipzig, Teubner, 1913. 8vo. 44-44 pp. | M. 1.50. 
Bovcueny (G.) et GuéÉRINET (A.). La géométrie au cours complémen- 
taire. Paris, Larousse, 1913. 8vo. 256 pp. T. 3.50 


Brenxe (W.C.). See Lone (E.). 


CAMMAN (P.) et Fassprnpur (C.). Algèbre et géométrie. Classe de Ze 
À et B. 2e édition revue et corrigée. Paris, Gigord, 1913. 12mo. 
156 pp. Fr. 1.50: 
CaMMAN (P.) et Grianon (A.). Algèbre. Classes de 3e B, 2e et Ire C 
et D. 3e édition. Paris, Gigord, 1913. 8vo. 6+228 pp. Fr. 3.00 


CoMBEROUSSE (C. DE). Cours de mathématiques. 5e édition revue et 
augmentée. Tome 2, 2e partie: Trigonométrie rectiligne et eue 
Paris, Gauthier-Villars, 1913. 8vo. Pp. 551-881. ® 


Coutom (F.) et Wamu (M.). Nouveau cours de géométrie théorique et 
pratique. Ire année. Paris, Delagrave, 1913. 183 pp. Fr. 1.76: 

EE d’algèbre. Par F. I. C. Tours, Mame, 1913. 12mo. 8+- 

pp. 

Exærcices et problèmes de géométrie. Par une reunion de professeurs. 
Paris, Gigord, 1913. 12mo. 96 pp. 

FAssBINDer (C.). See Camman (P.). 

Fazzarı (G.) Elementi di aritmetica con note storiche e numerose- 
questioni varie per le scuole superiori. Parte la. Palermo, Reber 
1911. 16mo. 8-+128 pp. L. 140: 


Grienon (A.). See Carman (P.). 


Geënærr (A). Tafeln zur Berechnung der Koordinaten von Polygonen- 
und Kleinpunkten. Stuttgart, e 1914. 8vo. 7+181 pp. 
Cloth. M. 8.50- 


GGERINET (A.). See Boucumny (G.). 


GurrrON (E.). Cours d’algébre. Classes de mathématiques A et B. 
Paris, Hachette, 1913. 16mo. 11+446 pp. Cartonné. Fr. 4.00: 


Haag (J.). Cours complet de mathématiques spéciales. 3 volumes. 
Tome I: Algèbre et analyse. Paris, Gauthier-Villars, 1914. 8vo. 
6-402 pp. Fr. 9.00: 
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— —. Cours complet de mathématiques spéciales. Exercices du tome I. 


Paris, Gauthier-Villars, 1914. 8vo. 224 pp. Fr. 7.50 
Hapamarp (J.). -Sur la méthode en géométrie. Paris, Hermann, 1918. 
8vo. 40 pp. Fr. 1.50 


Harz (H. S. and aan (S. R.). Algebra for colleges and schools, 
Revised and en for the use of American schools, by F. L. Seven- 
oak. New York, Macmillan, 1913. 12mo. 15-4572 pp. $1.10 


-JACQUEMARD-F'AURENS (Mmm.) et JacquzMARD (M.). Cours complet de 
géométrie élémentaire. Paris, Delalain, 1913. 16mo. 16+479 pp. 


JUNKER (E.). Arithmetik und Algebra. Stuttgart, Ulmer, 1913. 8vo. 
84-169 pp. Cloth. M. 2.00 


Kuva (J.). See Zwaranr (M.). 
Knıerr (B. R.). See Harr (H. S.). 


KOMMERELL (V.) und Kowwærezr, (K.). Analytische Geometrie. Iter 
Teil. 2te, verbesserte Auflage. Tübingen, Laupp, 1913. 8vo. 8+ 


204 pp. M. 3.00 
Luick (W.). Leitfaden der Mathematik. Leipzig, Teubner, 1913. 8vo 
6+171 pp. Cloth. M. 2.60 


Lone (E.) and Branza (W.C.). Algebra, first course. (Correlated mathe- 
matics for secondary schools.) ew York, Century Co., 1913. 12mo. 
8+283 pp. $1.10 


Moënix. Geometrie und geometrisches Zeichnen. Ausgabe in 1 Bande. 
2te verbesserte Auflage. Wien, Tempsky, 1013. 8vo. 221 pp. 2 
. 2.00 


Morırz (R. E.). A text-book on spherical trigonometry. New York 
Wiley, 1913. 8vo. 6-167 pp. $1.06 


Scaurrzæ (A.). Schultze & Sevenoak’s plane and solid geometry. New 
` York, Macmillan, 1913. 12mo. 10+457 pp. Cloth. $1.10 


Schwarz (HJ. Algebra. Qte Auflage. 2 teile. Strelits, Hittenkofer, 
1913. 8vo. 74429 pp. M. 5.00 


STÄCKEL (P.). See Dose, (E.). 

SUPPANTSCHITSCH (R.). Geometrie für Mödchenlyzeen. 3tes Heft. 
Wien, Tempsky, 1913. 8vo. 82 pp. M. 1.20 

THYBAUT (A.). See Trassa (A.). 

Tresse (A) et Tuvsaur (A). Cours de géométrie analytique. 2e 
édition, complètement refondue. Paris, Colin, 1913. 8vo. 34-577 pp. 

Weni (M.). See Couroat (F.). 

WERREMEYER (D. W.). Arithmetic by practice. New York, Century 
Co., 1913. 80 pp. $0.50 


Zwuraur (M.) und Kuve (J.). Einführung zur Raumlehre und ebene 
Geometrie, 16te, vollständig umgearbeitete Auflage. München, 
Lindauer, 1913. 8vo. 7+173 pp. Cloth. M. 2.00 


——. Raümliche Geometrie. 14te Auflage. München, Lindauer, 1913. 
8vo. 7+114 pp. Cloth. M. 1.60 


Zwicky (M.). Algebra. ites Heft. 10te, verbesserte Auflage. Bern 
Francke, 1914. 8vo. 48 pp. M. 0.46 
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II. APPLIED MATHEMATICS. 
AxAGAT(E.H.). Notessur la physique et la thermodynamique. (Comples 
Rendus.) Paris, Hermann, 1912. 8vo. 149 pp. Fr. 6.00 
Anprews (E. S.). The theory and design of structures. 3d edition. 
London, Chapman & Hall, 1913. 8vo. 12-F617 pp. $2.50 
Ariès (L.). Les faux équilibres chimiques et la thermodynamique. Paris, 
Hermann, 1913. 8vo. 64 pp. Fr. 2.50 


Bovrnus (G.) et Dugosca (T.). Traité de géodésie tachéométrique. 
2e édition complètement refondue. Paris, Hermann, 1912. 8vo. 


400 pp. Cartonné. Fr. 15.00 
Burr (W.H.). Suspension bridges, arch ribs and cantilevers. New York 
Wiley, 1913. Svo. 11+417 pp. Cloth. $4.5 


Cumyassus (R.). Bee PLANCE (M.). 


Cawozson (O. Di. Traité de physique, Ouvrage traduit sur les éditions 
russe et allemande, par E. Davaux. Avec notes par E. et F. Cosserat. 
5 tomes. Tome I: Introduction, mécanique, méthodes et instru- 
ments de mesure. 2e édition refondue. Paris, Hermann, 1912. 8vo. 


530 pp. Fr. 17.00 
——, Traité de physique. Tome IV, fascicule II: Champ magnétique 
constant. Paris, Hermann, 1913. 8vo. 730 pp. Fr. 22.00 


Corvisy (A.). See Nernst (W.). 


CouPAYE (L. e Mazavaz (P.). La resistenza delle artiglierie. Tradu- 
zione e prefazione di Bravetta. Torino, Pasta, 1013. 8vo. 32+ 
262 pp. L. 8.00 


Davaux (E.). See Cmworsox (O. D.). 
DeLassus (É.). Leçons sur la dynamique des systèmes matériels. Paris 
Hermann, 1913. 8vo. 124-421 pp. Fr. 14.00 


Dvsoscq (T.). See Bovzrrs (G.). 


Doneu (P.). Etudes sur Léonard de Vinci. 3e serie: Les précurseurs 
parisiens de Galilée. Paris, Hermann, 1913. 8vo. LAFO pp, 
r. 20.00 


——. Le système du monde. Histoiro des doctrines cosmologiques de 
Platon à Copernic. Tomeler. Paris, Hermann, 1914. 8vo. 550 pp. 
Fr. 18. 


8.50 
DuovEsNAY. Résistance des matériaux. 4o édition. Paris, Gauthier- 
Villars, 1913. 8vo. 164 pp. Cartonné. Fr. 3.00 


Exercices de mécanique suivis d'applications de la statique à la géométrie. 
Par F. G. M. Paris, Gigord, 1914. 8vo. 10+779 pp. 


Foner (C. E.) and JOHNSTON (W. A.). Applied mechanics. Volume 1: 
Statics and kinetics. New York, Wiley, 1913. 8vo. 11+379 pp. 
Cloth. ; $2.50 


GaxprLLoT (M.). Note sur une illusion de relativité. Paris, Gauthier- 
Villars, 1918. 4to. 4+88 pp. Fr. 6.00 


Genan (F. H.). Outlines of theoretical chemistry. New York, Wiley, 
1913. Svo. 94-407 pp. Cloth. $3.50 


Gorcgagp (C). Problèmes de mécanique et cours de cinématique. 
Paris, Hermann, 1913. 8vo. 156 pp. Fr. 6.00 
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GuuxeT (A.). Propriétés cinématiques fondamentales des vibrations. 
Notes do M. Aubert. Paris, Gauthier-Villars, 1912. 8vo. 64-401 
pp. Fr, 15.00 

JAMESON S xU. Exercises in mechanics. (Wiley technical series.) 
New York, Wiley, 1913. 52 exercises, loose leaves. 30.86 

JonnsTon (W. A.). See Fuer (C. E.). 

KAzÂHNE (A.). Grundzüge der E en Akustik. 
2ter Teil. (Jahnke’s Sammlung. Nr. 11, IL.) Leipzig, Teubner, 
1913. 10+225 pp. Cloth. M. 6.00 


Korrcame (J. P.), Exercises for the applied mechanics laboratory. (Wiley 
technical series.) New York, Wiley, 1913. 60 exercises, N 


Lzworwm (J.) et Vincent (G.). Cours élémentaire de physique: Dynam- 
ique; ermodynamique; phénomènes periodiques. 10e édition, 
complètement refondue. Paris, Belin, 1913. 18mo. en pp. 

r. 4.50 

LeRoy (C.). Calculs techniques et économiques des lignes de transport 
et de distribution d'énergie électrique. 2 volumes. Paris, H 
1913. 8vo. 315 pp. Fr, 12. 

Mauavat (P.). See Courays (L.). 

Mann (C.R.). The teaching of physics for purposes of general education. 
New York, Macmillan, 1912. 12 mo. 35+304 pp. $1.25 

Marsa (H. W.). Constructive text-book of practical mathematics. 
Volume 2: Technical algebra. Parti. New York, Wiley, 1913. 8vo. 
17+428 pp. Cloth. $2.00 


———. Mathematics work book. New York, Wiley, 1913. 8vo. $0.65 


Moz (M.). Astronomie: Observations, théorie et vulgarization Sec 
Paris, Doin, 1913. 18mo. 20+399 pp. Cartonné. r. 15.00 


Nzzwsr (WA. Traité de chimie générale. Traduction par A. Corvisy. 
Tome II: Transformations de la matiére. Transformations de l'éner- 
gie. Paris, Hermann, 1912. 8vo. 420 pp. Fr. 10.00 


Ocopa (H. OR Sewer design. New York, Wiley, 1913. 8vo. 12-+248 
pp. Cloth. $2.00 


OLLIVIER .). Cours de physique générale. 3 volumes. Tome I. 


Paris, Hermann, 1914. 8vo. 716 pp. Fr, 18.00 
——. Cours de physique générale. Tome II. Paris, Hermann, 1918. 
8vo. 300 pp. Fr. 10.00 


Pmonerze (G.). La costruzione geometrica delle ombre. (Biblioteca 
del popolo, n° 549.) Milano, Sonzogno, 1913. 16mo. 58 pp. T 


PLanck (M.). Teton de n d E Traduit sur la 3e édition 
allemande par R. Chevassus. Paris, Hermann, 1913. 8vo. won: 


SERVICE géographique de l’armée pour la mesure d’un are de méridien 
uatorial en Amérique du Sud, sous la controle scientifique de 
l’Académie de Sciences. Tome III, fascicule 1: Angles azimutaux, 
par M. Perrier. Paris, Gauthier-Vi , 1910. 4to. 226 Pp. 52:00 
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SERVICE géographique de l'armée pour la mesure d'un aro de méridien, etc. 
Tome II, fascicule 2: Compensation des angles, calcul des ‘triangles, 
par M. Perrier. Paris, Gauthier-Villars, 1912. 4to. 282 Pp. 2508 

r. 24. 


Service géographique de l'armée pour Ja mesure d'un arc de méridien, etc. 
Tome III, fascicule 7, 2e et 3e parties: Tableaux numériques des 


observations et conclusions, par M. Perrier. Paris, Gauthier-Villars 
1911. 4to. 462pp. ` Fr. 30.00 


SxiNNER (E. B.). The mathematical theory of investment. Boston, Ginn, 
1913. Geo, 10+245 pp. Cloth. $2.25 

Tsm (W, H.). Electrical measurements. ‘(Wiley technical series.) 
New York, Wiley, 1913. 49 exercises, loose leaves. Paper. $0.85 

VINCENT (G.). See Lemomm (J.). 

Vra (A.). Nozioni di statica ca e sue applicazioni. (Biblioteca del 
popolo, n° 550.) Milano, Sonzogno, 1913. 16mo. 63 pp. L. 0.20 


Wass (W. L.). Brief biography and popular account of the unparalleled 


discoveries of T. J. J. See. Lynn, Mass., Nichols, 1913. 8vo. 
12+298 pp. Cloth. $2.50 
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THE TWENTIETH ANNUAL MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


THE annual meeting of the Society was this year held in New 
York City, on Tuesday and Wednesday, December 30-31, 
extending through the usual morning and afternoon sessions 
on each day. The attendance included the following eighty-one 
members: 

Mr. E. S. Allen, Professor C. S. Atchison, Dr. Ida Barney, 
Mr. R. D. Beetle, Professor G. D. Birkhoff, Professor C: L. 
Bouton, Professor Pierre Boutroux, Professor Joseph Bowden, 
Dr. C. E. Brooks, Professor E. W. Brown, Mr. R. W. Burgess, 
Professor B. H. Camp, Dr. Emily Coddington, Dr. A. Cohen, 
Professor F. N. Cole, Dr. G. M. Conwell, Professor J. L. 
Coolidge, Dr. C. F. Craig, Dr. W. H. Cramblet, Professor 
G. H. Cresse, Professor L. P. Eisenhart, Professor G. C. 
Evans, Professor F. C. Ferry, Professor J. C. Fields, Professor 
H B. Fine, Dr. C. A. Fischer, Professor T. S. Fiske, Professor 
W. B. Fite, Professor T. M. Focke, Dr. W. C. Graustein, Dr. 
G. M. Green, Dr. T. H. Gronwall, Professor C. C. Grove, 
Professor J. G. Hardy, Professor H. E. Hawkes, Professor 

:L. A. Howland, Professor L. S. Hulburt, Professor E. V. 
Huntington; Dr. W. A. Hurwitz, Dr. Dunham Jackson, Mr. 
S. A. Joffe, Professor Edward Kasner, Professor C. J. Keyser, 
Dr. J. K. Lamond, Professor W. R. Longley, Professor C. R. 
MacInnes, Professor James Maclay,- Professor H. W. March, 
Mr. B. E. Mitchell, Dr. H. H. Mitchell, Dr. F. M. Morgan, 
Professor Frank Morley, Professor Richard Morris, Mr. G. W. 
Mullins, Professor G. D. Olds, Professor W. F. Osgood, Dr. F. 
W. Owens, Dr. Anna Pell, Professor James Pierpont, Professor 
A. D. Pitcher, Professor Arthur Ranum, Dr. H. W. Reddick, 
Professor R. G. D. Richardson, Mr. L. B. Robinson, Mrs. E. D. 
Roe, Jr., Professor W. P. Russell, Professor L. P. Siceloff, Dr. 
Clara E. Smith, Mr. F. H. Smith, Professor P. F. Smith, Pro- 
fessor Virgil Snyder, Professor H. D. Thompson, Professor J. N. 
Van der Vries, Mr. H. S. Vandiver, Mr. J. N. Vedder, Mr. 
H. E. Webb, Professor H. S. White, Dr. E. E. Whitford, 
Professor E. B. Wilson, Professor W. A. Wilson, Professor 
Ruth G. Wood. 
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This meeting was especially marked as the occasion of the 
delivery by Professor H. B. Fine of his presidential address, 
on “An unpublished theorem of Kronecker respecting nümer- 
ical equations.” , À 

Ex-President W. F. Osgood occupied the chair at the opening . 
session, yielding it later to ex-President Fine. The Council 
announced the election of the following persons to membership 
in the Society: Professor, Pierre Boutroux, Princeton Uni- 
versity; Mr. E. H. Clarke, Purdue University; Dr. W. H. 
Cramblet, University of Rochester; Mr. H. J. Ettlinger, 
University of Texas; Professor W. S. Franklin, Lehigh Uni- 
versity; Mr. Haig Galajikian, Princeton University; Professor 
W.'W. Hart, University of Wisconsin; Mr. Barnem Libby, 
University of Michigan; Mr. G. W. Mullins, Columbia 
University; Mr. J. A. Northcott, Columbia University; Dr. 
Mildred L. Sanderson, University of Wisconsin; Mr. J. M. 
Stetson, Princeton University. Nine applications for member- 
ship in the Society were received. 

The total membership of the Society is now 703, including 
69 life members. The total attendance of members at all 
meetings of the past year was 418; the number of papers 
read was 240. The number of members attending at least 
one meeting during the year was 237. At the annual election 
203 votes were cast. The Library now contains 4,902 volumes, 
excluding unbound dissertations. The Treasurer’s report 
shows a balance of $9,153.58, including the life membership 
fund of $4,800.82. Sales of the Society’s publications during 
the year amounted to $2,111.45. : 

A proposed amendment to the Constitution was submitted 
by the Council, making the secretary of the Chicago Section an: 
ex-officio member of the Council. Final action on this amend- 
ment will be taken at the February meeting. 

'The annual dinner on Tuesday evening, attended by forty- 
seven members, was as always a most enjoyable occasion. 

At the annual election, which closed on Wednesday morning, 
the following officers and other members of the council were 
chosen: 

Vice-Presidents, Professor L. P. EISENHART, 
"Professor E. J. WILCZYNSKI. 

Secretary, Professor F. N. COLE. 

Treasurer, Professor J. H. TANNER. 


Librarian, Professor D. E. SMITH. 
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Committee of Publication, 
Professor F. N. Corz, 
‚Professor VIRGIL SNYDER, 
Professor J. W. Youna. 


Members of the Council to serve until December, 1916, 


Professor C. N. Haskıns, Professor E. V. HUNTINGTON, 
Professor L. M. Hoskıns, Professor H. L. Rretz. 


The following papers were read at the annual meeting: 

(1) Professor L. L. Dyzs: “Complete existential theory of 
Sheffer's postulates for Boolean algebras.” 

(2) Professor Arnor Emcu: “Two convergency proofs.” 

(3) Professor J. L. Cooumer: “ Congruences and complexes 
of circles." : 

(4) Dr. Dunnam Jackson: “On the degree of convergence 
of Sturm-Liouville series." 

(5) Professor Vrem Snyper: “Birational transformations 
of the cubic variety in four-dimensional space." 

(6) Miss A. H. Tappan: "Plane sextic curves invariant 
under & group of linear transformations" (preliminary com- 
munication). 

(7) Professor C. L. Bovrox: “Explicit formulas for the 
inverse of an analytic transformation in n variables." 
` (8) Professor Epwarp Kasner: “The classification of con- 
formal transformations.” 

(9) Mr. L. B. Rosmson: “Questions of logie arising from 
the study of systems of partial differential equations " (prelimi- 
nary report). 

(10) Professor PIERRE BovrRoux: “On a family of rational 
differential equations of the first order.” 

(11) Professor H. B. FINE, Presidential Address: “An un- 
published theorem of Kronecker respecting numerical equa- 
tions." 

(12) Dr. W. A. Hurwrrz: “Note on the Fredholm deter- 
minant.” l 

(13) Professor G. D. Bmxuorr: “ The restricted problem of 
three bodies.” 

(14) Professor E. V. Huntington: “On the accuracy of 
the contracted form of Horner’s method.” 

(15) Professor O. E. GLENN: “On an analogy between 
formal-modular invariants and the class of algebraical invari- 
ants called Booleans.” 
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(16) Professor G. C. Evans: “Green’s functions for linear 
partial differential expressions of the second order, and Green’s 
theorem.” 

(17) Professor W. R. LoNaLEY: “An existence theorem 
for a certain differential equation of the nth order.” 

(18) Dr. W. C. GnavsrEm: “The real-congruence of com- 
plex points, planes, lines.” . 

(19) Dr. H. W. Reopick: “Conformal invariants of an 
orthogonal curve net” (preliminary communication). 

(20) Professor W. F. Osaoon: “Liouville’s theorem con- 
cerning periodic functions of several variables.” 

(21) Mr. L. M. Keus: “Complete characterization of 
dynamical trajectories in n-space.” 

(22) Dr. W. H. Cramster: “A classification of discon- 
tinuous functions and some allied problems." 

(23) Dr. J. K. Lamond: “Note on the reduction of multiple 
L-integrals to iterated L-integrals.” 

(24) Professor L. A. HowLanD: “Functions of n variables 
which are functions of r combinations of these variables.” 

(25) Dr. J. I. Tracey: "Covariant curves of the plane 
rational quintic.” 

(26) Professor A. B. Coste: "Restricted systems of equa- 
tions.” . 

(27) Professor L. P. EIsENHART: “Transformations of sur- 
faces of Voss.” e 

(28) Mr. H. Gazasiktan: “A type of non-linear integral 
equation." 

(29) Dr. T. H. GzowwanL: “On systems of linear total 

: differential equations." . 

(30) Dr. T.~ H. Gronwazz: “Extension of Laurent’s . 
theorem to several variables." 

. (81) Dr. T. H. Gronwarz: “On approximation by trigo- 
nometric sums." 

(32) Mr. R. D. BzzrLE: “Cyclic systems of oseulating 
circles of curves on a surface." | . 

(33) Dr. G. M. Green: “Canonical systems in projective 
differential geometry, with special reference to the theory of 
curved surfaces.” 

(34) Professor J. H. M. WEDDERBURN: “A type of primi- 
tive algebra.” 

- Miss Tappan’s paper was communicated to the Society 
through Professor Snyder. Mr. Kells was introduced by 
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Professor Kasner. In the absence of the authors the papers 
of Professor Dines, Professor Emch, Miss Tappan, Professor 
Glenn, Professor Evans, Mr. Galajikian, and Professor 
Wedderburn were read by title. Abstracts of the papers 
follow below. The abstracts are numbered to correspond to 
the titles in the list above. 


1. In the October number of the Transactions Dr. Sheffer 
presented an elegant and concise set of five postulates for 
Boolean algebras, and proved them mutually consistent and 
independent. In the present paper, Professor Dines shows 
that these postulates, though independent in the ordinary 
sense that. no four of them imply a fifth, are not completely 
independent in the sense in which that term has been used by 
Professor E. H. Moore.* A “complete existential theory ” 
is constructed for the five postulates, and it is found that 
there exists among the postulates and their negatives one and 
only one general implicational relation, namely that the nega- 
tive of the first implies the third, fourth, and fifth. 


2. In the study of automorphic functions defined within a 
fundamental domain formed by two non-intersecting circles 
in the elliptic case and by two tangent circles in the trigono- 
metric case, it is necessary to prove the convergency of certain 
fundamental series, as has been done by Schottky recently.f 
The first 1s the series Zr, of the radii of all circles forming the 
boundaries of the domains belonging to the cyclic loxodromic 
group. The second is the series 


Z(z, — zy) 


for the cyclic parabolic group, in which z, and 2,’ result 
from x and x’ by applying to them À times in succession the 
original substitution. Professor.Emch gives direct proofs for 
the convergence of both series. 


3. A circle in space may be expressed parametrically by 
equating the pentaspherical coordinates of a point to five 


*E. H. Moore: “ An introduction to a form of general analyses New 
Haven Mathematical Colloquium, Yale University Press, p. 8 


t“ Ueber eine Funktionenklasse, die der Gleichung F (= : 2) = F(z) 


enügt," Journal für reine und angewandle Mathematik, vol. 143, pp. 1-24 
(May. 1913). See also the same Journal, vol. 101, pp. 031-236 (1887). 
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quadratic functions of an auxiliary variable. In the first part 
of Professor Coolidge’s paper it is shown how this leads to 
easy and uniform proofs of all those classic theorems about 
circles which are invariant for inversion. . In the second part 
of the paper the circle is treated as the envelope of the spheres 
through it, and by an adaptation of the Kummer methods for 
line geometry several new types of circle congruence are 
brought to light and discussed. In the third part the same 
methods are extended to the study of complexes of circles. 


4, Dr. Jackson’s paper gives the extension of theorems on 
the degree of convergence of Fourier’s series to more general 
series arising from a linear homogeneous differential equation : 
of the second order, the differential equation and the bound- 
ary conditions being those discussed by Kneser in volume 58 
of the Mathematische Annalen. Kneser, following Liouville, 
makes use of relations which, when applied to the present 
problem, render the extension immediate in the simplest cases, 
and suggest the method of treatment in less simple ones. 
If the function to be developed has a continuous kth derivative 
of limited variation, or a (k — 1)th derivative satisfying a 
Lipschitz condition, certain other restrictions being imposed 
in each case, the remainder after terms of the series does not 
exceed a constant multiple of 1/n* or of (log m)/n* respec- 
tively. It is shown also that & method of summation pre- 
viously applied to render the Fourier series more rapidly 
convergent in certain cases is equally applicable to the Sturm- 
Liouvile series. For example, if the function developed 
satisfies & Lipschitz condition, it 1s possible to represent it 
approximately by a linear combination of the first n char- 
acteristic functions with a maximum error not exceeding a 
constant multiple of 1/n. 


5. Various methods have been employed to determine 
whether the three-dimensional cubic variety V in linear space 
of four dimensions can be birationally mapped on ordinary 
space S;. Professor Snyder here attempts to determine 
whether continuous groups of birational transformations exist 
which leave V invariant. All such transformations that are ' 
known to exist, while forming a continuous series, do not form 
a continuous group. 

The operations considered are central projections of V into 
itself from points on it, and the polar transformation, defined 
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as follows: Un V lies a two-dimensional series of straight lines; 
through each point pass six. Associated with each line is a 
two-dimensional surface, locus of the pole of the line as to the 
residual conic in each plane passing through it. To find the 
image of any point P, pass & plane through P and the line, 
and join P to the pole of the line. The harmonic conjugate of 
P as to the conjugate points as to the conic is the image. 
Both transformations are Cremonian and involutorial, but 
the product of any two or more is not periodic. 


6. In Miss Tappan’s paper three types of linear transforma- 
.tions are considered: (a) Those having the vertices of a 
triangle for invariant points; (b) the permutation group of 
the three homogeneous point coordinates; (c) those not of 
types (a) and (b), including the Gig and Goen, Only one sextic 
can have a continuous group of linear transformations. The 
highest cycle in (a) is of order 30; the curve belonging to it is 
of genus 10. Sixty-three distinct types of curves with groups 
of form (a) exist. Fora cycle of order 21 and one of order 12, 
the corresponding curve must also have transformations of 
type (b). The Cremona and Riemann non-linear birational 
transformations of sextic curves are being studied, but the 
results are not yet completed. 


7. Consider the special transformation 


or 
(1) a! = pale, ta) = Gi + »» dont t, Ln) 


(à = 1,2, N), 


"where the given functions ¢,(x) are analytic at the origin, so 
that the series Ze is a convergent power series, and di is a 
homogeneous polynomial of degree k. For the neighborhood 
of the origin the inverse of (1) will then have the same form, 
viz., 


Q) u= gi, ey tn!) E gd + da hin! (E, +++, ell 
(i = 1,2, on), 


where the power series Z$;,' are convergent. Professor 
Bouton’s paper gives the explicit formulas for the computation 
of the gx” in terms of the px. We have 


` \ 
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(8) da’) = — dale), da’) = — bala) + > bins 
(k = 3,4, +++), | 


where Q; is a homogeneous linear differentiating operator 
which, applied to a homogeneous polynomial, raises its degree 
j units. These operators are found successively from the 
symbolic identity 

a 


o ^" d 1 R Ki 
= — P. en apd 
2:0; = Dive E 512 2 Ve Vi EPA 


SAED a 


Oz,02,02, ge 





(4) 


by equating operators of like degree, where di = >> pu”. 
i : b=2 
For example, 
d ta, Qe X Die Del — LEE pu di 
Vege gent eee ee Ox, 2177 Fox Oc, 
The formula for Q; is readily written down, and thus (3) gives 
the inverse of (1). ` 
Finally, it is pointed out that any analytic transformation 
in the neighborhood of a regular point is projectively equiva- 
lent to the form (1), so that we have formulas for the inverse 
of any such transformation. À 


An application is given to the case of Cremona transforma- 
tions. 


8. In Professor Kasner’s classification two conformal trans- 
formations (assumed regular at a given point) are regarded 
as equivalent when the one can be transformed’ into the 
other by a conformal transformation. In previous papers 
the author has discussed (conformal) invariants of analytic 
curves and of curvilinear angles. .The present problem is 
to find invariants of a conformal transformation w-= f(z). 
"The results are closely related to the previous invariants, 
though the geometric interpretations are quite distinct. The 
only obvious invariant is w’, the value of the first derivative of 
f(z) at the given point. The simplest example of a higher 
invariant arises for the class of transformations characterized 
by w = 1, w" +0, the result being w'"/w'?, of the third 
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order. If the transformation has a singularity at the given 
point, that is, if w’ = 0, then it can be reduced to the normal 
form w = z* (k > 1), so that no differential invariants exist. 


9. In one of his papers Riquier has stated that a reduction 
of a system of partial differential equations to the first order 
would be advantageous. Mr. Robinson discusses what these 
advantages. might be, making use of the principle of “ correla- 
tion multiplicatoire.” The reduction of a system to the 
orthonomic passive form, which has been left in an incomplete 
state by Riquier, is taken up in some detail. 


10. The object of Professor Boutroux’s paper is to dis- 
tinguish a special family of rational differential equations of 
the first order and the first degree, and to show how the 
integrals of these equations can be investigated in respect to 
their general behavior (croissance), the number and the 
situation of their critical points, etc., and how the different 
branches of these integrals can be calculated by a process of 
successive approximations and represented by a single con- 
vergent series in the whole plane of the variable. 

The simplest example of a differential equation of the family 
in question is provided, by the equation | 


: | 
© B= dot Ay + Ag! d- Aen 


which may be written 


3üj« u sË Art At Ait + Aut, 


and which Professor Boutroux has already considered in 
several papers. Equation (1) belongs to our family when 
A; and Apo are both equal to zero identically and the degrees 
ms and me, in v, of As and A; satisfy the condition ms > 2m; + 1. 

If we now consider the general rational equation of the first 
order and degree, it may be written 


o dz Aot Aiz + ++. + Aue? 2 
D de" Bot Bat... + Bg 


where the 4’s and B's are polynomials in æ, the respective 
degrees of which we shall call mo, ---, Mp and mo, +++, Ng. 
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Equation (2) will belong to our family if the following condi- 
tions are satisfied: 
p«q-l; mo— ng > 0; 
and 
m +o < mo, ++, Mp + po < M; 


mo + e — l X Mo s Meat go — 1 < Mo; 


moreover, we suppose that there is no common root of the g 
polynomials Bo, +--, Bg. 


11. Professor Fine’s presidential address will appear in full 
in the April BULLETIN. 


12. Dr. Hurwitz gives another proof of a theorem recently 
announced by Platrier (Paris thesis), which expresses minors 
of any order of the Fredholm determinant for the kernel of 
an integral equation in terms of the first minor and the 
determinant itself. 


13. By means of a simple explicit reduction of the restricted 
problem of three bodies to the consideration of the trans- 
formation of a ring into itself, Professor Birkhoff establishes 
the existence of infinitely many symmetric orbits for certain 
ranges of values of the Jacobian constant, and orders these in 
four categories, each member of any category depending on 
two characteristic integers. A number of other results are 
also obtained. 

A ring representation, but in Keplerian variables, was one 
of the great steps in advance accomplished by Poincaré (Les 
Méthodes nouvelles de la Mécanique céleste, volume 3, 
chapter 33). In a recent paper (Rendiconti del Circolo 
Matematico di Palermo, volume 33 (1912), pages 375-407) he 
indicated, on the basis of this representation, that if a certain 
geometric theorem (established by Professor Birkhoff, Trans- 
actions, volume 14 (1913), pages 14-22) were true, the existence 
of an infinite number of periodic solutions would follow for the 
above and similar problems; this fact had not been established 
by Poincaré in his earlier work, although it had been proved 
. by him that for small enough values of one of the masses the 
number of periodic solutions was arbitrarily large. 

Professor Birkhoff’s present paper does not employ the 
. geometric theorem of Poincaré but employs instead a certain 
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symmetry, in consequence of which the transformation of the 
ring is seen to be a product of two involutoric transformations. 


14. In the contracted form of Horner’s method, as described, 
for example, in Burnside and Panton’s Theory of Equations, 
the contraction may be commenced at any time after the 
decimal portion of the root begins to appear, and the number 
of additional figures obtained by the contracted process will be 
one less than the number of figures in the trial divisor at the 
time the contraction commences. The question as to how 
many of the additional figures thus obtained will be reliable 
seems not to be discussed in any of the current text-books. 
Professor Huntington shows that the last n figures of the root 
as thus obtained may be erroneous, where n is the degree of 
the equation. As an example, he constructs an equation of the 
sixth degree, having the following coefficients: ag = 500,000, 
@ = — 3,295,000, a, = 9,047,550, as = — 13,249,720, a4 = 
10,914,568, a; = — 4,794,993, as = 877,562. This equation 
has a root between 1 and 2. If we obtain the first two figures 
by the unabbreviated process and then as many more as possible 
by the contracted process, we shall find for the root the value 
1.19 160 438. The last six figures in this result are wrong. 
The paper will be offered to the American Mathematical 
Monthly. 


15. Professor Glenn considers invariants and covariants of 
binary forms whose coefficients are arbitrary variables, subject 
to transformations which are of the general binary linear type 
but whose coefficients are parameters representing integers 
reduced modulo p. These invariants were first defined by 
Hurwitz. The present paper deals with a method of finding 
systems of concomitants of this type. This is done by com- 
bining methods of Boole for systems now called Boolean, with 
results by Dickson in his memoir, “A fundamental system of 
invariants, etc.," Transactions, volume 12. 

The paper contains tables of irreducible concomitants of the 
binary quadratic modulo 3, and of the binary cubic modulo 2. 
These concomitants are exhibited as transvectants taken with 
respect to the modulus. A section on general properties and 
the annihilators of this type of invariant is also included in 
the paper. 

It is not yet known whether the formal modular con- 
comitants of a form, as described above, constitute a closed 
system. 
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16. It is Professor Evans's object to express Green's func- 
tion for the general linear partial differential expressions of 
the second order, in terms of Green's functions for the dif- 
ferential expressions consisting of the terms of the second 
order alone. These functions may be obtained by means of 
a system of linear integral equations, whose solutions may be 
written in closed form, according to a method first used by 
Hilbert. To carry out the analytical work effectively, how- 
ever, it is desirable to consider these terms of the second order 
as a single differential operator, rather than as the sum of 
derivatives. This is, in fact, a point of view suitable to the 
applications in physics. 

Such an interpretation is given by Professor Bécher for the 
special case of Laplace’s equation (“Harmonic functions in 
two dimensions,” Proceedings of the American Academy of 
Arts and Sciences, volume 41). By means of this convention 
and a slight extension of the usual form of Green’s theorem, 
the boundary value problems for the non-homogeneous equa- 
tions may be solved without demanding so much as the finite- 
ness and integrability of the non-homogeneous terms. The 
results for the non-homogeneous equations may then be 
applied to the solution of integro-differential SES of 
various types. 


17. The differential equation considered by Professor Long- 
ley is dry [dx = N/D, where N and D are convergent integral 
power series in x and y, vanishing when z = y = 0. Similar 
singularities for a system of n equations of the first order have 
been treated by several writers* and from this general theory 
some results may be deduced eoncerning-the equation above. 
In the present paper these results are proved directly and 
extension is made to some cases for which the general theory 
gives no information. 


18. Dr. Graustein discusses the conditions under which 
two complex elements (points, planes, lines) of three-dimen- 
sional complex space may be real-congruent, i. e., equivalent 
under the group of real motions. The case of complex points 





* An exposition of the results obtained, with some simplifications in 
method, is given by Dulac, Bulletin de la Société mathématique de France 
vol. 40 (1912), pp. 324-383. The article contains references to several 
earlier papers. 
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is simple. Necessary though not in every case sufficient con- 
ditions for the real-congruence of two complex planes (or 
lines) result from the classification of complex planes (or 
lines) according to the number and situation of their real 
points and also according to whether or not they are minimal. 
To obtain necessary and sufficient conditions a complete 
system of absolute rational'invariants of the complex plane 
(or line) in respect to the group of real motions is developed; 
the desired conditions may be stated in terms of these invari- 
ants. At the end of the paper the invariants of each complex 
element in respect to other real groups are discussed and from 
this the equivalence of two like named complex elements 
under these groups. 


19. Dr. Reddick uses the power series method employed 
by Professor Kasner in dealing with conformal invariants of 
curvilinear angles (Proceedings of the Fifth International 
Congress of Mathematicians, volume 2, page 81). The 
transformations Z = a3 + œ + ---, where the coefficients 
are real, leave the X-axis invariant and form a subgroup 
of the entire conformal group. A classification of the invari- 
ants of an orthogonal net under this subgroup is given. Cer- 
tain combinations of these invariants with those under the 
subgroup leaving the Y-axis invariant give invariants of the 
net under the entire conformal group. 


20. Professor Osgood shows that Liouville’s theorem, 
that a doubly periodic function of a single variable which is 
analytic for all finite values of the arguments is a constant, 
admits the following generalization: 

Let F(z +++, Zn) be an integral function having in (Pı®, ++, 
P,®), k = 1, +++, r,a primitive system of periods. Let the 
rank of the matrix 
Py ves Py 














Pa! ++ Pa 
be denoted by p. Then r Sp. 

A second theorem intimately related to the foregoing is 
as follows: ` ` 

Let (P0, +++, P,0), k = 1, ++, r, ber systems of complex 
quantities not satisfying a linear relation with real coefficients 
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CPE + CP + +++ + oP, = 0, 
l=], +++, and |e |+ +--+ |c]>0. 
Let the rank of the matrix ` 
Py Pm 














Pa Py | 
be denoted by p. Let F(x, --.,z,) be an integral function 
admitting the r periods (P,9, ---,P,™). If r > p, then F is 
& constant. y 


21. There is given in n-space an arbitrary field of force in 
which the motion of a freely moving particle is defined by the 
equations 

d. ; 
Yan, En) (i = 1, en), 


where the y; are arbitrary functions of the n variables 21,---, £n, 
possessing derivatives of the first and second orders in the 
region of space considered. 

The object of Mr. Kells’ paper is to find a set of purely 
geometric properties which completely characterize the system 
of curves belonging to the above defined field of force. The 
following four properties are found to be sufficient; 

I. The osculating planes at a given point of all curves of 
the system through that point form a hyperpencil of planes in 
n-space, that is, all osculating planes at a point pass through 
a fixed line. 


- IL. The centers of the third order osculating hyperspheres - : 


at a point of the o» curves passing through that point in a 
given direction lie in an (n — 2)-flat. 

III. The œ! (n — 2)-flats which correspond according to 
property II to the œ*—! lineal elements at a point make up 
the secant (n — 2)-flats of an nth order n-space curve which 
passes through the point in the direction of the axis of the 
hyperpencil of osculating planes at the point. 

IV. Certain plane systems of curves associated with the 
(2n — 1)-fold infinite system of curves in n-space are of the 
two-dimensional dynamical type. 

(Professor Kasner has given the discussion for the cases 
n — 2and n — 3. See Transactions for 1906 and for 1907.) 
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22. If one replace the E sets of the function f(z), as defined 
by M. Lebesgue, by integrand sets similar to those used by 
W. A. Wilson, it is shown that these upper and lower functions 
must exist between every Baire class. In fact, their existence 
between every Baire class is a necessary and sufficient condi- 
tion for the existence of functions of every Baire class. By 
the use of these intermediate functions it is possible to extend 
Baire’s theorem on pointwise discontinuous functions to 
functions of every Baire class. Dr. Cramblet also proved 
that a function of class m defined over any set 3[ may be 
extended over a set 8 > Y without altering the class of the 
function. Finally, necessary and sufficient conditions that 
the limit of a sequence of functions of any class be a function 
of that class are proved, and are found to include BINE 
convergence in segments as & special case. 


- 28. In this note Dr. Lamond gives sufficient conditions for 
the existence and equality of the multiple and the iterated 
pL-integrals of a function, over a field which may not be 
measurable. 


24. The existence of certain relations between the first 
partial derivatives of a function of n independent variables is 
shown by Professor Howland to be a necessary and sufficient 
condition that it be a function of r combinations of these 
variables (r « n). The case where these combinations of the 
variables are linear is discussed at greater length. Two condi- 
tions for this case are derived, one involving the rank of a 
determinant, the other the rank of a matrix, and relations 
are shown to exist between the determinant and certain 
determinants of the matrix. f 


25. In Dr. 'Tracey's paper the plane rational curve of order 
nis given by the equation (a£)(at)" = 0 and this is treated 
as a binary n-ic in the parameter t of the curve. Any co- 
variant of this form involves the coordinates of the line £, 
and for a varying £ becomes a class curve. If a covariant 
vanishes identically, a system of class curves is obtained all of 
which contain special line sections of the base curve, and in 
some cases the complete system of curves of a given order on 
‘these lines is at once determined. 

A number of these covariant curves are discussed for ilis 
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rational quintic. The paper will be published in the American 
Journal of Mathematics. | 


26. The theory of restricted systems of equations has not 
been developed thus far in such a way as to permit of its 
application to many of the relatively simple problems of 
' enumeration in geometry and algebra. The object of Pro- 
fessor Coble's paper is to remodel this theory and to increase 
thereby its utility. 


97. A surface of Voss is characterized by the property that 


` there exists upon it a one-parameter family of geodesics whose 


conjugate curves are geodesics also. "This conjugate system 
has the same Gaussian representation as the asymptotic lines 
of & pseudospherical surface. Professor Eisenhart has estab- 
lished & transformation of surfaces of Voss which has the 
following geometrical properties: If Sı is a surface resulting 
from $ by such a transformation, the lines joining correspond- 


ing points of these surfaces form a congruence whose develop-. 


ables cut S and 8, in the geodesic conjugate system. More- 
over, the line of intersection of the tangent planes to S and Sı 
at corresponding points generates a normal congruence, whose 
“focal planes bisect the angles between these tangent planes; 
and the pseudospherical surfaces with the same spherical 
- representation of their asymptotic lines as the conjugate 
system on S and Sı can be brought into the relation of the 
transformation of Backlund. The analytical determination 
of the transformations requires the solution of a Riccati 
equation and quadratures. With each pseudospherical surface 
there are associated in the manner mentioned above a family 
of special surfaces of Voss, each of which admits a transform 
such that the lines joining corresponding points on the two 
surfaces are concurrent. These special surfaces play an 
important role in the general transformations of surfaces of 
Voss. It may be shown also that if S1 and S, are two trans- 
forms of a surface of Voss S there exists a fourth surface 9’ 
which is a transform of both Sı and 85; moreover, HI can be 
found without quadratures. 


28. In showing that the first derivatives of a certain non- 
linear integral equation exist, Mr. Galajikiari was led to the 
consideration of an equation of the type 


) 
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u(x, zo) = oz IK (s t, [ue pat) u(t, zodi, 
TE fa (s t, f uct, o u(t, zo)di } 


In the present paper he proves, by a modification of Picard’s 
approximation method, that a unique solution of this new 
- equation exists in a sufficiently small interval. 


29. In this paper, Dr. Gronwall considers systems of linear 
total differential equations in n independent variables such 
that their general solution depends linearly on a finite number 
of particular solutions. The coefficients of the system are 
assumed to be meromorphic. After a discussion of the de- 
composition of the singularities of the coefficients into irredu- 
‘cible manifolds, the main results of Fuchs’s theory of linear 
differential equations are extended to the present case. Let- 
ting e(zi, ---, tn) = 0, where ¢ is an entire function, be one 
of the irreducible singular manifolds, it is shown that each of 
a fundamental system of solutions may be expressed in the 
form: er times a polynomial in log o, the coefficients of which 
are Laurent series of the kind considered in the following 
paper. The reduction of the system of equations to a canon- 
ical form is then taken up and applied to finding the necessary 
and sufficiept conditions that the Laurent series mentioned 
shall contain only a finite number of negative powers of ¢. 


30. Dr. Gronwall obtains an extension of Laurent’s theorem, 
which may be stated as follows, in the simplest case: Let 
fn, +++, el be a uniform analytic function, holomorphic at 
all finite points except those satisfying the equation e(zi, --:, 
v4) = 0, where e is an entire function. Then 


SS walt +++) En) 
| . HEH 3 Ln) > Letz, SES gll? 
the dis being entire functions, and this series is uniformly con- 
vergent in any finite region, the points of which satisfy the 
inequality letz, «++, 25) | > e> 0. It is, however, essential 
to note that the above development is not unique, as in the 
ease of one variable. 


31. Dr. Jackson has shown (Transactions, October, 1912) 
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that, f(x) being a function of period 2r and satisfying the 
Lipschitz condition 


fi) —fe)| S |a — al. 


for all values of zı and zz, then there exists, for every integer 
.n, a trigonometric sum of order m (2i — 2 € n € 2m), 


T4(z) = ao + a1 cos x + as cos 2x + +++ + an cos ng 
+ b; sin x + b sin 2x + +++ + bn sin ng 


such that for all values of n 


fe) — T. $ 3-5. 


Here Jm’ and Jm are certain definite EE the quotient of 
which is bounded for all values of m, and by asymptotic con- 
siderations, Dr. Jackson finds an upper boundary for this 
- quotient. In the present paper, Dr. Gronwall gives a direct 
proof that the quotient in question decreases as the integer m 
increases, and thus obtains a closer upper boundary. 


32. The paper by Mr. Beetle establishes the following 
theorem: 

In order that the osculating circles of a one-parameter 
family of curves on & surface form a cyclic system, it is neces- 
sary and sufficient that the curves be lines of éurvature of 
constant geodesic curvature. If the geodesic curvature is zero, 
the curves are the plane lines of curvature of a surface of 
Monge. If the geodesic curvature is different from zero, the ` 
curves are the spherical lines of curvature on one of the 
surfaces S obtained from the surfaces of Monge by inversion, 
or on one of the surfaces obtained by subjecting the surfaces 
S to Bianchi’s Combescure transformation* of surfaces with 
a system of spherical lines of curvature. 

33. In the study of certain configurations by means of 
Professor Wilczynski’s general method, the discussion is much 
simplified by throwing the general system of differential 
equations S into a canonical system S’. The reduction fre- 
quently requires the integration of partial differential equa- 
tions, and so is of course (practically) impossible. Dr. Green 





* Bianchi, Lezioni di Geometria differenziale, vol. 2, p. 300. 
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illustrates, by setting up a complete system of invariants and 
covariants for the general system of differential equations S of 
the theory of curved surfaces, a fact of which he has made use 
in previous papers (see abstracts in the January BULLETIN, 
pages 171, 172). 'The invariants and covariants calculated 
for the system S’ may be expressed explicitly in terms of the 
coefficients of S, without actually requiring the integration 
necessary to throw S into the form S'. Not only is this pro- 
cedure preferable on account of the simplifications which 
result from the use of the canonical form S’, but it also gives 
an insight into the real nature of the invariants and covariants. 


94. In & recent paper* Professor L. E. Dickson has discussed 
the algebra defined by the relations 


vy = yO(z), y" g, 


where Ota) is a rational polynomial in x in a given field F, 
and y^ is the first power of y which is commutative with +. 
In this note Professor Wedderburn gives a simple proof that, if 
g is properly chosen in F, this algebra is primitive, i. e., division 
by any number of the algebra except zero is always possible. 
F. N. Core, 
Secretary. 


e 


"WINTER MEETING OF THE SOCIETY AT CHICAGO. 


Tee thirty-second regular meeting of the Chicago Section of 
the American Mathematical Society was held at the University 
- of Chicago on Friday and Saturday, December 26-27, 1913. 
In accordance with a recent action of the Council the meetings 
of the Chicago Section for the presentation of scientific papers 
are hereafter to be designated as meetings of the Society at 
Chicago, and this was the first occasion'to be observed under the 
new arrangement. Seventy-three persons were in attendance, 
including the following fifty-six members of the Society: 

Professor W. H. Bates, Professor G. A. Bliss, Dr. Henry 
Blumberg, Professor Daniel Buchanan, Professor W. H. Butts, 
Professor H. E. Cobb, Professor D. R. Curtiss, Professor S. C. 
Davisson, Professor L. E. Dickson, Professor Arnold Dresden, 





* Transactions, Jan., 1914. 
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Professor Arnold Emch, Professor Peter Field, Professor 
W. B. Ford, Dr. Tomlinson Fort, Professor A. B. Frizell, 
Mr. M. G. Gaba, Professor A. G. Hall, Professor E. R. 
Hedrick, Dr. T. H. Hildebrandt, Professor T. F. Holgate, 
Mr. L. A. Hopkins, Professor L. C. Karpinski, Professor A. M. 
Kenyon, Professor C. E. Love, Professor A. C. Lunn, Professor 
W. D. MacMillan, Dr. H. F. MacNeish, Professor C. R. 
Mann, Professor J. L. Markley, Professor G. A. Miller, 
' Professor E. H. Moore, Professor E. J. Moulton, Professor 
F. R. Moulton, Professor G. W. Myers, Mr. V. C. Poor, 
Professor H. L. Rietz, Dr. Mildred Sanderson, Miss Ida M. 
Schottenfels, Mr. A. R. Schweitzer, Professor J. B. Shaw, Dr. 
H. M. Sheffer, Professor C. H. Sisam, Professor H. E. Slaught, 
Professor A. W. Smith, Mr. R. B. Stone, Professor A. L. 
Underhill, Professor J. N. Van der. Vries, Professor E. B. 
Van Vleck, Miss Mary E. Wells, Professor Marion B. White, 
Professor E. J. Wilezynski, Professor F. B. Wiley, Dr. K. P. 
Williams, Professor A. E. Young, Professor J. W. A. Young, 
Professor Alexander Ziwet. 

The reading of papers occupied four half-day sessions. Pro- 
fessor E. B. Van Vleck, President of the Society, occupied the 
chair on Saturday morning, and Professor Alexander Ziwet, 
past Vice-President, on Friday afternoon during the presenta- 
tion of the retiring address by Professor D. R. Curtiss, chair- 
man of the Chicago Section. Professor Curtiss presided dur- 
ing the‘rest of Friday afternoon and on Friday morning, and 
Professor E. J. Wilczynski, the newly elected chairman, on 
Saturday afternoon. 

At the business meeting on Saturday morning the following 
officers of the Chicago Section were elected: Chairman, Pro- 
fessor E. J. Wilczynski; Secretary, Professor H. E. Slaught; 
and third member of the program committee, Professor A. M. 
Kenyon. The presentation of a formal paper by the retiring 
chairman has proved so satisfactory that the program com- 
mittee was requested to arrange for more papers of this char- 
acter; and since the chairmen now serve two years it was pro- 
posed to invite past chairmen to present such papers in the 
alternate years. Various suggestions were also referred to the 
committee for relieving the programs of their present conges- 
tion, particularly the plan of dividing the papers into groups 
and holding two simultaneous sessions during part of the 
meeting. i 
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On Friday evening the University of Chicago tendered a 
complimentary dinner to the members of the Society and 
-others attending the meeting. President Van Vleck presided 
on this occasion and Dean James R. Angell represented the 
University in the absence of President Judson from the city. 
There were informal addresses on the growth and influence of 
the American Mathematical Society from its inception in 
1894, particularly with reference to the contribution of the 
West since the organization of the Chicago Section in 1896, 
by President Van Vleck, Professor Moore, first chairman of 
the Section, Professor Holgate, first secretary, and Professor 
Slaught, present secretary. ‘These were followed by an 
address of welcome and congratulation combined in felicitous 
strain by Dean Angell. President Van Vleck expressed the 
gratitude of the Society for the cordial hospitality of the 
University of Chicago, and at the subsequent business meeting 
on Saturday morning he presented a formal resolution of thanks, 
which was adopted and transmitted to President Judson. 


The following papers were presented at this meeting: 


(1) Professor ARNOLD Emcu: “On the properties of certain 
systems of functions.” 

(2) Professor L. C. KARPINSKI: “The algebra of Rollandus.” 

(3) Professor W. D. MacMiırLan: “A reduction of certain 
analytic differential equations to differential equations of an 
algebraic type.” 

(4) Professor W. D. MacMrizLzax: “On Foucault’s pen- 
dulum.” 

(5) Miss Ouıve HazrgrT: “Invariants which characterize 
some linear associative algebras.” 

(6) Mr. A. R. ScywzrrzER: “Note on functional equations.” 

(7) Professor DANIEL BvcHmaNAw: “Periodic orbits on a 
smooth surface.” 

(8) Professor Dante, BucHanan: “Periodic motion in a 
curve approximating a vertical parabola.” 

(9) Professor D. R. Ctrtiss: "Laguerre's extension of 
Descartes’ rule of signs.” 

An interval was here devoted to informal questions and 
discussion. 

(10) Mr. Vincent C. Poor: “Some exact solutions of 


differential equations of motion of an incompressible viscous 
fluid.” 
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(11) Professor G. A. MILLER: “A non-abelian group whose 
group of isomorphisms is abelian.” . 

(12) Professor G. A. MILLER: “A group of order p* whose 
group of isomorphisms is of order p°.” 

(13) Professor G. A. Mıtter: “A group udmitting outer 
isomorphisms which do not permute any ses of conjugate 
operators.” 

(14) Professor F. R. Movuuron: “On th: deviations of 
falling bodies." 

(15) Professor E. J. WrinczvNsKI: “A new representation 
for a certain class of surfaces with indeterminate directrix 
curves.’ 

(16) Professor C. E. Love: “On the irregular integrals of 
linear differential equations.” 

(17) Professor J. B. SgAw: “The two fundamental opera- 
tions of general vector analysis.” 

(18) Professors G. A. Buiss and A. L. UwpxRHiLL: “The 
minimum of a definite integral for unilateral variations in 

ace.” : 

(19) Professor G. A. Briss: "On the Weierstrass E- 
function.” 

(20) Dr. Henry BLUMBERG: “A general tıeorem regarding 
sets of first and of second category.” 

(21) Dr. Henry Bruwszaa: “The oscillation equation 
exof(z) = g(x)af(x).” 

(22) Professor A. B. FRIZELL: “A non-enumerable well- 
ordered set." ^ 

(23) Professor E. J. Mouton: “On figures of equilibrium 
of a rotating compressible fluid body.” 

(24) Professor L. E. Dickson: “A linear associative divi- . 
sion algebra in n? units.” 

(25) Professor L. E. DicksoN: “A form of Cayley's algebra 
from which its remarkable properties may. be deduced at once.” 

(26) Mr. A. R. SCHWEITZER: “On quasi-transitive and 
symmetric functions.” 

(27) Mr. A. R. ScHwErzzer: “On the sensed and non-sensed 
point fields in the foundations of geometry.” 

(28) Professor PETER FæLD: “On constrained motion." 

(29) Dr. K. P. Warums: “Concerning the linear difference 
equations of first order.” 

(30) Dr. C T. Gomm: “Concerning a certain set of 
organic curves on a ruled surface.” 
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(31) Dr. G. E. Warum: “The binomial equation of prime 
degree in an arbitrary domain.” 

(32) Professor G. N. Baver and Dr. H. L. Sons: “ Alge- 
braic and transcendental numbers.” 

(83) Professor G. N. Baver: “Conditionally convergent 
double series.” 

(34) Professor W. H. Bares: “The curvatures of a A-space 
R, represented as differential parameters of an n-space con- 
taining Ry.” 

Miss Hazlett was introduced by Professor Dickson. The 
papers of Mr. Schweitzer, Dr. Wahlin, Dr. Sullivan, Professor 
Bauer, and the second and third papers of Professor Miller 
were read by title. 

Under the head of informal questions and discussions, the 
Secretary presented some data concerning the membership of 
the Society in which it appeared that of the approximately 
600 colleges listed by the United States Commissioner of 
Education only about 150 are represented in the Society by 
members of their faculties; and the question was raised whether 
the Society’s influence ought not to embrace at least all those 
institutions in which courses in collegiate mathematics, 
including the calculus, are taught. 

Abstracts of the formal papers are given below, the numbers 
corresponding to those in the list of titles above. 


1. In the theory of implicit real functions of several vari- 
ables the cases considered are mostly those in which the corre- 
sponding Jacobians do not vanish simultaneously for a set of 
variables within the interval for which the functions are 
defined. On the other hand, when this happens, we may 
` expect particular relations between the functions which 
deserve to be investigated. It is the purpose of Professor 
Emch's paper to show the importance of such cases by studying 
& certain system of functions and their Jacobians in con- 
nection with a geometrical problem. The paper will appear 
in the Annals of Mathematics. 


2. In 1424 Rollandus, canon of St. Chapelle in Paris, wrote 
at the command of John, Duke of Lancaster, a summary of 
mathematics. This important work is preserved in manu- 
script, in a unique copy so far as we know, in the library of 
Mr. G. A. Plimpton. The treatise includes a discussion on 
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algebra which is found in the second section of the second 
part of the work and extends from folio 84’ to 110'. Pro- 
fessor Karpinski continues his series of studies on medieval 
algebra with an examination of this work. The study shows 
that Rollandus drew very extensively from the Quadri- 
partitum Numerorum of Johannes de Muris whose work in 
algebra has been analyzed in an earlier paper of this series.* 
In many parts the work is largely a copy of the treatise which 
preceded it by a century. This mathematical treatise of 
Rollandus is of importance not only because it shows the 
influence of de Muris in France, but more particularly because 
it throws valuable light on the state of mathematical learning 
in France in the early fifteenth century. ' 


3. Suppose that there is given a set of differential equations 


ce X21, ttt Zn) (2 = 1, on), 


and that X,(0, ---, 0) = 0; suppose further that the X; 
functions are expansible in powers of the z; and that the +; 
functions are normal variables, so that the equations can be 
written 


dë, cR: | 
Fm et oo AP satan ant oe us 


then the question raised by Professor MacMillan is this: 
Can there be found a convergent substitution 


= z r= seen 
Te nus D. mee yu ME 
such that the resulting differential equations in the variables y; 


dy; ; 
= Fan, ++, Yn) CETA 


are algebraic, and in particular that the Y; are polynomials 
in gi :-:, Yne In answer to the question it is shown that, if 
the constants a; satisfy a very simple condition, such a 
substitution can be found for which the resulting differential 
equations are 





* Bibliotheca mathematica, ser. 3, vol. 18, pp. 99-114 (May, 1913). 
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dys ; 
Si = agi (= Leni, 


In case the condition is not satisfied by all of the o; but is 
satisfied by a group of them, say o, ---, a, then there exists 
a substitution 


oo oo b | 
egy, D af, sat ya @=1,---,h), 
Az de? : 
t= OD Dy... y @=k+1,--+,n), 
h= pe 


for which the resulting differential equations are 


dy; : 
ae egi {= 1,:::,k). 


In the first case the transformed equations are equivalent 
to the original within the region of convergence of the substi- 
tution, for there is a unique correspondence between the values 
of the x; and y; in this region. In the second case the number 
of variables y; is less than the number of the +; so that such a 
complete correspondence is not possible. 'The cases where 
the above conditions are not satisfied lead to an extended 
field which has as yet been but slightly investigated by the 
writer. 


4. No rigorous solution of the equations of motion of 
Foucault's pendulum has hitherto been given. In this paper 
by Professor MacMillan a rigorous solution is obtained by 
the methods of periodic orbits. For a given pendulum 
there are two arbitrary constants, namely, the amplitude of 
the oscillation and the azimuth of the initial plane of motion. 
In the present solution the amplitude of the oscillation is 
arbitrary, but the initial plane of motion is either the plane 
of the meridian or the prime vertical. 


5. In this paper Miss Hazlett finds invariants which com- 
. pletely characterize linear associative algebras of two and three 
units with constants of multiplication and coordinates in the 
field C of all real and complex numbers. By invariant is here 
meant a single-valued function (in Dirichlet’s sense of corre- 
spondence) of the constants of multiplication which takes the 
same value for two algebras of the same number of units and 
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having constants of multiplication and coordinates in any field 
F, if the two algebras be equivalent with respect to F. The 
invariants Iı, ---, Im are said to characterize completely the 
- algebras of n units over a field F when each J; has the same 
value for two algebras only when they are equivalent with 
respect to F. N 

For any field F the rational integral invariants and co- 
variants of the characteristic equations and of the coefficients 
of the powers of w therein (regarded as functions of the co- 
ordinates of the general number of the algebra) are invariants 
and covariants respectively of the linear algebra; and they 
are expressible as rational integral functions of the determi- 
nants and minors of the 2n? linear equations which are neces- 
sary and sufficient conditions for the existence of a modulus. 

In view of this, from Study’s results in the Géttinger Nach- 
richten for 1889 it follows that, in the field C, the ternary linear 
associative algebras with a modulus are completely charac- 
terized by their rank and by the rank of the discriminant of ' 
the coefficient of w in either -characteristic equation. By a 
suitable reduction, it is clear that the binary linear associative 
algebras (with or without a modulus) are completely charac- 
terized by the identical vanishing or non-vanishing of the 
coefficient of w and by the rank of the discriminant of the 
coefficient of œ? in either characteristic equation. 


6. Mr. Schweitzer proves the following theorem: If 


die, éi, 2)} = 618,9 2], 
$lf(z, y) y] = y), lo, Vy) a} = y, 


and 
lvl), y) = Vo y), 
then there exists a function x(x) such that 
hät, ail = x@) +x), xl(2] = xe) +e 
and 
xLf(z, ail = x2) — x(y) + e; 
where c is a constant. 


7. In his first paper Professor Buchanan proves the exist- 
ence, and gives a practical method for the construction, of 
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periodie orbits described by & particle which moves, subject 
to gravity, on a smooth surface. When the surface is a sphere 
the problem reduces to the well known problem of the spherical 
pendulum. Taking the general solutions of the spherical 
pendulum as derived in Chapter III of Professor Moulton’s 
Periodic Orbits, which will appear shortly, Professor Buchanan 
determines periodic orbits described on the surface S + eS'— 0, 
where S = 0 is the equation of the sphere in the problem of 
the spherical pendulum, S’ is an analytic function of the three 
rectangular coordinates, and e is a variable parameter. The 
solutions are expansible as power series in e in which the coef- 
ficients are trigonometric functions of the time; and the 
period is the same as that of the vertical motion of the spherical 
pendulum. 

The equation of the surface employed in this paper is 
the same as that used by Poincaré in his memoir ''Sur les 
lignes géodésiques des surfaces convexes.”* Periodic orbits 
play the same rôle in this paper as closed geodesics in Poin- 
caré’s memoir. 


8. Using the same method as in his first paper, Professor 
Buchanan determines a periodic solution for the motion of a 
particle which moves, subject to gravity, in the curve 


"where e is a parameter and f(x) is analytic in x. For e= 0 
the curve becomes a vertical parabola and a periodic solution 
can be derived by means of elliptic integrals. Then the 
analytic continuation of this solution is made with respect 
to e as in the first paper. 


9. The paper of Professor Curtiss is concerned with results 
which Laguerre deduced from his proof of the applicability of 
Descartes’ rule of signs to infinite series. Recent SES 
of Laguerre’s theorems are especially considered. 


10. It appears that the most general solution of the differ- 
ential equations of motion of an incompressible viscous fluid 
was obtained by Lamb for the case of steady motion when the 
inertia terms are neglected. A further solution for the case 





` * Transactions, vol. 6, No. 3 (July, 1905). 


H 
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of small motion has also been deduced in a general form for 
spherical surfaces. The paper by Mr. Poor exhibits solutions 
for the cases of steady and non-steady motion without ne- 
glecting the inertia terms. These solutions are obtained by 
expanding the velocity and the average normal pressure in 
powers of an arbitrary parameter, thus reducing the problem 
to the solution of an infinite sequence of integral equations. ' 
The second approximation for the translation of a sphere 
through an infinite fluid at rest at infinity is deduced. 


11. In his “ Second report on recent progress in the theory 
of groups of finite order," published in this BULLETIN, volume 
9 (1902), Professor Miller stated, on page 116, that “ no one 
seems to have investigated the question whether a non- 
abelian group can have an abelian group of isomorphisms.” 
In Hilton’s Finite Groups, 1908, page 233, the question 
“Can a non-abelian group have an abelian group of iso- 
morphisms?” is placed in the list of “a few interesting ques- 
tions still awaiting solution.” 

In the present paper Professor Miller proves the existence 
of a non-abelian group of order 64 which actually has an abelian 
group of isomorphisms. This non-abelian group G can be 
generated by four operators 81, 8, 83, 84 which satisfy the 
following conditions: 


e 
9 
8j = 1, sf = 88 = 8 = 1, 829182 = 31°, 838183 = 81, 
848184 = 81, 888283 = 82, 848284 = 8382, 938488 = 84. 


The central of G is generated by si and zs, and the group of 
inner isomorphisms is of order 8 and of type (1, 1, 1). The 
three operators of order 2 in the central of G are invariant 
under its group of isomorphisms. The latter group is abelian, 
of order 128, and of type (1, 1, 1, ---). 


12. In the Appendix to Hilton's Introduction to the Theory 
of Groups of Finite Order, 1908, page 233, the following 
question is asked: '* Can a group of order p* have a group of 
automorphisms whose order is also a power of p?" Professor 
Miller proved the existence of a group of order p’, p being any 
prime number whatever, whose group of isomorphisms has 
an order which is a power of p. This group is generated by 
three operators 81, 82, and 83, of orders p, p°, and p? respectively, ` 
which satisfy the following conditions: 


H 


x 
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811938; = 81733, 871838; = 349 5, So lgg8e = Sei, 


It contains two characteristic subgroups of order p, generated 
by 81 and s; respectively, and it involves at least one char- 
acteristic subgroup of every order which divides the order of 
the group. Its central is of order p° and the central quotient 
group is abelian and of type (1, 1, 1). The central involves 
the pth power of every operator of the group and it is gener- 
ated by such operators. 


13. In the second edition of Burnside’s Theory of Groups 
of Finite Order, 1911, page 89, it is stated that “no case is 
known of an outer isomorphism which changes each conjugate 
set of operations into itself. On the other hand, it is still 
an open question whether or no such isomorphisms exist.” 
In the present paper Professor Miller proves the existence 
of a group G of order 128 which admits such isomorphisms. 
This group may be generated by seven operators of order 2, 
which will be denoted by the symbols tı, fs, ts, 81, 82, 88, 84. 

The first three of these operators generate the central of G, 
which is of order 8. The properties of the other operators 
are defined by the following equations: 


818281 = Dën, 818381 = Loës 318481 = t334, 
839353 = iai393, 828482 = Lë, 838483 = 84. 
e 


To prove that this group has an outer isomorphism which 
changes each set of conjugate operators into itself, it may 
be observed that the isomorphism which transforms s, into 
135,, and transforms each of the three operators $1, 82, 83 into 
itself, is an outer isomorphism of G. On the other hand, it 
can be easily proved that this outer isomorphism transforms 
into itself each set of conjugate operators of G. See W. Burn- 
side, Proceedings of the London Mathematical Soctety, volume 11 
(1912), page 40. 


14. The problem of the deviations of falling bodies was 
taken up by Professor F. R. Moulton because of the divergence 
of results which have been secured by different methods. 
A body dropped from a point Po near the surface of a 
rotating mass M, and moving subject only to the attraction 
of M, strikes its surface at P;. A plumb-line suspended 
from P, touches the surface of M at Ps. The deviations of 
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the falling body are the distances of P, from P; expressed 
either in geocentric angular measure, or linear measure with 
the distances measured along the surface of the earth. It is 
shown how to locate P; and P; for any potential function. 
Application is made to the case where the potential function 
is’ expansible in zonal harmonics, and it is found that the 
meridional deviation is composed of two parts, one away from 
the equator and one toward the equator, of which the latter 
is numerically the more important. 


15. At the summer meeting of the Society at Madison, 
Professor Wilezynski announced the result that the finite 
equations of surfaces whose directrix curves are indeterminate 
and whose asymptotie curves belong to linear complexes 
can be obtained by quadratures. He now finds that the 
equations of these surfaces, referred to their asymptotic lines, 
may be written in the still simpler form 


z= — U — V)(u — 9) +40 + V), 
y=U-V, z=u+7, 


where U and V are arbitrary functions of the single variables 
. u and v, and where U’ and Hi are the derivatives of these 
functions. To avoid the appearance of ruled surfaces, 
which are only in an improper sense solutions of the problem, 
the third derivatives of U and V must not vanish identically. 

Equations (1) are related to the earlier equations, given at 
the summer meeting, in very much the same way as the 
formulae of Weierstrass for minimal surfaces are connected 
with those of-Enneper. 

As in that other theory, the surfaces (1) are algebraic 
if and only if the functions U(u) and V(v) are algebraic 
functions of their arguments. In the simplest case, when 
U and V are polynomials of the third degree, the resulting 
surface is a rational sextic with twisted cübic curves for 
asymptotic lines. 


(1) 


16. Professor Love’s paper considers the existence and 
form of asymptotic integrals of the homogeneous linear differ- 
ential equation of the nth order, valid for large positive values 
of the independent variable. The coefficients are assumed 
to be developable in asymptotic (or convergent) power series. 
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No restriction is laid upon the roots of the characteristic 
equation as regards their order of multiplicity, but a certain 
assumption of a different nature is made in order to reduce 
the algebraic difficulties of the analysis. This assumption is 
such that the familiar case of distinct roots is included as 
a special case of the problem treated. It is shown that if the 
characteristic equation has | distinct roots, the n fundamental 
solutions of the differential equation fall into J groups, in such 
a way that corresponding to a p-fold root there is a group of p 
fundamental solutions proceeding in powers of (1/z)¥/?. 


17. Professor Shaw shows that the two fundamental opera- 
tions in vector analysis of n dimensions lead to the progressive 
products of Grassmann and to products of reduced order, 
from which two kinds of products, the complete associative 
productive may be built up and defined. If one of the 
vectors is the symbolic Hamiltonian v, they lead to the 
extension of the divergence and curl. 


18. For the problem of the caleulus of variations with 
fixed end points, the curves which minimize an integral of 
the form 


J = [F@, y, s a’, y', #)dS 


have previously been studied, provided that the minimizing 
are along which the integral J is taken is free to traverse 
any portion of space or is restricted to lie entirely within a 
given region R. It may happen, however, that while no 
extrema] joining the two fixed end points exists entirely 
interior to a region R, yet there may be a minimizing curve 
consisting partly of arcs interior to the region and partly of 
ares along its boundary. This gives rise to the problem of 
investigating the properties which characterize a minimizing 
curve lying partly on a given surface S, while the variations 
with which it is compared are restricted to lie on one side of 
the surface, & problem analogous to one in the plane which 
has been discussed by Professor Bliss. The paper of Professors 
Bliss and Underhill has to do-with the problem of a minimum 
of the integral above with respect to unilateral variations in 
space, that is, variations which lie on one side of a given 
surface. The study of the problem is justified by the fact 
that the conditions found, especially those analogous to the 
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usual Jacobi condition, are not merely generalizations of the 
corresponding conditions in the plane, but present new char- 
acteristics of interest. 


19. In a recent paper in the Mathematische Annalen (volume 
73 (1913), page 596) Behaghel has deduced, for problems of 
the calculus of variations in'space, an expression for the 
Weierstrass L-function which is analogous to a well-known 
formula for similar problems in the plane. The result which 
he obtains is correct, but in his proof he uses functions, in his 
notation A, B, C, which may become infinite even for very 
simple problems. For such cases his proof would not be 
valid. In the paper of Professor Bliss an expression of 
slightly different form is obtained for the E-function, which 
may be reduced to that of Behaghel by a simple transforma- 
tion, and a discussion is given of some of the properties of the 
E-function resulting from the formula. The methods are 
applicable to space of any number of dimensions. 


20. In this paper the fundamental domain is taken to be the 
linear continuum between + = 0 and g = 1. Every irrational 
point c in that domain may be represented as a continued frac- 
tion in the form 


" i dero à 
erede: . 
where c, (n = 1,2, ---, ©) isa positive integer. The theorem 


proved by Dr. Blumberg is as follows: 
Let (K) be any given condition by virtue of which the 
following functions are determined: 


n= F(n, Cy, Cay 777, Cn); 
Cn+1 = Fı(n, C1, Ca, 775, Cn)» 


(K) Cute” = Fin, C1, Cay 77, En); 


Ges = Fz (n, Cl, Cay 77, Cn). 


F, Fi, Fs, ++, Fa are assumed to be single-valued and to take 
only positive integral values for the arguments in question. 
Otherwise these functions are arbitrary. Let S; denote the 
set of irrational points c for which in the representation (1) it 
ha ppens only for a finite number of values of n that 
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"Ga = Get: Capa’ = Cn43; *7 ^, Onga” = Cn+ñs 


and let S, be the complementary set of irrational points; then 

Si is of first category and E: of second category. ; 
A special case of the theorem is as follows: The set of points 

c for which 


1 1 1 
5:12) are 


is convergent is of first category; the set of points c for which 
the series (2) is divergent is of second category. 


21. In a paper read at the November, 1913, meeting of the 
Southwestern Section of the Society, Dr. Blumberg gäve 
certain properties of the oscillation function wf(x). By the 
aid of these results, he is able to solve completely the oscillation 
equation 


(1) | od Li = g(x)af(2), 


where g(x) is any given continuous function of + and f(x) is 
to be determined. The equation 


f(x) = gf) 
may in a certain sense be reduced to an equation of the form 


(1). 


22. The discriminating analysis by Brouwer in the Novem- 
ber BULLETIN (pages 81-96) puts in evidence the rôle that 
awaits a non-enumerable well-ordered set obtained without 
the intervention of the continuum. In this paper Professor 
Frizell proves that Axioms T in his “ Axioms of ordinal mag- 
nitudes," presented to the Cambridge Congress, yield a set 
that is not countable. 'The method of proof is based upon 
that used by Cantor in proving the continuum nicht-abzählbar. 
À corollary is that, unless the set in question possesses the 
potency of the continuum, we have here & non-enumerable 
well-ordered set of lower potency than the continuum. 


23. In this paper Professor E. J. Moulton considers an 
application of integral equation theory to the theory of 
figures of equilibrium of & rotating compressible fluid mass. 
Certain negative theorems are first proved, which are closely 
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related to well-known theorems of Hamy, Volterra, and 
Vérronet. They allow generality in the surfaces in contrast 
with the generality of the density functions of the earlier 
theorems. Figures of equilibrium are next discussed as 
functions of a compressibility parameter. A new method is 
thus obtained for arriving at the Poincaré “forms of bi- 
furcation.” Finally the methods are applied to the deter- 
mination of the theoretical shape of the earth. By com- 
paring the observed with the theoretical figure it seems 
certain that the assumed Laplace pressure-density equation 
is not approximately satisfied in the earth’s interior. 


24. As a direct generalization of real quaternions, Professor 
Dickson considers the linear algebra with the m? units 
jte, t= 0, 1, +++, n — 1) and coordinates in a field F, where 


a = 0, f= 60), T= 4% 


g and the coefficients of the polynomials ¢ and 0 being in F. 
Moreover, let (x) = 0 be a uniserial abelian equation in F, 
i. e., an equation irreducible in F and having the roots 


i, 0), PO = op], BI [eo - 1. 


'This associative algebra is obtained and discusged in the 
Transactions for January, 1014. For n = 2, we may take 
= a? — c; then right hand and left hand division except by 
zero is always possible and unique (briefly, it is a division 
algebra) if and only if g is not the norm e* — cf? of any number 
e+ fi in the field F().* The corresponding theorem for 
n = 3 is proved. Soon after the above algebra in n? units 
was communicated to Professor Wedderburn, he succeeded 
in proving that, for any value of n, it is a division algebra if 
and only if g is not the norm of any number in F(z). (See, 
abstract 34 on page 301). 


25. Any number of Cayley's algebra[ with the units 
'l, ey «++, er may be expressed in the form o + Qe, where q 
and Q (also r and R below) are real quaternions in the units 
1, e, 65, es, while e = eu, By use of the multiplication table 





* Transactions, vol. 13 (1912), pp. 65, 66. 
+ Coll. Math. Papers, I, p. 127; XI, p. 368. 
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for Cayley’s eight units, it can be verified with the exercise of 
patience that 


(q+ @e)(r + Re) = qr — RR + (Ra + Rre, 


where r', R’ are the quaternions conjugate to r, R. Starting 
with this condensed formula as the complete multiplication 
table of the algebra, Professor Dickson finds at once that the 
norm of a product is the product of the norms of the factors 
(qq’.+ QQ’ being the norm of ¢,+ Qe). Also at once that right 
and left-hand division except by zero is always possible and 
unique. These proofsyest upon the simplest algebraic properties 
of quaternions. They are given in § 14 of Linear Algebras, in 
press for the Cambridge Tracts. 


26. In his first paper Mr. Schweitzer proved the following 
theorem: If f(z, f(y, ail = f{z fy, il and é(f(z, y), y} = die) 
. and f{p(x, y), z} = ply) and f(v(z), d(y)} = f(a, y), then 
there exists a function x(x) such that x[V(z)] = x(a) + c, 

x[f(z, vil = x(x) — x(y) and xl, al = x@) +x) + c, 
_where c is a constant. If in particular one assumes dia) = x, 
that is, c = 0, then this theorem reduces to a theorem previ- 
ously obtained by the author. a ee 

The preceding relations are satisfied by dia = +2? — 1, 
fe, y) = wei -%, di, y) = VE + y? — 1 and accordingly 
the following problem is investigated: Given the quasi- 

transitive and symmetric functions f(x, y) and ¢(z, y), to 
determine the functions (et, Gelz), xr(z), xe(£) such that 
the relations 


f(a, y) = lud) + xu) Alu) — xl, 
dia, y) = 9,0xs(2) + xy} + 9x4) — x4G)] 
are satisfied. Reference is made to the article of Lelieuvre, 


Bulletin des Sciences mathématiques, series 2, volume 27, page 
$1. 


. 27. In the American Journal, April, 1912, it is shown how 

to construct the systems ?R, 9), SD, 4R,, ete., as projective 
analogues of the systems !R,, Ro, Rs, etc. It is also shown, 
l. c., that the systems ?R, and ?R,(® may be generalized into a 
single system, say, 7.2. Analogously the systems *Rs and 
3R, *R, and *R,, etc., may be generalized into systems 
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Za, 18,0, etc., respectively. An n-dimensional point 
field Mr. Schweitzer defines to be the set of points satisfying 
(at least) the system "R,® (n = 2, 8, ---). For example, a 
two-dimensional point field is given by the set of points in the 
interior and on the boundary of a circle of finite radius +0 in 
the euclidean plane, since this set satisfies (American Journal, 
l. c.) the system ?R,®. Similarly, the set of points in the 
interior and on the boundary of & hypersphere of finite radius 
+0 in euclidean n-dimensional space (n = 2, 3, ---) satisfies 
the system zÄ, ID. Essentially’ two categories of point fields 
are to be distinguished, the sensed and the non-sensed. The 
latter are easily defined in terms of the former. 

Applying the preceding conceptions to certain investi- 
gations* of E. Müller, the author constructs an (n + 1)- 
dimensional geometry (n = 2, 3, ---) consisting of (1) the 
set of all circles (boundary and interior) of finite radius +0 
in the euclidean plane; (2) the set of all spheres (boundary 
and interior) of finite radius +0 in the euclidean three-space, 
and so on. In particular, the sets of circles, spheres, etc., of 
the samet finite radius +0 are investigated in each geometry. 
Two cases are to be distinguished according as a definite 
sense is or is not attached to the circular, spherical, ete., 
fields. In the non-sensed case, the set of all circular fields 
in the euclidean plane, gives rise to a three-dimensional hyper- 
bolic geometry; similarly, the set of all non-senstd spherical 
fields in euclidean three-space gives rise to a four-dimensional 
hyperbolic geometry. When circular (spherical) fields are 
taken of the same radius there arises a limit surface abstractly 
identical with a euclidean plane (three-space). 

Since in the preceding (n + 1)-dimensional geometry the 
elements are n-dimensional point fields, the geometry may. 
be regarded as a theory on a class of relations {"R,®}. This 
is compared with r-dimensional geometries constructed on 
the basis of a class of relations {*R,}, where r < n. 


28. Recent discussion regarding the laws of sliding friction 
makes problems in constrained motion of special interest. 
Professor Field considers the motion of two partieles which 
are connected by a rigid weightless rod, one or both of the 


* E. Müller, Dissertation (Kônigsberg), where further references will 


be found. 
t Cf. Müller, ]. c., p. 279, (c). 
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particles being constrained to move on a rough curve or 
surface. The paper is devoted to a study of what the initial 
conditions must be in order that the equations of motion 
may give rise to (a) conditions which are compatible, (b) 
unique values for the accelerations involved. 


29. The purpose of Dr. Williams’s paper is to obtain a 
simple solution of the equation 


fe + 1) = Ef), 


where E(x) is an entire or a meromorphic function. The 
method employed makes use of the Weierstrass factor form 
of E(x). Barnes has also given a treatment of the equation 
by making use of the factor form of E(x). His solution, 
however, contains certain complicated functions of the zeros 
and poles of E(x), for which he was able to obtain the explicit 
form only in special cases. Dr. Williams proceeds in a way 
different from that used by Barnes, and obtains a solution 
which is completely determined. The method is also simpler, 
and exhibits in a clear way why certain convergence factors 
- can be easily obtained. 


30. In this paper Dr. Sullivan discusses a net of directrix 
curves which are related to a ruled surface in much the same 
way that the directrix curves introduced by Professor Wilc- 
zynski* are related to a curved surface. These curves and 
their associated linear congruences are completely determined 
by certain fundamental invariants ‘h, 6’, C’. When the 
twisted asymptotic curves belong to linear complexes the 
directrix curves form a conjugate system, and they can be 
found by quadratures. Theorems analogous to those on 
pages 98, 118, 119, 120 of the second memoir have been found 
for ruled surfaces. The directrix curves are indeterminate 
and the corresponding congruences degenerate, if and only if 
the invariants h, 6’, C’ vanish, that is, if and only if the 
surface is a Cayley cubic scroll. In this case the directrix 
congruences degenerate into the net of lines in the uniplane, 
and the sheaf of lines through the unode of the surface. 


31. The first part of the paper by Dr. Wahlin is a develop- 
ment of some general properties of relative p-adic domains, 





* Second memoir, Transactions, vol. 9 (1908). 
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and equations in an arbitrary p-adic domain. The main 
theme of the paper is, however, the determination of the 
nature of the p-adic domains in which the binomial equation 
of degree l, l being a prime, has / solutions. The equation is 
considered for the domains of the varipus prime divisors of 
an arbitrary algebraic domain, and in each case it is deter- 
mined what the simplest irrationality is which must be 
adjoined to the given domain, in order that the equation in 
question may have / solutions. 


32. In this paper Professor Bauer and Dr. Slobin investigate 
the relation of the argument of a trigonometric function to the 
function from the standpoint of the nature of the number 
_ represented. They set up various forms of the argument 
for which the function always represents algebraic numbers, 
and other forms for which the function represents tran- 
scendental numbers. It is shown that the trigonometric 
functions represent algebraic numbers if the argument is a 
rational multiple of m. A symbolic method is indicated 
whereby the algebraic equation may be set up for roots of the 
indicated type. The following is representative of the the- 
orems developed: If a trigonometric function represents a 
number of the form az, where a is an algebraic number other 
than zero, the argument is of the form log tr, where i is a 
transcendental number. 


38. The definition of the sum of a double series given by 
Pringsheim admits of conditionally convergent double series, 
while the definition of convergence given by Jordan does not. 
Adopting Pringsheim’s definition, Professor Bauer shows 
that in a conditionally convergent double series 

lin Spg = lim Smm. 


p=, g=% 


This leads to a definition of multiplication for single series 
whereby two conditionally convergent series may be multi- 
plied together with the assurance that the limiting sum of the 
resulting series will be equal to the product of the limiting 
sums of the given series. Itis also shown that a conditionally 
convergent double series whose terms tend to zero may be 
rearranged so that the limiting sum of the rearranged double 
series is equal to any preassigned quantity. 
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34. This paper.is a more general treatment of the subject 
presented to the Society by Professor Bates in April, 1910. 
In the former paper, only one value of À (namely, n — 1) was 
considered. 

H. E. SLAUGHT, 
Secretary of the Chicago Section. 


SHORTER NOTICES. 


Leçons sur le Prolongement analytique. By LUDOVIC Zorertt. 

Paris, Gauthier-Villars, 1911. vi+115 pp. 

IT is the plan of this little volume, like that of its fellows of 
Borel’s excellent collection of monographs on the theory of 
functions, to conduct a student from & presupposed minimum 
of knowledge—but hardly of capacity—to the actual present 
frontier of science. This is evidenced by the many questions 
raised, but not to-day answerable, to be found scattered 
through its pages. It consists, in substance, of lectures 
‘delivered by its author at the Collége de France during the 
year 1908-1909; while it may be said to have for its subject 
such questions of the theory of functions as can be best 
treated, not by the methods of Cauchy and Riemann, but by 
going back to Weierstrass’s fundamental definition of an ana- 
lytic function. It is in this sense that the title is to be under- 
stood. Weierstrass’s definition gives rise, in the general case, 
to a function with an infinite number of branches. The small 
advance that has been made in the study of such functions, 
the importance of which is incontestable (in the analytic 
theory of differential equations, for instance), is due, in part, 
to its difficulty, in part to the lack of appropriate tools. In 
particular—it is our author’s idea—progress in the theory of 
these functions depends on progress in the theory of the 
Riemann’s surface of an infinite number of sheets (as this 
latter is conceived of by Poincaré in his paper on the uni- 
` formization of functions, Acta Mathematica, volume 31, 1907). 
“The object of this book will have been accomplished if I 
succeed in persuading the reader of the great interest attaching 
to investigations of these surfaces " (page 43). 

'The work begins, after an interesting and suggestive intro- 
duction of six pages, with a chapter of 22 pages on (closed) 
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sets of points in one and two dimensions. The object here was 
‘to develop for use later certain properties which could not be 
considered to form part of the “ classic " theory of the subject. 
Chapter II, on the general idea of an analytic function, 
occupies more than a third of the book. A start being made 
from Weierstrass’s definitions of analytic continuation and 
analytic function, some of the complexity of these notions is 
brought out by examples; as, for instance, that a point may be 
- a regular point for each branch of a function, yet itself be a 
point of condensation of singular points.—What kind of set do 
the singular ‘points of a function constitute? The answer to 
this question is, in the case of a one-valued function, that it 
may be any given (closed) set. Similarly a many-valued 
function exists having for its singular points any given 
enumerable infinity of closed sets; but whether this is the most 
general case is not known (see, however, the note on page 51). 
. In attempting to extend to many-valued functions the idea 
of & natural boundary, we are met by the fact that a function 
may have a singular line which is not a natural boundary for 
any of its branches: this is exhibited by an example in the 
note at the end of the volume. A function may even have a 
limited domain of existence although no one of its branches 
has a natural boundary; this phenomenon our author expresses 
himself as “ forced to believe in, but unable to explain.” A 
distinction has then to be made between a natural boundary 
for a branch of a function and one for the function itself, 
Singular points may be classified, not only by the kind of 
set they belong to, but secondly by the behavior of the 
function there. This introduces us to Painlevé’s notion of 
the domain of indetermination of such a point.* The domain 
of indetermination of a point viewed as a singular point of a 
given branch of a function may be roughly described as the 
set of values of the function that may be reached by analytic 
continuation from the given branch without leaving an 
infinitesimal neighborhood of the point. Then transcendental 
singularities may be classified as follows: ordinary if the domain 
of indetermination be a point (z = 0 for log z), otherwise 
essential; the domain of indetermination in this latter case 
being either complete, where it comprises the whole plane (the 
isolated essentially singular point of a one-valued function), 
or else incomplete. 


* Comples rendus, vol. 131 (1900). 
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Chapter III takes up Weierstrass’s theorem as to the be- 
havior of a one-valued function in the neighborhood of an 
(isolated) essential singularity—with a proof by the methods, 
based on analytic continuation, used in this book—and 
Picard’s theorem. 

Can Weierstrass’s theorem be extended to other kinds of 
singular points (of a oné-valued function)? This question is 
treated in Chapter IV. Intermediate between the isolated 
singular point and the singular line comes a point “ belonging to 
a discontinuous set" (phrase exactly defined pages 54, 16). 
For certain of these cases, too, Weierstrass’s theorem holds. 
But the attempt at a proof in the general case (sketched by 
Painlevé in his Stockholm lectures) failed; while the proof 
given by our author in his thesis that such a point was, at 
any rate, an essential transcendent singularity has turned out 
to be unsound. It now appears that, in point of fact, not 
even this narrower proposition is true; for Denjoy has pro- 
duced an example of a function whose singular points are all’ 
of the kind in question, that is, each belongs to a discontinuous 
set, while the function, nevertheless, remains continuous 
throughout the plane; so that these transcendental singularities 
are all merely ordinary ones. 

For one-valued functions with singular lines general results 
are almost,non-existent. Chapter V deals with such functions 
and raises questions like the following. It is known that a 
function continuous in a region cannot have an isolated 
singular line there: can we say more, that a function with 
nothing beyond singularities where it remains continuous (ordi- 
nary transcendent singularities) is necessarily holomorphic? 

Chapter VI concerns itself with an important class of many- 
valued functions, namely, the inverses of one-valued, and, in 
particular, of integral functions. The singular points of such 
a function can be at most of the ordinary transcendent variety. 
A property pretty much characteristic of them is that at 
least one of the areas in the plane of the function corresponding 
to a small circle, in the plane of the independent variable, 
about the singular point includes the point at infinity. 

The reviewer might mention a couple of unimportant slips 
that have come under his notice: page 1, note 2, the reference 
should be to the Monatsberichte; page 43, note 2, the title of 
Boutroux’s book is incorrectly given. 

Frank Irwin. 
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Serret’s Lehrbuch der Diferential- und Integralrechnung. 
Vierte und fiinfte Auflage, zweiter Band, bearbeitet von 
GEORG ScHEFFERS. Leipzig, Teubner, 1911. xiv+639 pp. 


THE present edition (or let us say issues, since it seems to be 
dual!) is a reprint, with slight alterations, of the third. Besides 
the half dozen paragraphs listed in the preface there are three 
or four more that have undergone some considerable degree of 
remodelling. This adds nine pages to the bulk of the book. 
(The convenience of the student has been consulted, in making 
these alterations, by retaining, with few exceptions, the old 
paragraph numbering.) Beyond this the changes are those of 
phraseology. 

The novelty of the present edition is an appendix of 46 
pages of historical notes—to both the first and second volumes. 
It is purposed to supply the third volume also, whenever a 
new edition becomes necessary, with a like apparatus. These 
notes are in response to wishes often expressed and are welcome. 
They seem particularly full on matters of mathematical 
nomenclature, notation, symbols. ‘The desirable custom has 
been followed of adding to the name of each (no longer living) 
author the years of his birth and death. 

The reference on page 447 to page 405 should be to the 
paragraph of that number (No. 405). 

FRANK Irwin. 


Ueber die Theorie benachbarter Geraden und einen verallge- 
meinerten Krümmungsbegrif. Von W. Franz MEYER. 
Leipzig und Berlin, Teubner, 1911. xi+152 pp. 


Tms supplement to the ordinary text-book on differential 
geometry has, as its fundamental idea, a generalization of the 
notion of curvature of a space curve obtained by replacing the 
tangent at a point of the curve by an arbitrary line through 
that point. The idea is not new. Articles dealing with ' 
certain phases of the subject had appeared five years before 
the publication of this book. From time to time other papers 
were published by the author and his students and various 
other writers. Here these results are exhibited in their re- 
lations to one another and are supplemented by new material. 

The book opens with a concise treatment of the moving 
trihedral, curvature, torsion, the Frenet formulas, etc., with 
reference to an arbitrary line g through a point of the space 


- 
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curve: Then follows a systematic study of the shortest 


. distances associated with two neighboring trihedrals. From 


convenient forms for the two principal formulas for the shortest 
distance between two skew lines are deduced the shortest 
distances (1) between two neighboring positions of g, (2) 
between a point P of the space curve and the line of striction 
of the ruled surfaces formed by the lines g, and (3) between 
P and the “normal plane” of a neighboring point on the 
curve. Six other formulas are obtained by: substituting for 
g the binomial and the principal normal. The relations 
among these nine distances become noteworthy when the 
general trihedral is replaced by the canonical. Another 
special case is that in which g is required to be perpendicular 
to the tangent to the curve. This case becomes more im- 
portant when the further restrictions are imposed that the 
curve shall lie on a certain surface and that g shall fall along 
the positive direction of the normal to the surface at the point. 
An appendix, which occupies one-third of the book, deals with 
generalized curvature in R, and with the invariant represen- 
tation in Rs. ` 
E. B. Cowrzxy. 


Grundlagen der Geometrie. Von Davi Hırzerr. Fourth 
edition. * Leipzig, Teubner, 1913. vi+-258 pp. 


Tue system of axioms of geometry presented in this new 
edition of Hilbert's classieal work differs from that given in 


' the third edition (1909) in regard to the third group of axioms, 


those of congruence, the number of which is now reduced from 
six to five. In the third edition, axiom III: 5 reads: When an 
angle (h, k) is congruent to both the angle (h’, k’) and the 
angle (h”, £^), then the angle (h’, k’) is congruent to the angle 
(h”, k^"). - In the present edition, this is now stated as theorem 
10, and for a proof based upon the axioms in groups I and II 
and the remaining five axioms in group III, the reader is 
referred to a paper by A. Rosenthal: “ Vereinfachungen des 
Hilbertschen Systems der Kongruenzaxiome," Mathematische 
Annalen, volume 71 (1912), pages 257-274. i 

A few other, but relatively unimportant, changes have 
been made in the text, and references to recent literature 


have been added. 
T. H. GRONWALL. 
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Grundzüge einer allgemeinen Theorie der linearen Integral- 
gleichungen. Von Davin HrinsERnT. Leipzig und Berlin, 
Teubner, 1912. xxiv + 282 pp. 


Tris book appears as volume 3 of a new Teubner collection 
entitled Fortschritte der mathematischen Wissenschaften in 
Monographien, under the general editorship of Professor 
Otto Blumenthal, and consists of a reimpression, with some 
insignificant changes, of the six papers on integral equations 
published by Hilbert in the Göttinger Nachrichten from 1904 
to 1910, with an additional chapter on the foundations of the 
kinetic theory of gases (also published in Mathematische 
Annalen, volume 72). These various papers not having been 
remoulded into an organic whole, the presentation of the 
theory is not a systematic one, but this defect is largely offset 
by an elaborate table of contents arranged by subjects and 
stating the main theorems in extenso. Since Hilbert’s papers 
have already become classical and are familiar to all students 
of the subject, an enumeration of the section headings will 
suffice: I. General theory of linear integral equations; II. 
Application of the theory to linear differential equations; III. 
Application of the theory to problems in the theory of func- 
tions; IV. Theory of functions of an infinite number of 
variables; V. A new exposition and extension of the theory of 
integral equations, VI. Application of the theory ¢o various 
problems in analysis, geometry, and theory of gases. 


T. H. GRONWALL. 


Gabriel Lippmann. Par E. LgBON. Paris, Gauthier-Villars, 
1911. vii+70 pp. 


THE series Savants du Jour by Lebon has made known to 
mathematicians the world over, and let us hope to a general 
public in France, the portrait and the details of the life and 
work and writings of Poincaré, Darboux, Picard, and Appell. 
The attention is now turned to the physicist Lippmann. ‘To 
one at all familiar with the rigorous program of studies and 
examinations through which the young French savant passes 
it is particularly interesting to read how Lippmann by too 
great an enthusiasm for extra-curriculum studies failed to pass 
the aggregation, took his doctorate in Germany, returned for 
his doctorate at the Sorbonne, and then marched steadily on 
to the leading position in French physics. In regard to the 
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biography as a whole, we may quote from the remarks of 
Darboux when presenting the work to the Académie des 
Sciences: “ Cette Notice nouvelle est composée avec le même 
soin, avec le méme souci de l'exactitude et selon la méme 


méthode que les Notices précédemment parues. . .'. M. Ernest 
Lebon ne néglige pas de nous faire connaitre la genése des 
` plus belles découvertes de Gabriel Lippmann. . . . Nous 


n'hésitons pas à prédire à cette nouvelle Notice le succés et la 
faveur qui ont accueilli les précédentes." 
E. B. WirsoN. 


College Mathematics Notebook. By R. E. Monrrz. Boston, 
Ginn and Company. 


` College Engineering Notebook. By R. E. Monrrz. Boston, 
Ginn and Company. 


Two notebooks, each 84x 10$ inches, each of weight 12 
pounds, in biflex binder with removable sheets, have been 
designed by R. E. Moritz and published by Ginn and Com- 
pany. The first, for classes in advanced algebra, trigo- 
nometry, analytical geometry, and calculus, has 3 pages of 
.simple formulas, 95 pages of rectangular coordinate paper 
ruled about 25 to the inch, 5 pages of polar coordinate paper 
ruled about 73 to the inch (radially), 2 pages containing seven 
2-place tables, and one page of common graphs. The second, 
for classes in technical schools and colleges, contains 11 pages 
of simple mathematical and engineering formulas, the same 
outfit (apparently) of coordinate paper plus 5 pages of loga- 
rithmic paper, the same graphs, the same tables plus 4-place 
logarithms, 3-place natural functions, and a conversion table 
for circular measure. - 

For teachers who like to use notebooks of this type, these 
seem as elaborate as any. In so far as a notebook induces the 
student to greater system and neatness it is desirable. There 
are, however, undesirable features in a system of instruction 
which uses notebooks. For instance, in most work in mathe- 
matics a rough sketch of a curve is as good as a careful graph; 
using finely ruled paper generally leads the student to take 
the large amount of time necessary to construct a good graph 
or gives him too high an opinion of the accuracy of a hasty 
sketch; there are difficulties of the sort experienced in 
using 7-place tables on 3-place data; a coarser notebook might 
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be preferable. In so far as a reference table for formulas 
expedites a student’s work, it is good; but if it leads him away 
from using the small amount of memory and common sense 
requisite for remembering most of the very simple and funda- 
mental formulas here given, it is not good. 

E. B. Wixsox. 


Gravitation. By FRANK Harris. London, Longmans, Green 
and Company, 1912. xi+ 107 pp. 

Wien sending for this book, we hoped to find in it an account 
of past and present speculation concerning gravitation— 
especially in view of the recent active discussion under the 
lead of Einstein; we find, however, an independent theory of 
the hydrodynamic type with apparently no reference to the 
numerous prior authors who have tried to give a similar 
explanation of gravitational or electric phenomena. With 
picturesque language, guided by an entertaining philosophy, 
and frequently plodding through tedious approximations (the 
details of which we have not checked), the author discusses 
the mutual forces developed by two equal solid spheres moving 
in a perfect fluid with uniform velocity on the line joining 
their centers or in the line perpendicular thereto. A more 
general problem than this is far better treated by Lamb in his 
Hydrodynamics (arts. 97, 98, 136 of the second edition) with 
references to a fuller treatment. 

Harris also treats sources and sinks and undertakes to make 
clear what is meant by the “cruelly ill-used " expression 
potential energy. In the last chapter of the work he argues 
for a higher dimensionality for space, accompanied by an 
extreme and progressive anisotropy in so far as the distribution 
of matter is concerned. Indeed our material universe now lies 
chiefly in the galactic plane, and is supposed to have become 
so completely three-dimensional that our sense of higher di- 
mensions is atrophied (if it ever existed). These speculations 

. may be interesting; but, unless supplied with more through 
analysis, they must be questioned. 
E. B. Wuson. 
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NOTES. 


THE opening (January) number of volume 36 of the Amer- 
wan Journal of Mathematics contains the following ‚papers: 
“Determination of all primitive collinestion groups in more 
than four variables which contain homologies,” by H. H. 
MITcHELL; “On non-homogeneous equations with an infinite 
number of variables," by R. D. CArMICHAEL; “On constrained 
motion," by P. Fretp; “ Covariant curves of the plane rational 
quintic," by J. I. Tracey; “The group of isomorphisms of an 
abelian group and some of its abelian subgroups," by G. A. 
Mixer; "Self-projective rational curves of the fourth and 
fifth, orders,” by R. M. Wiınger; “Iterated limits in general 
analysis," by R. E. Roor. 

The frontispiece of the volume is a portrait of W. STAHL. 


AT the meeting of the London mathematical society held 
on January 15 the following papers were read: By S. T. 
SHOVELTON, “A generalization of the Euler-Maclaurin sum- 
mation formula," and * Deduction of formulas of mechanical 
quadrature from the Euler-Maclaurin summation formula”; 
by A. Youna, “Binary forms." 


Ar the Atlanta meeting of the American association for the 
advancement of science Professor E. B. Van VLECK delivered 
a vice-presidential address before Section A on “ The influence 
of Fourier’s series upon the development of mathematics.” 
The address has been published in Science, January 23. Pro- 
fessor H. S. Warre was elected vice-president of Section A. 
The next meeting of the Association will be held at Phila- 
delphia from December 28, 1914, to January 2, 1915, under the 
presidency of Dr. C. W. Eur. Professor F. R. MourroN 
is secretary of Section A. 


Tue editors of volume 7 of the Encyclopedia of mathe- 
matical sciences will hold a joint session with the French 
philosophical society April 6-8, for the purposes of formulating 
the general plan of the work. Addresses or reports have already 
been arranged for, by the following speakers: Professors 
Enriques, Whitehead, Hadamard, Langevin, Couturat, Brun- 
schwieg, Dufumier, Winter, and Reymond. The sessions will 
be held at the Sorbonne in Fens, under the presidency of 
Professor E. Boutroux. 
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Tue tercentenary of the publication of Jomw NaPrEn's 
Logarithmorum Canonis mirifici Descriptio will be celebrated 
by & congress to be held at Edinburgh, beginning July 24, 
under the auspices of the Royal society of Edinburgh and a 
committee representing the Royal society of London and other 
scientific bodies. The proceedings of the congress will be 
published in a memorial volume. A general invitation is ex- 
tended to all mathematicians and others interested to attend 
the celebration. Further information may be obtained from 
the general secretary of the Royal society of Edinburgh, 22 
George Street, Edinburgh. 


Tu academy of sciences of Paris announces the following 
subjects for the next awards of the mathematical prizes: 
Bordin prize (3000 francs): for 1915, “A notable contribu- 
tion in the investigation of curves of constant torsion; deter- 
mine, if possible, such curves that are algebraic or at least 
those that are rational.” As the prize was not awarded in 
1913, the subject announced for that year will be repeated for 
the award of 1917: “Perfect in some important point the arith- 
metic theory of non-quadratic forms." Grand prize (3000 
francs): "Apply the methods of Henri Poincaré to the integra- 
tion of some simple linear alzebraic differential equations." 
In addition to manuscripts submitted in competition the 
academy reserves the right to consider memoirs already pub- 
lished. The award will be made in 1916. The Poncelet 
prize (2000 francs) for a meritorious work in applied mathe- 
maties in 1915 and in pure mathematics in 1916. Vaillant 
prize (4000 francs) for 1917: "Determine and study all the 
surfaces which can be generated in two different ways by the 
motion of a rigid curve.” 


Proressor O. Perron, of the University of Tübingen, 
has accepted the professorship of mathematics at the Univer- 
sity of Heidelberg, as successor to Professor L. Koxnias- 
BERGER. 


Proressor P. Srroosant, of the University of Brussells, 
and Professor M. STUYvAERT, of the University of Ghent, 
have been elected members of the royal Belgian academy of 
Sciences. 


PROFESSOR A. KRAZER, of the technical school at Carlsruhe, 
has been elected an honorary member of the Swiss society of 
naturalists. 
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Prorrssors A. GUTZMER, of the University of Halle, L. 
KOENIGSBERGER, of the University of Heidelberg, and R. von 
LILIENTHAL, of the University of Münster, have received the 
title of Geheimer Regierungsrat. 


Dr. O. Torpurız, of the University of Göttingen, has been 
‘appointed associate professor of. mathematics in the Univer- 
sity of Kiel. 


Dr. H. F. Baker, Cayley jesni in mathematics at Cam- 
bridge University, has been appointed Lowndean professor 
of astronomy and geometry, as successor to the late Sir 
. Ropert BALL. ` 


Tue Sylvester medal of the Royal society has been awarded 
to Dr. J. W. L. GLAISHER. 


Dr. C. M. Woopwan», emeritus professor of mathematics 
and applied mechanics in Washington University, died on 
January 12, at the age.of 77 years. i 


MR. D. L. Perrecrew, of the Massachusetts mutual life in- 
surance company, died on January 19, at the age of 86 years. 
Mr. Pettegrew had been a member of the American Mathe- 
matical Society since 1893. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Benvr (F.). Grundzüge der Differential- und eler rene D 5te 
Auflage, durchgesehen und verbessert von G. Ehrig Leipzig, v E 
1014. 8vo. 164-208 pp. Cloth. 


Bermann (H.). Das Unendliche und die Zahl. Halle, NS, rom 
8vo. 7+88 pp. M. 2.50 


Bonnar (W.). The mathematical laws of psychic phenomena; discovered, 
formulated and elucidated with practical diagrams. Buffalo, N. Y. 
Bonnar, 1913. 4to. 20+193 pp. 85.00 


Bosmans (H.). Les démonstrations par l'analyse infinitésimale chez Luc 
. Valerio. (Annales de la Société scientifique de Bruxelles, tome 87.) 
Louvain, Ceuterick, 1913. 22 pp. Fr. 2.00 


——. Sur quelques exemples de la méthode des limites chez Simon Stevin. 
Miri. de la Société scientifique de Bruzelles, tome 87.) Louvain 
uterick, 1913. 33 pp. Fr. 2.00 


Btcusr, Neue, über Naturwissenschaften und Mathematik. (Die 
Neuigkeiten des deutschen Buchhandels, nach Wissenschaften geord- 
net.) Mitgeteilt Herbst 1913. - Leipsig, Hinrichs, 1913. SCH on 
51-74. 


332 NEW PUBLICATIONS. [Mar., 


Esnie (G.). See Benpr (F.). 

songe (A.). Ueber eine syklische Fläche vierter Ordnung. (Diss.) 
Bern, 1913. 8vo. 62 pp. : 

Fort (O.) und SoaLösaror (O.). Lehrbuch der analytischen Geometrie. 
2ter Teil: Analytische metrie des Raumes. 7te Auflage, bear- 
beitet von R. Heger. Leipzig, Teubner, 1918. 8vo. 8+326 pp. 
Cloth. : | M. 6.80 

Gömmer (O.). Ueber Systeme algebraischer Korrespondenzen. (Diss.) 
Tübingen, 1913. 8vo. 53 pp. 


GULDBERG (A.). See VERZEICHNIS. 


Hugues (0.). Anwendung der Pfaffschen Aggregate auf die orthogonale 

. Determinante B. (Diss. Giessen, 1912. 8vo. 53 pp. i 

Harzar (W.). Bestimmung der Anzahl der dreiblättrigen Riemannschen 
Flächen mit beliebig gegebenen Windungspunkten und der vier- 
blättrigen mit Windungspunkten gleicher Ordnung. (Diss.) Leipzig, 
1913. 8vo. 43 pp. 

Haase (R.). See Fort (O.). 


KummwscHwrpr (M.). Versuch einer allgemeinen Theorie des Grenz- 
verfahrens. Mit Beispielen. (Progr. Jena, 1913. 8vo. 66 pp. 
Kurta (F.). Herleitung neuer windschiefer Kegelschnitte durch die 

Bianchische Transformation By. (Diss. Halle, 1913. 8vo. 81 pp. 

Nwærsen (J.). Kurvennets auf Flächen. (Diss.) Kiel, 1918. 8vo. 
58 pp. 

Nrrscuxm (R.). Ueber einige mit den elliptischen Funktionen verwandte 
Transzendente. (Diss. Leipzig, 1913. 8vo. 58 pp. 

RouxzR (L.). Sur la déformation des quadriques et les surfaces conjugées 

ar rapport à un complexe du second degré. (Thése.) Toulouse, 
Privat. 918. 4to. 127 pp. - : 

ScmanLER, (J, G.). Beweis der Richtigkeit des grossen Fermatechen 
Satzes. Beilage. Grabow i. Meckl, Selbstverlag, 1913.  8vo. 
14 pp. M. 1.00 

Scurówrncg (O.). See Fort (O.). 

Verzeichnis über den wissenschaftlichen Nachlass von Sophus Lie. 2te 
Mitteilung, von A. Guldberg. (Videnskaps selskapets skrifter. 
Kristiania, Dybwad, 1913. 8vo. 34-40 pp. M. 1.5 

Waoker (H.). Ueber Differentialgleichungen von Fuchsschen Typus mit 
einem range und ihre uzibilität. (Diss.) Strassburg, 1912. 
8vo. pp. 


IL ELEMENTARY MATHEMATICS. 


AMMERMAN (C.). Bee Forp (W. Bi. 


Anmui (C.). Trattato di algebra, elementare. 3a edizione, 7a impres- 
sione. Firenze, Le Monnier, 1913. 16mo. 114-508 pp. L. 3.50 
Barpay (E.). Aufgabensammlung für Arithmetik, Algebra und Analysis. 
Reformausgabe B. iter Teil 2te, durchgesehene Auflage. ipzig. 
Teubner, 1914. 8vo. 6--220 pp. Cloth. M. 2.00 
——. Aufgabensammlung für Arithmetik, Algebra und Analysis. Re- 
formausgabe B. 2ter Teil. Leipzig, Teubner, 1914. Bed, 6--230 
pp. Cloth | M. 2.40 
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Barnarp (B. and Camp (J. M.). Exercises from “A New Algebra.” 
Parts 1-4. London, Macmillan, 1913. 8vo. 280 pp. 2s. 6d. 


BrnawEITER (H.) und Du»onr (J. B.). Lehrbuch der Geometrie. Neue 
Auflage. iter und 3ter Teil. Wien, Deuticke, 1918. 8vo. 111 and 
94 pp. Cloth. M. 3.80 
Burnarpi (G.). Soluzionario di esercizi di trigonometria piana. 3a 
edizione, nuovamente migliorata. Firenze, Le Monnier, 1913. 16mo. 
110 pp. L. 1.25 
BERRESHBIN (a.j. See Hucut (C.). 


Borcuanpt (W. G.) and Purrort (C. D.). A firgt numerical trigonometry. 
With answers. London, Bell, 1913. 8vo. 208 pp. 28. 6d. 


Bos ) et Resıten (A.). Eléments de géométrie. 7e édition. Paris, 
achette, 1013. 8vo. 502 pp. Fr. 7.00 
Bovangr (C.). Eléments de géométrie. 4e édition revue. Paris 
Hachette, 1913. 16mo. 6+383 pp. Cartonné. Fr. 2.50 


BusenzR (F.). Elemente der Mathematik für Realschulen. 2te À e. 
en, Ehlermann, 1913. 8vo. 144-233 pp. Cloth. M. 2.60 


CAMMAN (P.) et KeBouis (A. G.). Cours élémentaire de géométrie plane. 
ler cycle A. 8e édition revue et corrigée. Paris, Gigord, 1914. 
12mo. 307 pp. Fr. 1.75 

Cap (J. MI. See Bannan (8.). 

CRACKNELL (A. G.). Junior geometry. With answers. London, Clive, 
1913. 8vo. 284 pp. 28. 6d. 

Cuneo de algebra elementar. Por R.T. D. 38 edig&o. Rio de Janeiro, 
Alves, 1914. 16mo. 271 pp. 


Dsckeer (A.). Algebra und Planimetrie. Breslau, Goerlich, ne. o 


DeLrTour (P.). Eléments de géométrie. Namur, Wesmael-Charlier 
1913. 98 pp. Cloth. Fr. 2.00 


Duponr (I. B.. See BERGMEISTER Œ.). 

Dox (0.). Sphärische Trigonometrie und ihre Anwendungen. (Mentor- 
Repetitorien. 47ter Band.) Berlin-Schóneberg, Mentor, Be E 
pp. . 1. 


EpzNHorzR (H.). Lösungen der Diplomvorprüfungs-Aufgaben aus allen 
Fächern der höheren Mathematik. ünchen, Selbstverlag, 1913. 
8vo. 3+141 pp. M. 8.25 


Funpman (D. D.). See Harr (C. A.). ar 
in (W. B.) and Ammwrman (C.). Plane and solid geometry. Edited 


y E. R. Hedrick. New York, Macmillan, 1913. 12mo. 9+321+ 
33 pp. Cloth. $1.25 


rd geometry. New York, Macmillan, 1918. 12mo. Pp. 215- 


(R.). Divisions-Tafeln. 2te Auflage. Quedlinburg, Schwan- 
ecke, 1913. M. 4.00 


Gropics (F.). Geometria piana. 3a edizione. Pavia, Mattei, 1914. 
8vo. 270 pp. L. 3.00 
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Harr (C. A.) and Fatpuan (D. D.). Key to plane and old Se eometry. 
` New York, American Book Co., 1918. 12mo. 196 pp. 


Hecer (C.) und BERRESHEIN (AJ. Mathematisches Lehtbuch e E 
Unterricht an Lehrerinnenseminaren. Bielefeld, Vote und 
Klasing, 1914. 8vo. 7+292 pp. Cloth. M. 2.80 

Horsms (L. A.). See Zrwur (A.). 

Hvueers (T.) Une découverte en calcul mental. Liege, Boye, 1913. 
8 pp. r. 1.00 

Lezr- und Uebungsbuch für den mathematischen Unterricht. Heraus- 


gegeben vom erein Hannover-Linden. iter Teil: Arithmetik 
und Algebra. 2ter Teil: Raumlehre. Hannover, Hahn, 1913. 
8vo. 204 and 240 pp. M. 3.80 

LiceteLau (W.) und Wen (B.). Raumlehre. Lier Band: Planimetrie. 
144 pp. . 1.75.—8ter Band: are p. M. 2.30.— 
4ter Band: Stereometrie. 200 pp. . 2.40. Brakes, Hirt , 1913. 
8vo. 


Lrenowet (A.). Planimetrie. Strelits, Hittenkofer, 1913. 8vo. boo. 


LOGARITHMENTAFBL, 7- und ilstelige. Für die Westantasche. 2te 
Auflage. Bonn, Huthmacher, 1913. 16mo. 35 pp. M. 0.25 


Map (Z. A). Algebra complementare. 2a edizione, riveduta e 
aumentata. Livorno, Giusti, 1914. 16mo. 12-+-143 pp. L. 1.00 


Nezz (A. M.). Fünfstellige Logarithmen. Vüllige epee von 
L. Balser. l4te Auflage. Giessen, Roth, 1918. Ben, 86-486 SPD. ai 

Perrort (C. D.). See Boncuanpr (W. G.). 

Rusıbea (A). See Bos (H.). 


Resouis (A. G.). See Camman (P.). ° 

Rewr (F.). Einleitung in die Trigonometrie und Stereometrie. 7te 
Auflage. Berlin, Grote, 1913. 8vo. 32 pp. M. 0.30 

Rüzrur (J.) Lehrbuch der ebenen Trigonometrie. Anhang. Bern 
Francke, 1913. 8vo. 20 pp. M. 0.86 


Scorze (A. and Suvenoax (F. L.). Plane geometry. Revised by A. 
Schultze. New York, Macmillan, 1913. 12mo. 10+304 pp. $0.80 


SrAMPER (A. W.). A text-book on the teaching of arithmetic. New 
York, American Book Co., 1913. 12mo. 284 pp. $1.00 


Tavora logarithmiche a cinque cifre decimali. Genova, Sordomuti, 1918. 
Svo. 27+524 pp. 

VOLLKOMMER (M.). Algebra. Xlasse4-0, Nürnberg, Korn, 1913. n 
5+227 pp. Cloth. = M. 2.60 

WALKER (W. Jl Examples and test papers in algebra. Part 1. Lont 
Mills & Boon, 1913. 8vo. 6d. 

Wees (B.). See Licarezau (W.). 

Zıwer (A.) and Horkrws (L. AJ. Analytic geometry and principles of 
algebra. Edited by E. R. Hedrick. New York, Macmillan, 1913. 
12mo. 84-369 pp. Cloth. $1.60 
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HI. APPLIED MATHEMATICS. 


aa '(L.). Transformation des courants, permutatrices, eto. 
Paris, Geisler, 1913. 8vo. 107 pp. 

Bari (F.) et Gumon (E.). Moteurs électriques à courant continu. 
Paris, Geisler, 1013. 8vo. 168 pp. 

BAxENDALL (G. A.), See Harrison (J.). 

Bmwrrr (R.). Ueber die Lage des aerodynamischen Druckmittelpunktes 
an ebenen und gewölbten Flächen. (Diss.) Kiel, 1912. 8vo. 45 
pp. 

Bexnporr (H.). Ueber die Bestimm von Azimut und scheinbarem 
Emergenzwinkel longitudinaler Erdbebenwellen. Wien, Hélder, 1913. 
8vo. 20 pp. M. 0.52 

BmwysAavon (J.). Astronomie ect au Portugal à l'époque des des 
découvertes. Bern, Drechsel, 1918. 8vo. 290 pp. . 10.00 

BxnNAYsS(P.). Ueber die Bedenklichkeiten der neueren Relativitätstheorie. 
(Abhandlungen der Fries'schen Schule.) Göttingen, Vandenhoeck & 
Ruprecht, 1918. 8vo. M. 0.80 

BrrHMANN (H.). Die Kalkulation im Maschinenbau. Neudruck. 
(Sammlung Góschen. Neue Auflage. Nr. 486.) Berlin, Geen 
1913. 8vo. 85 pp. Cloth. M. 0.90 

Bouasse (H.). Cours de thermodynamique. 2e nen, a Marre 
transformée et considérablement augmentée. achines 
thermiques; chimie physique. (Tome 2me du Code d de physique) 
Paris, Delagrave, 1913. 8vo. 402 pp. - . 16.00 

PRIS E m Cours de mécanique, appliquée aux machines. 3e fasci- 

éorie des machines thermiques. 3e édition. Paris, Geisler 
1914. 8vo. 10--564 pp. Fr. 15.00 
nad E, et Wanisse (G.). Géométrie descriptive. Classe de ire 

C et *Paris, Gigord, 1914. 8vo. 7-272 pp. 

Capstick (J. W.). Sound; an elementary text-book. re e, 
University Press, 1913. Svo. 304 pp. d. 

Corpamo (F. J. B.). The gyroscope. London, Spon, 1913. Ad T 
105 pp. 6s. 6d. 

Cerara (R. Ji See Norris (E. B.). 

Daxzer (0.). Die darstellende Geometrie am Realgymnasium. (Progr.) 
Wien, 1912. 8vo. 63 pp. 

DavaummgrY (R. L.). Hydraulic turbines; with a chanter on centrifugal 
pumps. New York, McGraw-Hill, 1913. 8vo. 160 pp. Cloth. 


$2.00 
Danizot (A.). Das Foucaultsche Pendel und die Theorie der relativen 
Bewegung. Leipzig, Teubner, 1913. 8vo. 44-76 pp. M. 3.00 


Docx (H.). Photogrammetrie und Stereophotogrammetrie. (Sammlung 
Göschen. Nr. 699.) Berlin, Göschen, 1913. 8vo. 190 pp. a poe 


Duncan (J.). Applied mechanics for engineers. London, Macmillan, 
1913. 8vo. 732 pp. 88. 6d. 
Durnam (E. B.) Mine surveying. New York, McGraw-Hill, 1913. 
12mo. 74-391 pp. Cloth. $3.50 


336 NEW PUBLICATIONS. [Mar.; 


Eran (G.). The resistance of the air and aviation. 2d edition, revised . 
and enlarged. Translated by J. C. Hunsaker. London, Constable, 
1913. 4to. 258 pp. Cloth. 428. 


Ensatenger (K.). Die absolute Bewegung der Himmelskörper. Frank- 

furt, Kullmann, 1913. 8vo. 27 pp. M. 0.80 

Fıinzer (A.). Ueber die Reflexion scherender Deformationen an der 

Bas zweier Flüssigkeiten. (Diss) Erlangen, 1913. 8vo. 
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Fimsane (A. R. M.) and Jonnson (R.). Insulation and design of elec- 
trical windings. London, Longmans, 1918. 8vo. 232 pp. 7s. 6d. 


Fowrnzz. Mechanical engineer's pocket book. London, Scientific Pub- 
lishing Co., 1914. 12mo. 1s. 6d. 


FnowwmL (W.). Radioaktivität. 2te A e. Neudruck. (Sammlung 
Göschen. Neue Auflage. Nr. 317.) Berlin, Göschen, 1913. 8vo. 
115 pp. Cloth. M. 0.00 

FURTWÄNGLER (P.) und Rumm (G.). Die mathematische Ausbildung der 
deutschen Landmesser. (Abhandlungen. 4ter Band, 8tes Heft.) 
Leipzig, Teubner, 1014. 8vo. 6+50 pp. M. 1.60 

Gusson (A. HL). Natural sources of energy. (Cambridge manuals.) 
Cambridge, University Press, 1918. 16mo. 140 pp. 1s. 

Grantz (L.. See HANDBUCH. 
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Harrison (J.) and BaAxgNDALL (G. A.). Practical geometry and graphics 
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AN UNPUBLISHED THEOREM OF KRONECKER 
RESPECTING NUMERICAL EQUATIONS. 


PRESIDENTIAL ADDRESS DELIVERED BEFORE THE AMERICAN 
MATHEMATICAL SOCIETY, DECEMBER 30, 1918. 


BY PRESIDENT H. B. FINE. 


1. In the winter semester of 1890-91, when he lectured on 
algebra for the last time, Kronecker developed a theory of the 
algebraic’ equation with numerical coefficients to which he 
attached a great deal of importance but which unhappily 
he did not live to publish. Professor Hensel, of Marburg, 
Kronecker’s literary legatee and editor of his works, possesses 
notes of these lectures which he kindly placed in my hands 
last summer with the very generous permission to make any 
use of them I might wish. In reading these notes, I came 
upon the theory to which I have referred, and it seemed to me 
so characteristic of Kronecker and so full of interest for the 
algebraist that I have chosen it for the subject of this address. 

All who have read Kronecker’s later writings are familiar 
with his contention that the theory of the algebraic equation 
in its final form must be based solely on the rational integer, 
algebraic numbers being excluded and only such relations 
and operations being admitted as can be expressed in finite 
terms by means of rational numbers and therefore ultimately 
by means of integers. These lectures of 1890-91 are chiefly 
concerned with the development of such a theory, and in 
particular with the proof of two theorems which therein take 
the place of the fundamental theorem of algebra as commonly 
stated. 

The first of these theorems relates to equations whose 
coefficients are rational functions of one or more variables 
and is characterised by Kronecker as the fundamental theorem 
of algebra in the algebraic sense. It is: 

For every given algebraic equation 

F(x) = a — a + e + (— Une = 0 


there exists a congruence of the form 


F(z) = (x — m) (z — ta) +- (r— 2) — (modd f; — ¢,, — c), 
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where the xs are variables, the f?s are the elementary symmetric 
functions of the xs, c belongs to the domain of rationality of the 
coefficients c;, and g is a rational, integral, but in general non- 
symmetric function of the xs whose form depends on the alge- 
braic character of F(x), and is such that the modular system whose 
elements are the f; — c; and g — c is prime. 

Here, as always in Kronecker’s algebraic writings, “exists” 
means “can be actually found by a limited number of ra- 
tional operations.” I shall not attempt to sketch the proof 
of this theorem since that would necessitate giving an account 
of a large part of Kronecker’s arithmetical theory of algebraic 
functions. Moreover the theorem is fully discussed in the paper 
entitled “Ein Fundamentalsatz der allgemeinen Arithmetik " 
(Journal fiir die reine und angewandte Mathematik, volume 100). 
Ihave stated it mainly to give some indication of the method— 
the use of indeterminates, such as the z;'s, and modular sys- 
tems—by which Kronecker makes the introduction of the 
algebraic numbers unnecessary when the isolating of conjugate 
numbers is not required. That it is unnecessary in the latter 
case also Kronecker shows in his paper “Ueber den Zahl- 
begriff” (Journal für die reine und angewandte Mathematik, 
volume 101) and in the demonstration which follows. 

Kronecker’s second theorem, “the fundamental theorem of 
algebra in the arithmetical sense,” relates to equations with 
rational numerical coefficients. It is: 

Every rational integral function f(x) of the nth "degree with 
rational numerical coefficients can, by a variation of the coefficients 
which is definite in character but as small as one may please, be 
reduced to a product of v linear and (n — v)/2 quadratic factors, 
all with rational coefficients, v being an integer determined by the 
coefficients of f(x). 

As hardly need be said, to establish this theorem in a manner 
meeting the requirements of the theory of which it forms a 
part, one must, without going beyond the domain of the 
rational numbers and therefore without at any point assuming 
the existence of linear factors of f(x) or of roots of f(x) = 0, 
derive a general method by which in the case of any given 

‘function the requisite variation of the coefficients may be 
obtained directly from the coefficients themselves. I shall 
give Kronecker’s proof modified in certain particulars for 
convenience of exposition. 

2. Since it is evidently only necessary to prove the theorem 
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for the case in which f(x) has no multiple factors or linear 
factors with rational coefficients, we shall suppose f(x) to be 
without such factors. Then f(x) = 0 has no rational roots, 
and therefore, from Kronecker's standpoint, no roots. But it 
may be the case that, à representing a positive number taken 
as small as we please, there exist one or more +-intervals 
(x’, x”) such that 


f(z’) fe”) < 0 and | f(x) | < ô fore’ S x € zl, 


Any such interval we shall call a zero interval of f(x), or, when 
convenient, a “root” of f(x) = 0. 

Every interval (a, b) such that f(a) f(b) < 0 contains at least 
one zero interval of f(x). 

Forif a < g< z+ k< b, and g denote any number greater 
than all the values of | f? (z)/r! | (r = 1,2, +--+, n) in (a,b), we 
shall have | f(x + h) — f(x) | < 5 when h < à/| g + AI Find 
an integer v such that (b — a)/v < 5/(g + ô), and divide (a, b) 
. into y equal sub-intervals. Among these, since f(a) f(b) < 0, 
there will be at least one, (a,, b,), such that f(a,) f(b,) < 0. 
Moreover if x denote any number in (a,, b,), both | f(x) — 
fla) |< ê and | f(b,) — f(x) | < and either f(a,) f(x) < 0 
or f(z) f(b,) < 0, and therefore | f(z) | < 6. Hence (a,,b,) is 
& zero interval of f(z). 

If throughout an interval (a, b), | f'(x) | > o where c denotes 

some positite number, and if £ denote any number in (a, b), then 


sgn FR) = sgn[f(b) — f(a)]. 


That the sign of f’(x) is constant in (a, b) follows from the 
preceding theorem. And if a< < x+ h< b, and g have 
the same meaning as above, then since f(x + h) — f(x) = 
Alf’ (a) + hf" (2)/21 47. ---], we shall have sen f(z + h) — fal 
= sgnf'(z) when | Af/(x)/21+ --- | < | f'(x) | and therefore 
when À < c/(e+ g): Hence, if (a, b) be divided into intervals 
(ri tin) of the magnitude c/(e + g) or less, we shall have 
sgn[f(z;a) — f(x:)] = sgn PUE) for every value of à and there- 
fore sgn|f(b) — Ka)] = sgn '(&. 

From this theorem it immediately follows that if | f(x) | > c 
throughout (a, b), (a, b) will contain a sub-interval (z', æ”) 
in which | f(x) | < ô only when f(a) f(b) < 0, and then but one 
such sub-interval. It also follows that: 

Between two consecutive zero intervals of f(x), (zi', x”) and 
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(as! , ta’), in both of which |f'(x)| > c, there is a zero interval of 
Ti, l 

For sgn f’ (e) = sgol f(x") — f(ar’)] = sgn f(e) = sgn fm’) 
= — sgn[ f(a”) — fæ) = — sgnf' (as). 

It is therefore evident that we shall be able to isolate the 
zero intervals of f(x) if we can determine the size of an interval 
in which there cannot be both a zero interval of f(x) and one 
of f’(x). As will be shown, this can be found from the identity 
D= P(x) f(x) + Q(z) f'(x) connecting f(x), f'(z), and the 
discriminant D of f(z). We therefore proceed to establish 
this identity by a method which does not assume the existence 
of linear factors of an integral function. 

3. The necessary and sufficient condition that the functions 


Fa) = Ñe- 22 = - 2 C- Dier 
and 
oi = Ie det fit Dre 
have a common factor is the vanishing of the rational integral 
function of the coefficients f,, gr, defined by 
Res (F, @) = IG: — v9 = IL GG) 
ik i—1 A 
= (= 1)" Ur (yx) = BU gr). 


The roots of the equation F(z) G(x) = 0 being zu, +++, tm, 
Yi, ** -s Ya, and the expressions for R(fr, gr) in terms of these 
roots being TT G(z,), (— 1)™*[] Stad, we have, by the inter- 

= bal d 3 
polation formula of Lagrange, 


- Tec.) 
R(fn gr) = G2) 2: ee 
opua à Gi IF» i 
+ C DF) >. — yr Bad (ye) 
Evidently the coefficient of G(x) in this identity can be reduced 
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to the form 2%, [ao(x)a™ + --- La, 1(x:)]/F'(x:), where 
geld, +++, G-A are integral functions of the f,, g, and of 
£i, of degree not higher than m — 1 in x; But, by Euler's 
formulas, Z7; /F'(zj) = 1 or 0 according as A = m — 1 or 
« m — 1. Therefore the coefficient of G(x) is a polynomial 
€ (x), of degree m — 1 at most, with coefficients which are inte- 
gral functions of the fr, g. The coefficient of F(x) is reducible 
to a polynomial y(x) of like character of degree n—1 at most. 
Therefore 


(1) > R(fe, gr) = e(z) G(z) + Ya) Fe), 
where e(z) and ÿ(x) have the character just indicated. 
Let 


F(z) = 2 + > (— lyeat7 
and i | 
Ga) = a^ + 22 (= Dés 


be functions with any given’ rational coefficients and which 
therefore are in general not resolvable into linear factors. 
We are to prove that the vanishing of R(c,, d+) is the necessary 
and sufficient condition that Fı(x) and G,(z) have a common 
factor. : 

Ifin (1)ewe set f, = c,, gr = d,, we obtain an identity of the 
form 


(2) Re, d) = gr (2) Gila) + yale) 2, 


from which it immediately follows that, if Fı(z) and G(x) 
have a common factor, R(c,, d) must be 0. And we can show 
as follows that if Fi(x) and G,(z) have no common factor, 
Mie, d.) cannot be 0. 

For if Fi(z) and G(x) have no common factor, we can by 
means of the euclidean algorithm derive an identity of the 
form 1 = Pi(z)Fi(2) + Qı(z)Gi(z), where Pı(z) and Qı(z) are 
integral functions of z. This identity may be written 


1= Fe) Pile) + G(z)Q() + File) — Pie) Paz) + 


(Ga) — G(z)) Q(z), 
from which it follows that 


1 = F(@)Pi(2) + Giel ie) (modd f, — e, ge — à). 
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Setting z = 25, %, --+, Im, successively, and taking the product - 
of the resulting congruences, we have 


1= Hëtzt fad = R(fz o: DU (modd fr — cr, gr — dr), 


where I'(f,) is an integral function of the f,’s. ‘Therefore 
finally, setting f. = cr, gr = d,, we have 


1 = ie, di) T (c+), 


from which it follows, since Die) cannot be infinite, that 
R(e,, dr) is not 0. 

In the following discussion, by the resultant of two func- 
tions of the form f(x) = ca” — aa! + ----+ (— 1)"cm and 
g(x) = der" — der + --- + (— 1da, we shall mean the 
number R = codé" le, Je, d-/do], and by the discriminant of 
f(x) we shall mean D = Res(f, f’)/eo. Evidently Rand D are 
integral when the given coefficients are integral. 

4. Let f(x) = Z5.,aiz" and e(z) = Ze" be two poly- 
nomials with integral coefficients and having no common 
factor, whose resultant R is therefore an integer different 
from0. By means of the identity R = P(x)f(x) + Q(x)o(x) we 
can determine an integer s such that no interval of the magni- 
tude 1/s will contain zero intervals of both f(x) and (x). - 

For if 21, & denote any two values of x, we have identically 


() B= P199 9 q, — 2) + PCR) + (ee) 
Since | aa? | > | ma + ---| for lei > (asl + a,)/ | ao], 
where a, denotes the greatest of the numbers | a; |, and simi- 
larly | boa” | > | bia + --- | for | æ | > (| bol + bo) /| bo |, all 


the zero intervals of f(x) Sec v(x) lie in the interval (— c, c), 
' where c denotes the first integer greater than both the num- 
bers (| ao | + a,)/ | ao | and (| bo | + b,)/| bo |. 

Let K denote the greatest of the three numbers derived from 


PERD IE Vu p, P, and QU) 


by replacing the coefficients by their absolute values, x by 
c, and o by 1. Then any integer s such that 
(2) K«(s—1)|A| 


will meet the requirement stated above. For if s satisfy (2), 
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and if also — c < m, as < c and | i — a | < 1, it will follow 
from (1), by dividing throughout by (s — 1) | R |, that 


et [ei — a | + |f | + 1e) | 
and therefore, if | xı — x | < 1/s, that 





3 | fe) | + let) | > = E 


But since zı, a are independent variables subject only to 
the conditions — c < a, m<e and |z — 2| « 1/s, it 
follows from (3) that no interval of the magnitude 1/s can 
contain zero intervals of both f(x) and g(x). On the contrary, 
if it contains a zero interval of one of the functions, the other 
will remain numerically greater than l/s(s — 1) throughout 
the interval. 

We are now in a position to isolate and count the zero 
intervals of any -polynomial f(x). For if in the preceding 
discussion we suppose (x) = f'(x) and, having determined 
8, divide the interval (— c, c) into equal sub-intervals of the 
magnitude 1/s it follows from $ 2 that those only of these sub- 
intervals contain zero intervals of f(x) at whose extremities 
f(x) has opposite signs, and that each such sub-interval contains 
one and but one zero interval of f(x). Hence the number of 
such sub-intervals is the number of the zero intervals of f(x). 
And since sgn f(— c) = sgn f(e) or sgn f(— c) = — sgn f(e) 
according as n, the degree of f(x), is even or odd, the number v 
of the zero intervals of f(z) is even (or 0) or odd according as n 
is even or odd. 

5. We are now equipped for proving that part of Kronecker’s 
theorem which relates to the linear factors. For to the condi- 
‘tions used in determining s in $ 4 let us add, for the case in 
which g(x) = f’(x) and therefore R = D = Disc f(x), the 
following: 


feto- o <(s—1)|D|, for|x|<cand|o| S 1. 


Then, for z;, % such that — c < zi, za < cand | — m | <1, 
we have 


(1) | f(a) — f(a) | < (@ — 1) | D || a — a. 
Divide ( — c, c) into equal intervals of the magnitude 1/s, and 
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of these intervals let (z', x”) be any one such that f(x’) f(z’) 
< 0. Then, r denoting an integer which may be taken as 
great as we please, divide (x, x”) into r | D | equal sub-intervals. 
Of these sub-intervals there will be one and but one at whose 
extremities f(x) has opposite signs. If this sub-interval be 
(E, £"), it follows from (1) that, if £ X£X£", then both 
IKE — FE) | < 1/r and | FEN — FE) | < 1/r and therefore, 
since either f(t’) f(£) < 0 or f(£) f(£") < 0, that | F) | < 1/r. 
Hence (EL, E) is a zero interval of f(x) characterized by 
the inequalities 


(2) FE) SE) <0 and [KE] < 1/r for & SES E, 
There are » such sub-intervals ($ 4). Represent them by 
(3) (&', GT, (&', SN, (E^, £,"). 


We are to prove that if £; denote any number in (Ed, &”), we 
can reduce f(z) to the form 


(4) f@) = @— ie- bi: @- ENG) + RG), 


where Q(z) is a polynomial without zero intervals and R(x) 

a polynomial whose coefficients are as small as we please. 
Represent IIz., (z — &) by e(z). Then since R(&) = f(&) 

for k = 1, 2, «++, v, we have, by the interpolation formula of 


Lagrange, E 


But e'(&) = Te — d G = 1, 2, +., £ — 1, k+ l, ++, ») 
and |£& — £;| 1/s. For between the intervals (&, &") 
and (&’, $x”), say, there lies at least one interval (n’, 7”) of 
. magnitude 1/rs | D | which is a zero interval of f'(x), and if n 
denote any number in (n’, 7”), since no interval of the mag- 
nitude 1/s can contain zero intervals of both f(x) and f'(z), 
we have 9 — & 2 1/s — l/re| D|, & — mn > I/s — Yrs | D | 
and therefore & — & 2 2/s — 2/rs| Dj. Hence & — &> Us 
if, as we shall suppose, r| D| > 2. Therefore 

f (&) 


e (&) 
Again e(z)/(z — &) isa polynomial in x, of degree v — 1, whose 
coefficients after the first are less respectively than the numbers 





er 


RS (k = 1,2, ---, v). 
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"po De @—1)(w— 28/2, ---, e. Therefore, if k 
denote an integer greater than all these numbers, it follows 
from (5) that R(x) can be reduced to the form 

ve" Ak 


r 





() Re) =E sq) = 18), if r= ihr, 

where the coefficients of S(x) are all numerically less than 1, 
and r’ is an arbitrary integer which may be taken as great as 
we please, great enough, therefore, to make the coefficients of 
R(x) as small as we please. 

Moreover r’ can be so taken that Q(a) will have no zero 
interval. For Q(z) will have no zero interval if f(x) — R(x) 
has, like f(x), » zero intervals. But consider the polynomial 
faz) = f(x) — tR(z), where £ is supposed to vary (through 
rational values) from 0 to 1, and therefore f.(x) from f(x) to 
f(z) — R(x). It will be proved in the following section that 
the number of the zero intervals of a polynomial with variable : 
coefficients changes only when the coefficients pass through. 
values for which the discriminant of the polynomial vanishes 
(that is, becomes less than any assignable number). Hence, 
as t varies from 0 to 1, the number of the zero intervals of 
f(x) is always » unless Disc f,(x) vanishes. But Disc f(x) can 
be reduced to the form D + y, where y is an integral function 
of the coefficients of f(z) and #R(x), and therefore cannot 
vanish if |V| « | D|. But it wil readily be seen that 
[|| « | D |if, g denoting the greatest coefficient in the develop- 
ment of Dll asl, ++: [asl aee | Ur ns [am | FP 
in powers of 1/r’, we take r’ such that 1/r’< | D |/(| D | J- g). 
Therefore if r > (|D|-- g/| D], Q(z) will have no zero 
interval. 

6. But it remains to show that for a polynomial with variable 
coefficients the vanishing of the discriminant is the necessary 
condition for & change in the number of zero intervals. 
Kronecker establishes this theorem by aid of the notion of the 
characteristic of an equation or integral function. 

Let V(x) and W(x) be two polynomials of the same degree 
. with rational coefficients and such that R(V, W), R(V, V^), 
and R(W, W^ are all different from 0; and let 


V (x) W (x) 
V'(z) W'(z) 





(1) A(z) = | 


D 
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By the method of $ 4 determine an integer s such that no 


interval of the magnitude Us contains two zero intervals ^ ` 


of g(x) = V(x) W(x), and, representing the interval in which 
all the zero intervals of eis) lie by (— c, c), divide (— c, c) 
into equal intervals (x, 23), (£2, $3), +++ of the magnitude 1/s. 
Represent each of these intervals which is & zero interval of 
V(x) by any number £ belonging to the interval, and let y have 
the corresponding meaning for W(x) and ¢ for g(x). Finally 
let the symbol sgn f(x) mean 1 or — 1 according as f(x) is 
positive or negative. 

If (e; zi) be a zero interval of w(x), we have, by $2, 
sgn e'(7) = sgn[e(z«a) — e(z)] = alsgn ez) — sgn e(2:)]. 
But if (z;, ze) be not a zero interval, sgn (£1) — sgn e(z;) 
= 0. Therefore if X; denote a sum extended over all the zero 
intervals of (z), we have, since the degree of (x) is even, 


2, sgn ei = 4sgn eil — 3sgn e(— c) = 0, 
that is, 
-(2)  Zesgn V'(£) WE + Z, sgn V(n) W'a) = 0, 


the sums 3; and 2, being extended over all the zero intervals of 
V(x) and W(x) respectively. And from (1) and (2) it at once 
follows that 

(3) Ze sgn A(£) = Z, sgn A(n). 

The integer or fraction X(V, W) defined by the equations 


(4) X(V, W) = — 32, sgn A(é) = — 32, sgn A(n) 


is called the characteristic of the functions V(x) and W(x). In 
particular | 
(5) X(V, V+ V^) = 92, sgn V"(£). 


Therefore since sgn V^(£) = 1, the number of the zero intervals 
of any polynomial V(x) which has no multiple factors is 
2X(V, V + V^), or, more simply, 2X(V, V^), if in defining 
X(V, V") we restrict ourselves to the first of the equations (4). 
It is convenient to call X(V, V^) the characteristic of V (x). 

If V(x) = Zi, vi, W(x) = 2%. wa, and the coefficients v, 
w; are supposed to vary continuously (through rational values), 
the only possibilities of a change in the value of X(V, W) are 
such as present themselves when the vi, w; pass through 
values for which A(V, W) = V(x) W'(z) — V'(x) W(x) van- 
ishes (that is, becomes numerically less than every assignable 
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positive number ô) at the same time as either V(x) or W(z) 
that is, when (1) V(x) = 0 and W(x) = 0, or (2) V(z) = 0 and 
Hiel = 0, or (3) W(x) = 0 and W'(z) = 0. But, for all 
values of the parameter f, 


V (x), W (2) V (2), W (2) —tV (2) |. |V (2) tW. (x), W (x) 
V'@), WE) (Va), W'(z) tV'(2) || Va) tW" (2), Wiel 


and therefore X(V, W) = X(V, W — tV) = X(V — tW, W), 
and the only one of the possible conditions for a change of value 
(1), (2), (3) which is common to these three expressions for 
X(V, W) is (1) V(z) = 0 and W(x) = 0; since for any values 
of v, wz, and z for which V (x) W'(z) — V'(z) W(x) vanishes (ex- 
cept those for which both V (v) and W(x) vanish), t may be so 
chosen that both W(x) — tV (z) and V(x) — tW(z) are dif- 
ferent from 0. Therefore 

The characteristic X(V, W) of two polynomials V(x), W(x) 
with variable coefficients can change only when the resultant 

: R(V,.W) vanishes. - 

The characteristic X(V, V^) of a polynomial V(x) with vari- 
able coefficients, and therefore the number of the zero intervals of 
V (a), can change only when the discriminant D(V) vanishes. 

7. From the equations (4) and (6) of § 5 it follows that 


0) fe) + S@)/r’ = @- he- &) «+> @ — &) QG). 


We have therefore shown for any polynomial f(z) = 27.0.2" * 
which has rational coefficients and v zero intervals that.by a 
change in the coefficients an_,41, «++, @n which is as small as we 
-please the polynomial becomes resolvable into a product of v 
linear factors and a factor Q(x) which has no zero intervals, 
all these factors having rational coefficients. For the case in 
_ which » = n, the proof of Kronecker’s theorem is now com- 

plete. But for the case in which » < n, it remains to prove 
that, by another variation of the coefficients as small as we 
please, Q(x) becomes resolvable into a product of quadratic 
factors with rational coefficients. 

8. Let Q(x) = aoF(x) and n—v=m. Then F(x) may 
be written in the form 


(1) F(a) = ar — qa H + (Dem. 


This function has rational coefficients, no zero intervals, and 
its discriminant D is not 0. 
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Form the function 
(2) Fix) = (x — a) (£ — a) +++ — am) 
= at — fam tt Df, 


where 21, %, ***, £m are independent variables. 

Select any two of these variables, say z; and 2, and form 
the function 
(3) g = ptr + 23) + me, 


where p represents a rational integer. 

Of the ml permutations of 2, 25, «++, Ze there are 2(m — 2)1 
which leave g interchanged. But if we apply all the m! per- 
mutations we obtain a system of p = m(m — 1)/2 conjugate 
functions 


(4) Jis 2; ^^ 75 Ip 


of which one, say gı, is g itself. Moreover since the difference 
of any two of these functions, namely 


Da + m) + zy — plei + 2j) — ua 


cannot vanish for all values of p unless x, = x, m» = x; or 
Lp = Xj, % = Ti, we can always so determine p (and we shall 
suppose this to have been done) that the functions gi, 9, - - -,g, 
are all different, provided, of course, that the discriminant of 
Fı(z) is not 0. The function g = g is nl &*root of an 
equation of the pth degree 


(6) IL @ — 9) = 6 fu m = 0 


with coefficients which are rational integral functions of the 
fis. The discriminant of this equation is not 0 and the equa- 
tion is irreducible in the domain of rationality of the fxs. 

Every rational integral symmetric function of the variables 
Tı, 2», is a rational integral function of g, of degree p.— 1 at 
most, with coefficients which are rational in fi, fa, «++, fa. 

For let y be such a function and let 1, o, Yp, Where 
yı = y, be its conjugate functions rg to correspond to 
the conjugate functions gi, 9, +- By Lagrange's inter- 
polation formula, the function f(s) ve values for 2 = gi, 
fs, '**, Jp ATC "Yr, "Ys * * *» Vp respectively is 


bz) v: Me e E T $a 
© 19-15 T OT 
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where the coefficients so, 81, +++, 8, 1 are rational integral func- 
tions of fi, --+, fm and the denominator is the discriminant of 


p(z) = 0. Therefore 
EN ER. late EEN 
(7) y = fp Emi Disc éis) m. 


The function F(x) can be reduced to the form 

Fa) = Fe? > (zi T let tnle, 21, 22; fi, SC EP 
where Q is symmetric with respect to zi, %, and therefore, 
by the theorem just demonstrated, to the form 
(8 File) = [e — plge + VNE, ob, ** +, fm) 


where ¢(g), ¥(g) and Q are rational with respect to the f;’s and 
g and integral with respect to g. But from (8) the congruence 
F,(x) — [r° — olz) + VIOL, z, fu +++, fn] = 0 (mod z — g) 
follows, and from this in turn, since dis, fi, --+, fm) is the ir- 
reducible function in the domain of rationality of the f}’s of 
which z — g is a factor, the congruence 


e PG 7 E^ e@ e+ VEIN, ufu + dm) = 0 
[mod $(z, f «+s fel. 


If in (9), we substitute for the f;'s the corrresponding coeffi- 
clents of the given function F(z), we obtain 


FG) — [at — ee + PQl, z, e, «++, en] = 0 





. (10) 


€ 


[mod dis, € °°") Gell, 


where ‘the coefficients of (2) and W(x) are now rational func- 
tions of the cs. But from (10) it follows that if we carry out 
the complete division of F(z) by z? — e(z)z + V(z) we shall 
obtain a remainder which can be reduced to the form 
[ro(z) x + ri(z)]b(z), where ro(z), rı(z) are integral functions of 
z, and &(z) stands for f(z, o, +++, Cm). Hence the result of this 
division may be written 


F(a) — [2? — eise + YENQUE, z, e +++, Om) 
= [nG)z + n Ge. 


Since by hypothesis Disc F(x) is different from 0, so also 
is Disc (3). Therefore $(z) has no multiple factors. We 
proceed to show that $(z) has u = m/2 zero intervals. 


Um 
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With the given function F(x), which has no zero intervals, 
associate the function F(x) = F(x) + rF'(x), where 7 is a 
constant so chosen that Disc [F(2) + tF’(2)] does not vanish 
as t varies from 0 to 7, and therefore F(z), like F(z), has no 
zero intervals. Then X(F, F) = 0 (§ 6). : | 

Again let f(x) = Ua? — 2a;z + (a? + b;?)], where the a; 
b; are any pairs of rational integers, all different; also let 
f(x) = f(x) + rf’(x) be a polynomial related to f(z) as is F(x) 
to F(z). Then X(f, f) = 0. 


Finally form the pair of functions 
Fa) = (1 — 29 fæ) t t F(z), 
Fe) = (1— 0 fe) + t Fla), 


Evidently F;(z) and F,(z), as thus defined, have positive 
values only. Therefore, if they have a common factor for 
any value of ¢ in the interval (0, 1), this factor must be of even 
degree, hence of the second degree at least. But if F,(x) and 
Fa are to have a common factor of the second degree, t 
must satisfy not only the condition RF, F) = 0 but also the 
condition ARC, F,/da = 0, where a denotes the term in 
either Pa) or F,(x) which does not involve x;* and therefore 
the coefficients of F(z) and f(x) must satisfy the condition 
R[R(F, F), oR(F,, F,)/da] — 0. This last condition is not an 
identity. Hence the numbers a;, b; on which the coefficients 


(12) Osts}), 





* It may be proved as follows that if the functions V(z) = vo + viz 
Toc + Gen and W(z) = w + wiz + +++ + wr” are to have a common 
factor of the second degree, to the condition E = R(V,W) = D there must 
be added the condition allan, = 0. For the functions V(z) — V(u) and 
W(x) — W(u) have the common factor x — u, and therefore . 


Rio, — Vu), 01, +++, v4, Wo — Wu), wi, +++, Wa) = 0 


identically. But if we take the derivative of this identity with respect to 
v1, develop the result in powers of V(u) and W(u), and then replace u by 
z, we obtain an identity which is equivalent to the congruence 


(1) l Rn + E m (modd. V(x), Wü). 


Hence if V(x) and W(x) have a common factor of the second d 
both 8R/8v = 0 and ðR/ðv: = 0. But ðR/ðvı = 0 is not an independent 
condition; for since R = 0 is a sufficient as well as a necessary condition 
for the existence of a common factor of at least the first degree, if both 
R = 0 and aR/dn = 0 it follows from (1) that aR/au: = 0. 
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of f(x) depend may be so chosen that the condition is not 
satisfied. Suppose such a choice to have been made. We 
then have RF, F) + 0, and therefore Disc F,(z) + 0, for 
all values of ¢ in the interval (0, 1). 

Let datz) be the polynomial obtained from $(z, f;) by re- 
placing each (— 1)'f; by the corresponding coefficient of f(x) 
expressed as a polynomial in z. The equation $o(z) = 0 has u 
real roots, namely, 2pa;+ (a+ b;?) (= 1,2, +--+, u). Hence 
X(b, $^) m u/2. | 

Ast varies from 0 to 1, and therefore F,(x) from f(x) to F(z), 

the function 


(13) dal = (1 — Heol) + tl) 


varies from ¢o(z) to dis), Since. Disc F,(x) never vanishes 
during this variation, the like is true of Disc ¢;(z). Therefore 
since X(,, ¢:’) is u/2 when t = 0 it is also u/2 when t = 1. In 
other words, ¢(z) has u = m/2 zero intervals, as was to be 
proved. 

Therefore, if s denote an integer (determined as in § 4) such 
that no z-interval of the magnitude 1/s contains zero intervals 
of both ¢(z) and ¢’(z), and if D = Disc (sz), we can, asin § 5, 
find y intervals 


(4) (hi, £6, (3 87) (055 EN 
of the magnitude 1/re | D | such that 


NE”) < 0 and | d(z)| < 1/r for td Sz g” 
Dr Ge = 1, 2, WW p 


where r is an integer which may be taken as great as we please. 
If ¢; denote any number in ({,’, ¢,’") and we set s = t; in (11), 
we have 


F(z) — [2? — olte + PENRE, Co cu +++, Cm) 
= [rte + n(C2]8 (2; 


where the right member is a linear function of z with rational 
coefficients which are numerically less than satt Als and zf dir 
respectively and can therefore be made as small as we please 
by a suitable choice of r. Moreover, as in $ 5, we can deter- 
mine an integer r such that for r > r each of the Procad 
Lei = (Sax SS PENRE, Ei a, Cm) (= n 1, 2, i pi 18, 


like F(z), without zero intervals. 


(15) 
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It has therefore been shown that we can find u quadratic 
factors with rational coefficients and without zero intervals 


Gy = a? — (E) + dl, a = 2? — (s + (Ss), : 


G, = 2? yet "T 


such that each of the remainders Rem (F/G;) will be as small 
as we please. But from this it follows that the remainder 
Rem (F/G, Gs, ---, G,) can be made as small as we please. 

For if no two of the functions G; have a common factor, and 
we shall show that this is the case, we can find two integral 
functions P;, Q+, such that 


(16) Pra@ Giai +++ G+ OG = Fs, 


where P, is of the first degree at most, both P, and Q, are 
integral with respect to the coefficients of the functions Gi, 
and Zi is the resultant R[G,, GG ++- Gy 3Gy41 --- Gal. 

Let P,' = DR, so that Py’ has fachanal coefficients, but 
: siek as involve only factors of the form R(G:, Gi), RG, G), . 
- in their denominators. It will then follow from (16) that 


d Py! -GG E: Gi iG erede Gu zl (mod G) 
and, therefore, if @ = GG --- G,, that 


Zn Gë, GaU a s GO, m1 (mod o. 


But each term in the first member of this congruence is of 
the degree m — 1 at most, while G is of degree m. Hence 


ER Cth.» Gaga: |: G, =], ; 
k=1 


from which it follows, by multiplying throughout by F/G, that 








F FP, FP? FP,’ 
and therefore that 
Rem( %) = && - D dii: 
(18) ` 





+ GG +++ Gyr Rem ( © = ). 
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Rem (F/G) is [ro(Se)x + nlet). Hence Rem (FP;'/G;) 
is of the form (ax + y)b(ts)/ Re where a, and b, are integral 


. functions of the ts. Therefore since each Ry is different from 


0 and each | (fx) | is less than 1/r, Rem (F/G) is a polynomial 
in x of degree m — 1 at mostwith coefficients which by a suitable 
choice of r(> r) and the consequent choice of the numbers oh 
can be made as small as we please. : 

9. It remains to prove that the resultant of no two of the 
functions G;, say the functions G, = 2? — dite + y(t) and 
Gs = 2° — eise + Y(t) can be 0, that is, less numerically 
than every assignable number 5. This resultant may be 
reduced to the form 


16 R(G, 6) = (e(t) — o) + Uet) — pta) 
(19) , X Rit) — et) + 4G) — et2] 
| + AG) — D) — (2h) — së, 


Both AC) — (tı) and 4V(t:) — (ts) are positive. Hence 
R.G) cannot be numerically less than every assignable 
number unless the same is true of both e(t) — g(t) and 
V() — y(t). But, as we proceed to show, at least one of 
these differences is numerically greater than a definite positive 
number. 

In defining the function g = ptn + 23) + ma we subjected 
the integer p to the single condition implied in the requirement 
that the discriminant of the equation ¢(z, f) = 0 of which g 
is a root be not 0. We shall now define p more closely, as 
follows. Let . : 

(20) p=2q+t where £242 1, 


determining the integer q also so that the equation ¢:(z, f;) = 0 
of which the function g = gt + 23) + tz is a root shall not 
have a zero discriminant. This function g is a rational 
integral function of g; let 'g = 6(g, fj). The equations 
dia fi) = 0 and ¢,[6(z), fi] = 0, of which the first is irreducible, 
have the root g in common. Therefore ¢,[6(2), fi] is exactly 
divisible by Ais, fi). Hence, if in these functions we replace 
the f,’s by the corresponding coefficients c; of F(x) and call 
the resulting polynomials $(z) and ¢,[6(z)], we have 


(21) i09] = éi Q@), 


. where Q(z) is integral and all the coefficients are rational in the 
coefficients of F(x). If, therefore, any interval (+, s") con- 
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tains a zero interval of dis), the interval to which the values 
which 6(z) takes in (2, 2’) belong will contain a zero interval 
of (2). 

Let 1/4 represent the magnitude of an interval which cannot 
contain zero intervals of both ¢i(z) and ¢1’(z), the integer s 
being determined as in $ 5; let u be an integer greater than 
all the values of |[6(z-- 0) — 6(2)]/o|, [ol <1, in the 
interval (— cı, cı) in which all the zero intervals of ¢1(z) lie; 
finally, to the conditions already stated for determining s for 
&(z) add s > au. We shall then have for all values of z in 
(— a, à) 


(22) | (+ 0) — €) |< le] del <1). 
"a = D 1 


Therefore to values of z belonging to intervals of magnitude 
Us and l/rs|D | respectively there correspond values of 
6(2) belonging to intervals of magnitude 1/sı and 1/rs,| D |. 
The numbers ¢; and (3 belong to zero intervals (%’, t1”) and 
(Gi, ta”) of éisi of magnitude 1/rs|D|. Hence OU) and 
O(t) belong to intervals of magnitude 1/rs| D | which it 
was shown above are zero intervals of dis). But from this 
and the fact that no interval of the magnitude 1/ can contain 
zero intervals of both $ı(z) and dt) it follows (see $ 5) that 
| (Hi) — Ol) | > l/s. Therefore, if for brevity we set 
drei = 4, (2) = d {= bi, a= ba, we have 


(28) a als snd |h-b|» t. 
Since 
p(t + t) + me = g, qu +) + mm), 
mt n= 99), un = vy) 
we have, on replacing g by ¢;, 


peli) HYE) — fe Gls) + VE) = 86s) 


and therefore 
BU dt poss) — ati 
24 WET ne VE 
(24) e(t "umo YE) xc 
It therefore only remains to prove that one or other of the 
quantities 


(25) di—a-—a-—(b—b), d = pla — a) — gb — b) . 
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must be numerically greater than some definite positive num- 
ber. We shall show that 1/s..is such a number. 

For if |di| < Us then bi — b = a; — a4 + 6/8, where 
0 S ô< 1, and therefore d = (p — aile — a4) + àg[&, which 
by (20) and (23) is numerically greater than 1/81. 

And if |d |< Us, then q(b — b) = pla — a) + [m 
where 0 £ 8’<1 and therefore d; = — (q + t) (a; — m)/q 

"ct ö’/gsı, which again is numerically greater than 1/s;. 

10. Kronecker’s theorem has now been demonstrated. For 
referring to ‘equations (1) of $ 7 and (18) of $ 8 it will be seen 
that if we set 


Bil = Stell + a(z — &)(z— &) --- (x — £) Hem F/G 
we shall have 


So) — F«(z) = a(z— &)z— &) fa E) 
X (2 effi + (3) (et oft, e+ VQ). 


We have given methods by which v, the numbers E and ¢;, 
the functions p(f), Y(t), and the remainder function F,,,(z) 
may be determined from the coefficients of the given poly-. - 
nomial f(z) = 27_,a‘x"* by a finite number of rational opera- 
tions. The function F,,(x) is of degree n — 1 at most. Its 
coefficients are all numerically less than Eis! or k/r, where k is a 
determinable positive number, and can therefore be made as 
small as we please by assigning sufficiently great values to 
r’ and r and then making the corresponding determinations of 
the numbers £; and f;. And when the coefficients of f(x) are 
subjected to the variation which consists in subtracting from 
them the corresponding coefficients of F,,(x), the resulting 
polynomial is a product of » linear and (n — v)/2 quadratic 
factors, all with rational coefficients. 

In conclusion it may be remarked that if recognition be 
accorded the irrational numbers, and we represent the limits 
which the numbers £; and ¢; approach as r’ and r approach 
infinity by & and ¢,’. respectively, it will follow from (1), 
since lim F(x) = 0, that | 


(2) Fe) = na — &’) +++ @— E)! — ofa + VG) 
v Lë el Jet WE.) 


(1) 
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so that from the result of Kronecker’s discussion there follows, 
for numerical equations, a proof of the fundamental theorem of 
algebra as ordinarily stated. 


PRINCETON UNIVERSITY, 
December, 1913. 


TWO CONVERGENCY PROOFS. 


BY PROFESSOR ARNOLD EMOH. 
(Read before the American Mathematical Society, December 80, 1913.) 


1. Introduction. 


In the study of automorphic functions defined within a 
fundamental domain G formed by two non-intersecting circles 
in the “elliptic” case and by two tangent circles in the “ trigo- 
nometric" case, it is necessary to prove the convergence of 
certain fundamental series, as has been shown by Schottky ` 
recently.* In the first case the substitutions of the cyclic 
group associated with it may be written in the form 


2,770 ` AT Ge 


© Ee 





where À may assume all integral real values between — o» and 
+ œ and where a and b are invariant in all substitutions of 
the group. When x describes the circle K_ı of the funda- 
mental region G, xı describes the circle E: forming the other 
boundary of G. x, describes a circle X, and all circles K, of 
the pencil with a and b as limiting points divide the whole 
z-plane into a set of regions corresponding to the substitutions 
of the group.f Schottky bases his proof of the convergence 
of the series Zra of the radii of the circles K, on the invariance 
of the expression 


(rè + Tar 72 ey 


— 1. 
4r rai 





* “Ueber die Funktionenklasse, die der Gleichung F E tE) = F(z) 
cenet ha T ane für reine und angewandte Mathematik, vol. 143, pp. 1-24 
ay 
+ Seo algo Klein-Fricke, Vorlesungen tiber die Theorie der elliptischen 
Morulfunotionen, vol. 1, pp. 163-207. 
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This is a positive quantity and is equal to — sin? $, where & is 
the imaginary angle of intersection of K_ı and E: and appears 
also in, the invariant distance 





| a=} | - dën Lë + Trt = e =| 
CAN Ar dh fe ° 


m the second case the substitutions may be written in the 
orm 


(2) A A 








aa eG 


TX 


The domains corresponding to the substitutions of the group 
are bounded by a parabolic pencil of circles with the common 
point of tangency a. Taking for X and X’ any two points 
of the +-plane different from a, Schottky proves the absolute 
convergence of the series 


Te 
(3) È- 21 
by first proving that of Z(z, — zX), in which x is any point 
different from a, and x’ a point between x and z on the circle 
through a, x and zı. For both the series Zr, and (3) I shall 
give direct proofs. 


2. Convergence of Zr,. 
In the substitution - 


za AT —G@ 


ad les (al + D, 





assume first | g | = p > 1 and let x describe the circle Kı 
around a, so that 


EE 
z—b 
Assuming furthermore po > 1, then 2; describes the circle K, 
about b, so that the fundamental domain G bounded by K_ı 
and K; extends to infinity. All circles K, with À = 1,2,3, ++ 
enclose b; all circles X, with À = 0, — 1, — 2, — 3, «++ enclose 
a. Designating the distance of the centers of K_; and Kı by 
e, the radius of K, for positive values of À is easily found from 








ss OG el, 
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% — a 

= up © È 
as 

TNR, = 
D : AT gi — 1? 
and in case À S 0 as 
espò 
©) dech 
To prove first the convergence of 
eop —- 

(6). Ess 
we write 


sE e 
NER - 1joi' 


Now, since a < 1, 1/o^ > 1/0°, and from op > 1, p > Le, we 
have 


. p — x > 0 
and 
1 1 
NÉE GK a E 
| p g^ < p g? . 
Consequently 
' À À 
p p 
p^ — Lei = p^ — Lie 
But 


A À 


he p 
p^ — ll^ ` (p? = 1/97) (p^ + e? 8 1/2 + 2) 


A 


z p 
S 





sap e 1 
: Lee Soe 1 à 

or. 

esp — ep? 

ES 35-1) 1s 


4 
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i. e., less than a finite positive quantity. For negative values 
of À, A = — u (u 2 0), we have the series 


EI u e eap" 
ZA = cep — o^ 
Aso « 1, 
eap" eap" 
Be p RE I’ 
But 


p^ — 12 (p! — 1)(p P+ pO P+ +++) > (DER, 
so that | 
i ec > = (p° — D en 
or finally 


p? 


h^ Gone Dy: 


less than a positive finite quantity. 
Consequently 
i +o +e +o 
2; TXT Kä nt > Tu 
A=—-@ A=L pr 


is convergent. In a similar manner the convergence can be 
proved for the sum of the radii of any other loxodromic cyclic 


group.* 
3. Convergence of Z(z, — z,) for a Parabolic Cyclic Group. 

in 
Á 


na FE 








LA, put TEE 


where e is any constant. Putting z — c = f; then by means 
of this transformation the z-plane is transformed into the 
t-plane, and we find 

= DTA 


geg 


“Schottky proved the convergence of the sum of radii for a more 
ae set of circles in an article: “Ueber eine spezielle Function, welche 
Pei ein bestimmten linearen Transformation ihres Argumentes unverün- 
dert ; bleibt, " Journal für reine und angewandte Mathematik, vol. 101, pp. 
231-236 (1887). 
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and 
__A I __A 
i EE Fe px 
Consequently, for ¢ + {’ and not equal to real integers, 
= nc 1 = 1 
UE EM nr 


The absolute value of [+ A(t + £P?) + £t] has the form 
+ NM + od? + BE À + ô, where a, B, y, 6 are real 


numbers. We can write 


+ VAI oM E BN + EE 











6 —— 
=+ vro 54.2 FEN, 


Assuming an arbitrarily small positive quantity e, it is always 
possible to choose a positive number n large enough so that 
for all values of |A| > n, |6Q) | < e. If, for such values of 
A > n, $A) > 0, then 


TOM + ad? + B+ A+ RM 
> DE 
Se EXE D +] <2 


for all values of t and D different from a real integer. IF, for 
the same values of A, pA) < 0, then 


X1 4-40) Al e 





and 
To 1 





and 
is 1 1 Zei 
EXDVEXPREMEHT Zenn 
For negative values of À we have evidently in the first case 
pA) < 0, in the second case (A) > 0, so that the two cases 
for negative values of A lead again to convergent series. Hence 
it is always possible to determine a number n large enough 
so that for all values À > n, and all values ¢, ¢’ different from 
an integer, the series SE 
do 1 


—o0 1 
2, DEE AEE Heep te DPA EOE eT 
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is convergent. Consequently i in the whole f-plane with the 
exception of the real integers (7 + integer), or in the whole - 

£-plane with the- exception of z = a, and z' + a, 
Pe 











25 (m, — 2’) 
is & uniformly convergent series of z. 
4. Example. 
D we take in (7) E? = — ¢, we get the function in the 
t-plane 
Ö "44 ns), 
or, as is well known, 
(9) ^; n = 24r cot rt. 
Transforming back to the z-plane, i. e., putting 
A A 
ERST 77y—a 
we find 
TA 
(10) y=a apa SZ tan - za 


This function is automorphic. If this is true, it must assume 


- the same value when we replace z by 2, or  — a by x, — a. 


Now | 
A 
aa z-a 








+2 
and | 
TA A ERN 


z,—a rz—a 

From this we see immediately that (10) does not change its 
value under any substitution of the group. 

- In the z-plane defined i 











(11) +e=2 


we choose as the fundamental domain the strip between the 
axis of imaginaries and the line parallel to it at a distance equal 


t— a 
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to unity. Taking c within this domain, let 3 describe the line 
z = c + a, where t is a real variable between + © and — œ. 
To the lines enclosing the strip correspond in the z-plane the 
two circles Kı and Kı enclosing the fundamental domain G 
in the z-plane. As z describes the line 3 = c + 44, x describes 
the common tangent to K ; and Kı at a, and according as 
t approaches + © or — ©, x approaches, within G, the point 
a from opposite sides. To find the values of y in (10) as 
t = + œ, we substitute in (10) from (11) 


A 


T— a 





—3$3-—20-d, 


so that for points of the common tangent of Kı and E: 


; 1 | 
(12) - y= a + 5 tan mil. 
But 
Lei — e* 
ene Tee 
so that 


E egt" 1 ; 
pme ie té 
_ [im {tan mit} = tim [257 a F D 


Thus, as æ approaches o m G from different sides, y 


i 
assumes at a the values a tz , and Seel 
UNIVERSITY OF ILLINOIS. 
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SOME PROPERTIES OF THE GROUP OF ISO- 
MORPHISMS OF AN ABELIAN GROUP. 


BY PROFESSOR G. A. MILLER. 


(Read before the San Francisco Section of the American Mathematical 
Society, October 25, 1913.) 


As the group of isomorphisms of any abelian group is the 
direct product of the groups of isomorphisms of its Sylow 
subgroups, we shall assume that the order of the abelian 
group G under consideration is 2", p being any prime number. 
Moreover, we shall: confine our attention to a study of prop- 
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erties of the Sylow subgroups of order p™ in the group of 
isomorphisms I of G The number of these Sylow subgroups 
can easily be determined by means of the characteristic sub- 
groups of G which involve only operators of order p besides 
identity. Let J’ represent one of these Sylow subgroups 
and assume that the À invariants of G are composed of the 
following numbers: Au which are equal to p™, À: which are 
equal to p™, ---, A, which are equal to p™. Hence mi + 
Moma +--+ + Aem. = m; we shall assume that m > ma 
eee > T. 

It is well known that the characteristic subgroups which are 
generated by operators of order p contained in G are as follows: 
One C1 of order p which is generated by all the operators of 
order p which are powers of the operators of highest order con- 
tained in G, and is known as the fundamental characteristic 
subgroup of G*; one C, of order pt", which is composed of 
identity and the operators of order p which are powers of 
the operators of order p™ contained in G, and includes the 
preceding; ete. In general, there is one and only one such 
characteristic subgroup C, of order p" Pites, where œ has 
any value from 1 to r, and this subgroup is generated by the 
operators of order p which are powers of those of order p*« 
contained in G, and it includes all those for smaller values of a. 

The number of the Sylow subgroups of order p™ contained 
in J is clearly equal to the number of ways in which we can 
choose successively from C,(o = 1, 2, +++, r) one subgroup 
of each of the orders 


pittiabect Ag itt, pubs, yas pres 
such that each one of these subgroups includes all those 
. which precede it and the first includes C,4, Co being 
identity and As being 0. Hence the number of these Sylow 
subgroups contained in J is expressed by the following con- 
tinued product: | 


p" —1 p'— p p— prt pie p pets pu 


ee 000 —_——. a pp A 


pts =. pube p-— p^ 
pts pam tS a pP 
pi pH p— po 


pon lyon p—p 








* G. A, Miller, Amer. Jour. of Mathematics, vol. 27 (1906), p. 16. 
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This formula may evidently be reduced to the following much 
simpler form: 


(p* — DGA — 1). @ — Nip — Die? — 1) 
(p= De Da = De —1) + @— YA 


From the known theorem that the order of the group of 
isomorphisms of any abelian group is equal to the number of 
ways in which a set of independent generators may be selected, 
it results directly that the order of I is equal to the following 
continued product: 


(p™ = pr) (pm == pam) E (p™ — p) (pr mcm) 


= lm) As) 
p E | CE SE 
(pe = pu Xp = pa SR qp = p. 
Hence a simple formula for the order of J is as follows: 
(PY — D) — 1). DO- Do 1) 


p Dg = Det = 1) -p Dre, 
m’ being equal to the following double sum: 


a=r pad, . 
` 2 2 m—M(mi— Ma) —As(ma—m,) — ee (mm) —P. 


From the value of the order of I and the formula giving the 
number of the Sylow subgroups of order p™ contained in J, it 
results directly that each of these Sylow subgroups is trans- 
. formed into itself by exactly p” (p — 1)* operators of J. 
Hence we have established the following theorem: 

If an abelian group of order y" has exactly X invariants, ihe 
Sylow subgroup of order p™ in the groùp of isomorphisms of this 
abelian group is transformed into itself under this group of 
isomorphisms by a subgroup-of order p™ (p — 1)*. 

A direct corollary from this theorem is as follows: 

4 necessary and sufficient condition that the Sylow subgroups 
of order p™ in the group of isomorphisms of an abelian group 
of order p™ are transformed into themselves only by their own 
operators under this group of isomorphisms is that p = 2. 
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As a very special case of the formula giving the number of 
Sylow subgroups of order p™ in J, there results the following 
known theorem: A necessary and sufficient condition that 
the group of isomorphisms of an abelian group of order p™ 
contains only one Sylow subgroup of order p™ is that it con- 
tains no two equal invariants. It also results directly from 
this formula that a necessary and sufficient condition that an 
abelian group of order p™ has a group of isomorphisms whose 
order is of the form p™ is that p = 2 and that no two invariants 
of this abelian group are equal to each other. 

Each of the given groups of order p™ (p — 1)* which involve 
only one subgroup of order p™ includes p — 1 of the p"! 

` (p — 1) invariant operators of I. It also involves a subgroup 
of order (p — 1)*, which is generated by À operators of order. 
p — 1 such that each of these operators is commutative with 
all the independent generators of G except one, in a given set 
of independent generators, and that no two of these A operators 
are non-commutative with the same independent generator. 
Hence this subgroup of order (p — 1)^ is abelian and it is the 
direct product of À cyclic groups of order p — 1. It trans- 
forms into itself the cyclie subgroups generated by one, and 
only one, set of independent generators of G, and hence to, 
each pair of Sylow subgroups of order p™ contained in J there 
correspond two sets of abelian subgroups of order (p — Di 
such that aone of these subgroups is common to the two sets. 
In particular, we have established the following theorem: 

If an abelian group of order p™ has X invariants, each of the 
Sylow subgroups of order p™ in the group of isomorphisms of 
this abelian group is transformed into itself by a group of order 
(p — 1), which is the direct product of X cyclic groups of order 
p — 1. 

Denoting by I’ a Sylow subgroup of order p™ contained in 
I, we proceed to determine some restrictions on the orders of 
the operators of I’. It is well known that all these orders are 
divisors of zs"). Whenever G involves more than one invar- 
iant which is equal to p™ it is easy to prove that J’ must in- 
volve at least one operator of order p™!. In fact, if Sı and 8; 
represent two independent generators of G and if each of these 
generators is of order p™, I’ includes an operator ¢ which is 
commutative with each one of a set of independent generators 
of Q, except Sz, and transforms S, into S192:. As t” transforms 
Sa into S1"S5, the order of ¢ is clearly equal to p*. 


368 THEORY OF PRIME NUMBERS, [April, 


We proceed to prove that I’ does not involve any operator 
whose order exceeds p?! whenever G does not involve more than 
p invariants which are equal to the same number. In fact, 
this result follows almost immediately from & method which 
has been employed to find the orders of operators in the group 
of isomorphisms of an abelian group.* According to this 
method the pth power of an operator of I’ transforms every 
independent generator of G into itself multiplied by an operator 
whose order is less than the order of this independent generator. 
Hence there results the theorem: 

If an abelian group of order p™ does not involve more than p 
invariants which are equal to each other, the group of isomorphisms 
of this abelian group involves no operator whose order is a power 
of p and exceeds the largest invariant of this abelian group. 

UNIVERSITY OF ILLINOIS. . 


THEORY OF PRIME NUMBERS. 


Handbuch der Lehre von der Verteilung der Primzahlen. Von 
Dr. Epmunp Lanpat, ordentlichem Professor der Mathe- 
matik an der kéniglichen Georg-August-Universität zu 
Gottingen. Vol. I, pp. xviii + 1-564; Vol. II, pp. ix + 
565-961. Leipzig und Berlin, B. G. Teubner, 1909. 

THE central problem in the prime number theory consists in 
proving that the number r(x) of primes less than or equal to x 
may be represented asymptotically by the expression 2/log x, 
or 


a) lim E ER 


em 


This formula was conjectured by Legendre and Gauss at the 
end of the eighteenth century, but the first definite step 
toward a proof was taken by Tchebychef, who showed in 1851— 
52 that for sufficiently large values of z the quotient r(x) log x/x 
lies between two positive boundaries, one of them less and the 
other greater than unity. The next great advance is marked 
by Riemann’s paper of 1859 “ Ueber die Anzahl der Primzahlen 
unter einer gegebenen Grüsse." His point of departure is the 
‘equation established by Euler 


* G. A. Miller, BULLETIN, vol. 7 (1901), p. 351. 
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(2) xta II—, for s real and > 1, 


aci n p Vs 
p 


where the right-hand product extends over all prime numbers 
P. The occurrence of all prime numbers in (2) suggests an 
intimate relation between the prime number problem and the 
function Cie) (the Riemann Zeta function) defined for s > 1 
by the left-hand member of (2). Riemann’s fundamental 
idea consists in the introduction of complex values of s and the 
investigation of the properties of the analytic function {(s) 
of the complex variable s; in this direction, he gives a number 
of important and profound theorems, part of which, however, 
are incompletely proved or even stated as mere conjectures. 
While Riemann does not arrive at a proof of (1), his function- 
theoretic point of view is the one which has made further 
progress possible. The difficulties presented by the unproven 
statements of Riemann were, however, so great that no further 
advance was made until 1893, when Hadamard, by his theory 
of entire functions of finite rank, created methods capable of 
proving several of Riemann’s assertions and prepared the way 
for the proof of (1), which was accomplished independently 
by Hadamard and de la Vallée Poussin in 1895. Since then, 
the prime number theory has been enriched in results, as well 
as simplified in methods, by an ever increasing number of 
mathematicians, until the literature on the subject has now 
grown to such an extent as to necessitate a systematic presenta- 
tion of its main results. 

None could be more competent to meet this need than 
Professor Landau, to whom the greater part of recent progress 
in the theory of primes is due. In his exposition of a theory 
presenting às many open questions as the present one, Pro- , 
fessor Landau has followed what is probably the most com- 
mendable course, that of dividing the results, according to the 
methods required to establish them, into four large groups, 
namely those obtainable, first, by quite elementary methods, 
second, by analysis in a real variable, third, by elementary 
processes in the theory of analytic functions of a complex 
variable, and fourth, by Hadamard’s theory of entire functions 
‚of finite rank. This treatment of the subject has two great 
advantages: it enables the author to determine as nearly as 
possible just how far each of these four methods will lead, 
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which is of invaluable service to those engaged in research 
work, and furthermore, it affords an opportunity of introducing 
all simplifications of which the frequently long and difficult 
original investigations have shown themselves capable, with- 
out slighting the historical aspect of the subject. Instead of 
burdening the text with footnotes, the author has assembled 
all bibliographical references at the end of the second volume 
under the heading “Quellenangaben,” pages 883-907, followed 
by a very complete " Literaturverzeichnis," pages 908-961. 

The only prerequisite for the study of the work under review 
is a good working knowledge of the elements of the theory of 
functions of a complex variable, and particularly of Cauchy’s 
theorem; whatever results from the elementary theory of 
numbers or Hadamard’s theory of entire functions are needed, 
are presented fully and in a very accessible form in the text. 

After an introduction on the history of the prime number 
problem (pages 3-55), the work is divided into five books and 
. twenty-seven sections. 

The first book (sections 1-4) treats of the prime number 
problem, i. e., the asymptotic expression of r(x). Section 1 
(pages 59-102) deals with the results obtainable by quite 
elementary methods. First the following very convenient 
notations are introduced, z being positive but not necessarily 


an integer: 
f(z) = O(g(z)) . 


signifies that two positive constants E and A exist such that 
| f(a) | < Ag(x) for z > £ (examples: de = O(x), e = 0(1); 


F(z) = o(g(z)) 


means that 
GK = 0 (examples: log += o( D, == o(1)); 
denoting by [x] the greatest integer contained in z, the sum 


If) 


stands for a sum extended over all integers n from [v] inclusive 
to [w] inclusive; and finally 


ZO), Ife) 
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signify that the sum, or product, is extended over all primes 


p not exceeding x. 
N ow the functions 


T(e) = ln, ail = Elo p, 
VG) = 9() HI) EC) + + = 2 log p 
are introduced, and the Tchebychef-de Polignac identity 


(3) 


= z 
@ (0 TO = Xv(2) 
is proved. From the definition of T(z), it follows that 
(5) T(z) = zlogz — z + O(log x); 
the combination of (4) and (5) shows that 
lim sup 2) = lim s sup fO 2) S 2 log 2, 
lim inf 2 eo) = lim inf 2 x > log 2, 


whence the conclusion 


: rers O of 1 ) 


z z log z 





(6) 


is drawn, showing that both terms on the left side have the 
same lim. sup. and the same lim. inf. These upper and lower 

. boundaries are now narrowed down step by step, and the 
interval between them is shown to contain unity as an interior 
point. Tchebychef’s proof of Bertrand’s celebrated postulate 
(for « 2 7 there exists at least one prime p such that 42 < p € 
x — 2) is given, as well as two asymptotic formulas due to 
Mertens: 


r4. log z + O(1), 
(7) R 1 
X log log 2+ B+ 0( uz) 


Geet: log x 


B being a numerical constant. 
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In section two a 103-150), the Dirichlet series 


(8) EK 


are introduced, and some of their elementary properties as 
functions of the real variable e are given. The application of 
these results to the special Dirichlet series for the functions 
¢(s) and ¢’(s)/¢(s) gives new and simpler proofs for the theorems 
of the first section, but does not lead much farther; in par- 
ticular, these methods are insufficient to prove the asymptotic 
relation (1). For this problem, the introduction of complex 
values of the variable s = ø + ti in section three (pages 151- 
269) proves more efficient. After defining {(s) as the analytic 
funcüon defined by 


Ciel = xs -fore > 1, 


it is shown that equation (2) is true for these values of e, and ` 
that consequently ¢(¢) has no zeros in the half plane o > 1. 
Two different proofs are given for the fact that ¢(s) — 1/(s — 1) 
is holomorphic for c > 0. By an ingenious artifice due to 
Mertens, it is shown that {(s) has no zeros to the right of the 
curve defined by 


1 
(9) 1 jog i] ilz g-—1— elo aapt 53, 
and that, to the right of this curve and for | t| > 3, 


ar < | £08) | < er log | # |, 
d es(log | E 
Së sii" 








€, C1, € being positive constants, as well as all c’s with sub- 
scripts that are introduced later. 

Defining A(n) as the numerical function which is zero for 
n = 1 and for all values of n which are not powers of a prime, 
but equals unity when n is a power of a prime, the formula 


2424 
ZA) log = = — mx = E ds + O(1) 


` 1914.] THEORY OF PRIME NUMBERS. 373 


is established, and by the application of Ge theorem to 
the integral 
| x? P) 
= s Fe) | 
taken over the closed contour bounded by the curve (9) and 
We Hus bin ee tre — 2, it follows 
t 


(12) ZA log £ = g -+ O (ze VE), 


By elementary transformations of (12), it is now shown that 


da) = + O(ze- VE), 
(13) du u 
Ge ru O (ze Vose), 


where the second formula includes the prime number theorem 
(1) as a very special case. ' 

The formulas (13) furnish the means for obtaining asymp- 
totic expressions for various sums of the type Z,z.F(p, 2), 
where the function F(p, z) is subject to certain very general 
conditions. It is shown that there are more primes between 
1 and z than between z and 2z for z sufficiently large; the 
formulas 


lim int 2E = e, figa, = he 


Dës zo loge 
log log x log log x . 





are proved for integral values of z, (x) being the number of 
integers S x and relative primes to x, C Euler's constant, and 
T(z) the number of divisors of x; various other applications 
of (13) are also given. 

Section four (pages 270-388) goes deeper into the properties 
of the analytic function t(s). It is shown according to Rie- 


mann that t(s) — -1 is an entire function of s, and that 


na = Dr () tto 
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satisfies the E equation, 

(14) ¿(1 — s) = £(9). 

The principal results of Hadamard’s theory of entire functions 
of finite rank are now exposed in the particular case where 
the rank equals zero, and it is shown that, writing £(s) = g(x) 
where s = $+ iVe, g(x) is an entire function of rank zero, so 
that, #1, £s, ++- being its zeros, the relation 


«e = «IL (1- =) 


subsists. From this formula it follows that 


a, ace MIC I(1- es 


b being a numerical constant and the p’s being all those zeros 
of ¢(s) which have their real parts between 0 and 1. In con- 
sequence of (15), it is shown that the curve (9), to the right 
of which t(s) has no zeros, may be replaced by the curve 


Ns 1 1 

= — = ae de E < 
(16) c= 1 aoei le o=1 alogz tor lt] S2, 
a being a positive constant, and an application of Cauchy’s 
theorem similar to the one leading to (13) now gives 


an rte) = [+ Nee, 


where œ > 4. Furthermore, two conjectures of Riemann are 
proved: one concerning a certain series involving the p’s, and 
another stating that the number of zeros p = B + yt satisfying 
the condition 0 < y € T is equal to 


(18) = T log T — LE a en) T + O(log T). 


The last of Riemann’s conjectures is that all the p’s have their 
real part 8 = 4, and the question of proving (or disproving) 
it is the most important unsolved problem in the theory of 
primes. It is intimately connected with the question of 
reducing the order of the remainder term in (17). Section 
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four ends with the demonstration that, if this conjecture of 
Riemann is true, (17) may be replaced by : 





r(x) = +0 Vz log +). 

Book two (sections 5 to 8, pages 391-564) deals with the 
prime numbers contained in. an arithmetical progression 
ky + l (y = 0, 1, 2; ---), where lis any one of the k = (k) 
integers not exceeding k and relative primes toit. In section 
SC the properties of the Dirichlet characters x(n) (k = 1, 
.2, , h) (which are either zero or certain roots of unity, 
depending upon the nature of the decomposition of n in prime 
factors) are developed, and the Dirichlet series 


TE u: 





an h@ = E42 6-12. 


are introduced, which generalize the Zeta function to the 
present case. The consideration of the series (19) for réal 
values of s leads to Dirichlet’s celebrated theorem: every 
arithmetical progression ky + lj where l and k are relative 
primes, contains an infinity of prime numbers. 

In sections six and seven, the introduction of a complex 
variable s in (19) leads to results quite similar to those obtained 
for t(s) in book one, and culminating in the theorem: the 
number I(x) of primes of the form ky + l and not MO 
æ is asymptotically 


. (20) I(t) = — + O(xe -arioge), 


à E u 


In section eight, various applications of this result are given, 
for instance the theorem: every positive integer above a 
certain limit may be decomposed into a sum of not more than 
eight positive cubes. 

The second volume begins with book three entitled “the 
function u(n) and the distribution of numbers without quad- 
ratic divisors” (sections 9-13, pages 567-621). The Móbius 
function y(n) equals unity for n = 1, zero when m has a 
quadratic divisor, and (— 1) when n is the product of p 
different primes. In this book, some new properties of the 
Zeta function are deduced, which lead to the formulas 
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Eula) = Osper), ZEN ogee), 
n=l a=1 
(21) e 
3,49) en. STE Giele. 
n=l 
Book four (sections 14-16, pp. 625-639) treats similar problems 
concerning the numbers without quadratic divisors contained 
in an arithmetic progression, and book five (sections 17-20, 
pages 641-719) contains convergence proofs for various types 
of series connected with prime numbers, as well as some 
theorems on x(x), of which the following is an example: above 
any finite limit however BD there exist numbers z for which 


Hl uem du >i Vz 
I Ds u 13 log u à * log x” 


as well as Los æ for which the left-hand member is less 


than — 2 Ne ; 
clogz 

' Finally book six (sections 21-27, pages 723-882) contains 
an elaborate investigation, with many applications to the 
Zeta function, of functions of the complex variable s defined 
by & generalized Dirichlet series 


eo 
Due, I 
n=l 


where the M are real and increase monotonely toward infinity 
with n. 
In concluding this review of Professor Landau’s monu- 
mental work, it should be stated that the exposition is a model 
. of clearness and rigor. There are surprisingly few misprints, 
none of them serious, and the make-up of the book even sur- 
passes the usual high standard of the Teubners. 


T. H. GRONWALL. 
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THE PRICE LEVEL. 


The Purchasing Power of Money. Its Determination and 
Relation to Credit, Interest and Crises. By Invia FISHER. 
Assisted by Harry G. Brown. New York, The Macmillan 
Company, 1911. xxii4-505 pages.* 

A LONG-CONTINUED and extensive rise or fall in the general 
level of prices brings on a serious disarrangement of the status 
of parties to long time contracts involving payments of fixed 
or nearly fixed sums of money, unbalances the economic equi- 
librium which is never too stable, and develops in its wake 
various extreme political doctrines. The extended decline of 
prices from the seventies to the nineties of the past century 
worked hardship to those who had borrowed money in the 
earlier part of the period and had to repay the money with 
interest during the latter part of the period when their produce 
brought a reduced sum of money per unit. Hence populism 
and free silver. The succeeding great rise in prices, which has 
now run for nearly twenty years with no immediate prospect 
of cessation, is working a like hardship on the wage-earning 
and salaried classes, whose income does not rise nearly so fast 
as the prices of the articles they consume. Hence socialism, 
the single tax, and the like. 

It would work for greater justice and contentment all 
around if the general level of prices could be kept more or less 
constant. Moreover, changing prices give to the brighter, 
to the more wide-awake, often to the merely luckier members 
of society an advantage for profit over their more stupid or 
unfortunate brethren. This is distinctly undemocratic; for, 
as Emile Faguet so brilliantly points out,t the worship of 
democracy is the cult of incompetence. It is an old-fashioned, 
unprogressive idea, perhaps, but still an idea widely held by 
thoughtful persons that prices cannot be maintained for any 
long period in defiance of economic laws, that on the contrary 
the desirable constancy of the level of prices can only be 
worked out by a painstaking study of and compliance with 
those laws. 





* For a review of the earlier works, Capital and Income, and Rate of In- 
terest, written in a similar spirit and helpful, though not necessary, to the 


understanding of the present work, see this BULLETIN, vol. 15, p. 169. 
+ The Cult of Incompetence, New York, Dutton, 1912. 
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In the Purchasing Power of Money, Fisher makes a detailed, 
systematic, scientific study of the causes affecting the general 
price level, and with this as a basis he makes some tentative 
suggestions, which he has modified and worked out in greater 
detail in more recent monographs, for the stabilization of the 
purchasing power of money. These suggestions have at- 
tracted widespread attention and comment;* they have been 
cordially applauded and seriously combatted, often, we 
daresay, by persons who have neglected the main part of 
. the author’s text; but we shall pass them over and, indeed, 
confine our attention chiefly to one point of mathematical 
interest in the volume.t 

To get a quantitative basis for the treatment of prices we 
may equate expenditures and the money-value of goods 
bought. Thus 
(1) MV + M'V' = PT, 


` where M is the quantity of money in circulation and V the 
velocity of circulation (MV giving expenditures in cash), M’ 
the quantity of deposits subject to check and V’ their velocity 
of circulation (M'V") giving the total expenditure by check), 
T the total amount of trade, and P the average price. Certain 
general conclusions follow from this equation. For instance, 
if the amount of trade increases, while M, V, M’, V' remain 
constant, the price level must fall; if M and T increase pro- 
portionately, while V and V’ remain constant, P will decrease 
or increase according as M' increases more slowly or more 
rapidly than M and T. 

Various consequences are readily obtained from the equation 
of exchange (1), but the determination of the equation itself 
is not so easy as it might look to a careless thinker. The 
difficulties lie in the fact that P and T individually are quite 
indeterminate. An average price level P means nothing 
until the rules for obtaining the average are specified, and 
independent rules for evaluating P and T may not satisfy (1). 
For instance suppose sugar is 5c. a pound, bacon 20c. a pound, 
coffee 35c. a pound. The average priceis20c. If a person buys 
10 lbs. of sugar, 3 lbs. of bacon, and 1 Ik. of coffee, the total 
trading is in 14 Ibs. of goods. The total expenditures is $1.45; 





*See, for example, recant numbers of the American Economic Review, 
t For a review of some other aspects see Science, May 16, 1913, p. 758. 
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) 
the product of the average price by the total trade is $2.80; 
the equation of exchange is very far from satisfied. | 

After thinking this example over one might come to the 
conclusion that nobody would use such a crude method of 
averaging prices. The method is, however, the simplest and 
most obvious and is widely used. Bradstreet’s much quoted 
index of 96 commodities is (see page 417) an average of prices 
per pound; relatively small and unimportant changes in the 
prices of expensive articles may entirely mask relatively large 
movements in the prices of cheap articles. Despite the crude- 
ness of the average for P it is possible, of course, to satisfy the 
equation of exchange by defining the measure of T as 

MV + M'Y! 
T= —p = 


In the above example with an average price per pound of 20c. 
the total trade would be 71 Ibs. If the trade were measured 
as 14 lbs., the average price would have to be about 104c. 

The difficulty of reconciling with equation (1) an average 
price and a total trade, each evaluated independently by 
natural methods, is great and requires a searching analysis of 
what is meant by an average and what is really natural and 
reasonable. There are other difficulties. One of them I came 
across a few years ago when trying to help a friend make a 
stock-average which would be representative of prices on the 
New York Exchange from 1872 to date. It was impossible 
to find ten stocks that had remained active arid representative 
over so long a period, and the initial list of ten had to be 
modified by several successive changes. In the same way if 
any average of commodity prices contains articles which go 
out of consumption entirely or to any very great extent, there 
is a discontinuity introduced in P, and a good index P should 
satisfy the condition of allowing one article to be replaced by 
another. 

The mathematical interest in Fisher’s work lies chiefly in the 
discussion of the theory of averages with especially reference 
to the determination of the best form of index number for 
prices and trade. Thisis applied, not pure, mathematics; the 
analysis aids in forming the judgment but is not determinative, 
for no index number is found to satisfy all the tests which are 
desired. Forty-four different indices are comparatively dis- 
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cussed. The treatment of these matters is for the most part 
relegated to a long appendix to Chapter X. In itself it 
constitutes a notable contribution to political arithmetic. 

The general course of the text may be summarized as follows. 
After some preliminary definitions (Chapter I), the author 
treats the simple case MV = PT of the equation of exchange 
which would arise under a financial system with no checking , 
accounts, and determines particularly the relation of the 
quantity of money M to the price level P. He then (Chapter 
III) generalizes so as to include the term M’V’ and the effect 
of deposit currency. At the close of the chapter he has come 
to the conclusion that normally the available currency is ap- 
portioned between M and M' in a certain more or less defi- 
nite, even though elastic, ratio. This conclusion is the.result 
of forming a judgment, it is not deductively obtained; the 
statistics given for this country from 1896 to date show a 
progressive increase of the ratio M’/M, and recent statistics 
for other countries would probably show the same tendency. - 
We can retain the conclusion only by assuming that for a 
couple of decades conditions have not been normal. The 
advantage of including the constancy of M’/M among our 
axioms is that we thereby restore theoretically and normally 
the proportionality between M and P which has for all prac- 
tical purposes been entirely upset by the recent great increase 
in the ratio M’V’/MV. e 

In Chapter IV transition periods are analyzed; it is here, 
chiefly, that justification for the subtitle referring to credit, 
interest and crises, may be found. The next two chapters 
analyze a number of. influences which indirectly affect the 
purchasing power, and Chapter VII deals with the influence 
of monetary systems. The eighth chapter, on the effect. 
of the quantity of money and other factors on purchasing power 
and on each other, touches many topics but is chiefly directed 
toward showing (1°) that the price level P is the passive 
element, the effect, the dependent variable in the equation of 
exchange and not the cause, and (2°) that the special quantity 
theory that variations in M normally produce proportional 
changes in P is true. 

There are so many bitter and blind opponents to any specific 
theory (and the quantity theory is no exception) that an 
author who has to qualify the fundamental proposition of his 
theory by so vague a restriction as “normally ” might do well to 


.1914.] SHORTER NOTICES. 381 


use the term hypothesis in place of theory; and he can certainly 
not spend too much pains on separating those portions of his 
work which depend upon such a hypothesis from those which 
do not. 

Chapter IX shows the necessity for an index of prices, and 
Chapter X, aided by the long mathematical appendix pre- 
viously reviewed, seeks after the best index. Statistical matter 
bearing on the previous text now fills two chapters, and the 
text closes with the discussion of the possibility of keeping the 
general price level more nearly constant. There are numerous 
appendices and a very full index. 

To the mathematician Fisher’s work always appears more 
sympathetic than that of many of his economic colleagues by 
virtue of its greater respect for logical and numerical values. 
This latest book is no exception. 

Epwın Br»wELL Wiırson. 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 


SHORTER NOTICES. 


Vorlesungen über Geometrie, mit besonderer Benutzung der 
Vorträge von ALFRED CLEBSCH, bearbeitet und herausge- 
geben vpn Dr. FERDINAND LINDEMANN. Zweite, vermehrte 
Auflage. Leipzig, Teubner. I Band, I Teil, 1 Lieferung, 
1906, vi + 480 pp.; 2 Lieferung, 1910, 288 pp. 

"Tux revised edition of Clebsch’s inimitable and classical 
lectures is much more than a reprint of the first edition which 
appeared in 1875-76. Much has been done since then to 
enrich the subject, and Dr. Lindemann has done well to include 
the most important of these researches in this revision. .The 
- extent of the additions to the text may be seen from a com- 
parison of the number of pages for Part I; this includes the 
same general subjects in the two editions and yet covers about 
three times as many pages in the second as in the first (the size 
of the type and the page differ only slightly). If this ratio is 
upheld in the other parts, Volume I will contain about 3,000 
pages of text. 

It is unfortunate that four years should elapse between the 
two installments. Upon the appearance of the first install- 

‘ment, the completion of Part I was promised within a few 
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months. Even this second installment does not complete 
Part I, and three years have elapsed since this appeared. 
At this rate no time limit can be placed upon the appearance 
of Parts II and III. The custom of sending forth an install- 
ment which stops short in the middle of a sentence of some 
exposition or proof of a theorem is also unfortunate; its macks 
too much of the serial installments of some thrilling novel, all 
the more so when one has to wait years instead of merely a 
day, a week, or a month for the completion of that sentence. 

The value of the book is greatly enhanced by the copious 
footnotes. These give very complete references and brief 
descriptions of the work done in the subject both before and 
since Clebsch’s time. They also tell, for each chapter, just 
what parts of the text are taken from the original Clebsch 
lectures, and which parts have been added for the revised 
edition. 

We shall briefly indicate the more important parts of the 
text which have been added. Part I is divided into three 
sections. The first section, entitled Introductory considera- 
tions.—Point ranges and pencils of rays, gives the projective 
analytic geometry of the range and the pencil. Here a few 
more illustrative examples are inserted and some special cases 
of general theorems are treated in greater detail. Chapter 
VII, treating of the general analytic form for projective rela- 
tions, and Chapter VIII, containing a large number af theorems 
on medians of quadrilaterals and pentagons, are new. 

The second section is entitled The curves of the second 
order and the second class. Here there have been added six 
chapters treating respectively of: (VIT) the classification of 
conics according to the form of the projective transformation 
which generates the same; (XIII) the complete Pascal hexa- 
gon with its related Steiner and Kirkman points; (XIV) polar 
relations and the Pascal hexagon, including the work of Bauer 
on the ten conics associated with the six points on a conic; 
(XV) theorems on the application of general analytic methods 
to conics and quadrilaterals; (XVI) the geometry of the 
triangle with its Feuerbach circle (following the work of 
Salmon-Fiedler); (XVII) imaginary elements, giving a deeper 
insight into the geometric “Sinn” of the imaginary elements 
&ccording to the beautiful theory of von Staudt (the represen- 
tation, in the real domain, of two conjugate imaginary points 
by the involution of which these are the double elements); 
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and thus all projective results in analytic geometry of the 
plane in which imaginary elements occur may be interpreted 
by means of real geometric elements; the exposition in this 
chapter follows the work of Liiroth and Stolz. 

The third section is entitled Introduction to the theory 
of algebraic forms. Here we find the most extensive addi- 
tions. The discussion of the identical relations existing be- 
tween the discriminants of two binary quadratic or cubic 
forms is extended to the case of n such forms. The other 
important additions are contained in the last thirteen chapters, 
none of which had a place in the first edition. These deal 
respectively with: (X) the representation of binary forms upon 
a conic, which serves to geometrize and thus classify and 
emphasize the relations existing among the invariants and 
covariants of binary forms; (XI) the collineations of a conic 
into itself and the finite groups of such transformations; 
(XID the “tenfold” Brianchon hexagon and the collineations 
of the related conic; (XIII) polygons and binary forms with 
their application to the equations of the fifth degree; (XIV) 
the expansion of binary forms into series (according to the 
work of Clebsch and Gordan), which serves as a unifying 
principle between the general methods of the text (using the 
Clebsch-Aronhold notation) and the non-symbolic and non- 
homogeneous methods employed to solve special problems; 
(XV-XVIII) the typical or canonical representation of binary 
forms by means of partial differential equations for invariants 
and covariants (according to Clebsch and Gordan), which 
serves to give an insight into the invariant theory of binary 
forms of higher order; this canonical representation also gives 
a method for determining a finite system of invariant forms 
by means of which all invariants and covariants of a given 
form may be constructed by rational processes, and finally 
leads to the proof that the system of invariant forms of a 
binary algebraic form is finite; (XIX-XXI) the simplest in- 
variants and covariants of a binary form of the fifth and sixth 
orders, and geometric and arithmetic applications of these to 
the pentagon and the equation of fifth degree; (XXII) some 
problems in the theory of binary forms of higher order (only 
one page of this is printed in the second installment). 

Part I is to be completed by a discussion of the representa- 
tion of binary forms in the complex plane, and an application 
of this and of cubic forms to the geometry of the triangle and 
its remarkable points. 
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Parts II and III are to cover the general theory of algebraic 
curves, the curves of the third order and the third class, the 
geometry of an algebraic curve and its relation to the theory 
of abelian integrals, and a study of the connex. 

Dr. Lindemann has done and is doing a monumental work 
which deserves to rank among the highest in works on geom- 
‘etry; let us hope for its early completion. 

JOSEPH LIPKA. 


Die Idee der Riemannschen Fläche. Mathematische Vorles- 
ungen an der Universität Göttingen, no. V. By HERMANN 
Wir. Leipzig, Teubner, 1913. x 1-166 pp. 8 M. 

Tue volume under review is the fifth of the series of Gótt- 
ingen Lectures on mathematics, the first four of which were 
given respectively by Klein, Minkowski, Voigt, and Poincaré. 
It is announced that four more are under preparation by 
Runge, Schwarzschild, Toeplitz, and Wiechert. 

Before speaking specifically of the work of Wey], I should like 
to express my great appreciation of the plan of publishing 
lectures of this sort, in which the lecturer gives a limited 
subject mature thought, brings it thoroughly up to date, 
and perhaps adds contributions of his own. ‘This is a period of 
what might be called “frenzied” research, in which there is a 
tendency to rush into print every time a new result is reached. 
While the intense activity is altogether praiseworthy, it results 
in a congestion of material in the mathematical journals, and 
a flood of papers so great that it is impossible for an individual 
to discover what is important and of interest to him. If 
the basic ideas of mathematics were shifting as fast as those of 
some other sciences, the editors of mathematical journals 
might find themselves in the position of an editor who recently 
said that his journal was so far behind the material offered 
it for publication that the authors changed their ideas and 
wished to withdraw their papers before they could appear in 
print. Even if we grant that, on the whole, it is for the 
best that fragmentary investigations in almost unlimited 
number should continue to be published, the more formal 
discussions, in which the center of interest is in the subject 
and not alone in the greater or lesser part which may be new, 
are of great value and should be encouraged. In this connec- 
tion it is gratifying that the American Mathematical Society 
has adopted the policy of publishing the Colloquium Lectures. 
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They should become a strong factor in the development of 
mathematics in this country. 

The lectures by Weyl aim at two things, viz., laying with 
complete rigor the foundations for the construction of Rie- 


. mann surfaces, atid then showing their usefulness by consider- 


Ae 


ing on them various integrals, the Riemann-Roch theorem, 
Abel’s theorem, and the problem of uniformizing functions. 
These lectures owe much to Klein (they are dedicated to him) 
both because of the fundamental work he has done on the 
subject and also because they were given where his influence 
is so great; but Weyl does not shine only by reflected light, 
for there is evidence in the plan, the choice of material, and 
the exposition that he is a master of the subject on which he 


. writes, and his task is splendidly carried out. 


There is probably no other part of the theory of functions 
where on the whole the logic is so much slurred over as in the 
theory of Riemann surfaces. Simple examples are given, and 
then the simplicity and intuitional character of the ideas make 
it natural to abandon the arithmetic character of the proofs 
which ordinarily prevail elsewhere. It is interesting to find 
Weyl starting out at the very beginning with the Weierstrass 
definition of an analytic function, defining then an “analyt- 
isches Gebilde” by means of a parametric representation of 
the functional relation in question, and then defining a surface 
by ascribing appropriate properties to a two-dimensional 
manifold and showing it may be considered as an analytisches 
Gebilde. This prepares the way for the definition of a 
Riemann surface by means of analysis situs considerations. 
Then follow the definitions of properties and quantities (e. g., 
the genus) associated with Riemann surfaces, the method of 
construction of a Riemann surface of canonical form, and 
the proof of a series of theorems such as that every Riemann 
surface has two sides. In this discussion interesting connec- 
tion is made with some recent general results of Brouwer. 
The whole first part seems to be exceptionally well done both 
in mathematical quality and in method of presentation. 

The second part of Wels lectures contains various applica- 
tions to functions on Riemann surfaces. The distinctive 
features of this part are less conspicuous than in the first part, 
but the standard important problems are well treated. Espe- 
cially interesting is the discussion of uniformizing functions, a 


' subject whose development is rather recent and which com- 
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pletes in a sense the conception of Weierstrass of the analyt- 
isches Gebilde by employing a suitable parameter of position 
on the whole Riemann surface. 

F. R. MourroN. 


NOTES. 


Ar the meeting of the London mathematical society held 
February 12 the following papers were read. By G. T. BEN- 
nett, “ Exhibition and explanation of some models illustrating 
kinematics”; by H. M. Macponatp, “ Formulae for the spher- 
ical harmonic P, — m(u), when 1 — y is a small quantity "; 
by E. W. Hosson, “ The representation of the symmetrical 
nucleus of a linear integral equation "; by W. F. SHEPPARD, 
* Fitting of polynomials by the method of least squares " 
(second paper); by H. BATEMAN, “ The differential geometry 
of point transformations between two planes"; by M. 
McKenprick, “ Studies in the theory of continuous proba- 
bilities." 


Tus thirtieth anniversary of the foundation of the Circolo 
matematico di Palermo will be celebrated with appropriate 
ceremonies on Tuesday, April 14, in the aula of the University 
of Palermo. On this occasion a gold medal, provided by 
members’ subscription, will be presented to Professor G. B. 
Gucci in recognition of his services as founder of the society 
and director of the Rendiconti. The Circolo has now nearly 
one thousand members, of whom it may be noted that one 
hundred and fifty are Americans. Thirty-seven volumes of 
the Rendiconti have been published. 


Tue tenth annual meeting of the Association of Ohio 
teachers of mathematics and science was held at Ohio State 
University on April 8-4. The programme included addresses 
by Mr. J. F. BARKER on technical training in the schools 
and by Professor H. E. SLAUGHT on the final report of the 
committee of fifteen on a geometry syllabus. 


CAMBRIDGE Universiry.—The following mathematical 
courses are announced for the Easter term:—By Professor 
E. W. Hosson: History of the invention of the calculus, three 
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hours.—By Professor H. F. Baxer: Existence theorems of 
automorphic functions, two hours.—By Mr. T. S. HERMAN: 
Differential geometry, three hours; Hydrodynamics, three 
hours.—By Dr. J. A. Bromwicu: Diffraction of electric 
waves, three hours.—By Mr. A. C. Grace: Elements of Fourier 
analysis and calculus of variations, two hours.—By Mr. B. 
RussELL: Principles of mathematics, three hours.—By Mr. 
G. H. Harpy: Asymptotic relations in the theory of functions, 
three hours; Double limit problems, two hours.—By Mr. S. 
BrgrWisTLE: Thermodynamics, three hours.—By Mr. A. J. 
CuNNINGHAM: The principle of relativity and the mechanics 
of electric systems, three hours.—By Mr. G. A. CAMERON: 
Mechanics, three hours. 


Tue following university courses in mathematics are an- 
nounced for the summer semester of 1914: 


UNIVERSITY op Municu—By Professor F. LINDEMANN: 
Integral calculus, five hours; Theory of algebraic forms and 
invariants, four hours; Quadrature of the circle, two hours; 
Seminar, two hours.—By Professor A. PRINGSHEIM: Definite 
integrals and Fourier series, four hours; Applications of 
elliptic functions, three hours.—By Professor A. Voss:. Ana- 
lytic geometry of space, four hours; Introduction to the theory 
of partial differential equations, four hours; Seminar, two 
hours.—By Professor F. Harrocs: Descriptive geometry, II, 
five hours; with exercises, four hours.—By Professor H. 
BRUNN: Geometric morphology, three hours.—By Dr. H. 
DiwGLER: Introduction to higher mathematics, three hours; 
Exercises in plane analytic geometry, two hours.—By Dr. 
F. Boum: Elements of life insurance, four hours; Seminar 
in statistics, two hours.—By Dr. A. ROSENTHAL: Synthetic 
geométry, IT, four hours; with exercises, one hour; Seminar in 
analysis, two hours. 


‚UNIVERSITY OF STRASSBURG.—By Professor G. FABER: 
Integral calculus, four hours; Theory of numbers, two hours; 
Seminar.—By Professor F. Scour: Theoretical mechanics, 
four hours; Theory of ordinary differential equations, two 
hours; Seminar.—By Professor M. Gong: History of mathe- 
matics in the middle ages, two hours.—By Professor J. WELL- 
STEIN: Elliptic and hyperelliptic functions, four hours.—By 
Professor R. v. Mises: Technical mechanics, three hours; 
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Integral equations with applications, four hours; Seminar. 
—By Professor P. Erstes: Calculus of variations, two hours. 
—By Dr. A. Green: Theory of assemblages, two hours; 
Equations of the fifth degree, one hour. 


. Untversiry op Paris.—By Professor P. APPELL: Figures 
of equilibrium of rotating fluid bodies, two hours.—By Pro- 
fessor E. Picarp: Multiple integrals with applications to the 
theory of analytic functions of several variables, two hours. 
— By Professor E. Goursat: Ordinary and partial differential 
equations, two hours.—By Professor C. GurcHarp: Theoretical 
mechanics, two hours.—By MM. Vezssiot and MONTEL: 
Genéral mathematics, two hours.—By Professor H. ANDOYER: 
Astronomy, two hours.—By Professor J. Boussmesq: Tur- 
bulent fluid motion, two hours.—By M. A. Canen: The 
theorem of Fermat, two hours. 

Conferences will be conducted by MM. LEBESGUE, DRAACH, 
VESSIOT, MoNTEL, ANDOYER, and SERVANT. 

In the Ecole Normale courses in mathematics are given by 
Professors BOREL, Cartan, and MM. Vezssior, LEBESGUE, 
and DRAACH. 


Proressor M. FRÉCHET, of the University of Poitiers, will 
give at the University of Illinois during the academic year 
1914-15 a course of lectures on General analysis, including a 
discussion of abstract sets and functional operations. He will 


also conduct & seminar for students pursuing research in this 
field. 


. Proressor W. C. Ess of Whitworth College, has been 


appointed instructor in mathematics and mechanics in the 
U.S. Naval Academy. . 


Proressor G. B. Hatsrep has resigned his position in the 
State Teachers College of Colorado. 


PROFESSOR J. K. Wurrremore has resigned his assistant 
professorship of mathematics in Adelbert College. 


Dr. C. F. Craıc, of Cornell University, has been granted a 
year's leave of absence for study in Europe. 


Book catalogues: W. Engelmann, Unter den Linden 76a, 
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Berlin, dnos no. 2,450 titles in exact sciences. W. Heffer 
and Sons, Cambridge, England, Catalogue no. 118, periodicals, 
936 titles.—A. Hermann et Fils, 6 rue de la Sorbonne, Paris, 250 
titles in science.—Mayer und Müller, Prinz Louis Ferdinand- 
em 2, Berlin, catalogue no. 282 about 150 mathematical 
: titles. 


H 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS, 


Aronso-MısoL (F.). Analisis matematica. Madrid, 1913. 8vo. 
Fr. 12.00 
ANDERSON (J.). Ueber eine Klasse von Un pen einer Abelschen 
Ga, (Arkiv for Matematik, Astronomi och ik ) Stockholm, 1913. 
8vo. 70 pp. M. 1.80 
ARCHMEDES. Geometrical solutions derived from mechanics. A treatise 
recently discovered and translated from the Greek by J. L. Heiberg. 
English version by L. G. Robinson. Chicago, Open Court Co. 28 pp. 
Paper. $0.50. 
BiockLuND (A. V.). Ueber mehrdeutige Fláchentransformationen.: Stock- 


holm, 1918. 4to. 88 pp. M. 4.20 
Bauen (R. P.). The problem of the angle-bisectors. (Diss.) Chicago, 
University of Chicago Press, 1911. 4to. 106.pp. $1.25 


Brock (H.). Sur les équations linéaires aux dérivées partielles à carac- 
-  téristiques multiples. Note 4. (Arkiv for Mann) E 
1018. $vo. 15 pp. M.1 


Bon (F.). Ist es wahr, dass 2X2 = 4 ist? Eine experimentelle nn 
ch iter Band: Von den Begriffen, den Urteilen und der Wahrheit. 
Leipzig, E. Reinecke, 1913. 8vo. 28+523 pp. M. 12.00 

BoomsTra (W.). De orthogonale en gelijkzijdige kwadratische opper- 
vlakken in verband met het deelingsprobleem der elliptische functies. 
(Thèse.). Amsterdam, Olivier, 1913. 8vo. 238 pp. 


BoreL (G.). Beweisführung des Fermatschen Satzes. Rotterdam, Nijgh 
& VanDitmar, 1913. 


Cammnon (J. Pi Ueber die Zerlegung einer Primzahl in einem kom- 
ponierten Körper. n Marburg, 1912. 8vo. 38 pp. 

CrARIANA Y Ricart (L.). Rapida excursion a las altas regiones del analisis 
matematica. (Mem. Acad. ) Barcelona,:1913. 4to. 13 pp. Fr. 2.50 

Crunwkit (E. R.). Der Satz des Fermat. 2te, yermehrte "Auflage. 
Berlin, 1913. 8vo. 4 pp. M. 2.40 

Erre (E. L.). The se polytopes of the hyperspaces. (Diss.) 
Groningen, Gebroeders Hoitsema, 1912. 8vo. 136 pp. 


GALDEANO (Z. G. pm). Sumario de mis cursos de calculo infinitesimal con 
o al nuevo metodo de enseñanza. Zaragoza, Casanal, 1913. 
8vo. 192 pp. P. 4.00 
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Gopnavux (L.). Sur les surfaces possédant un faisceau irrationnel de courbes 
hyperelliptiques de genre trois. Prague,1913. 8vo. 6 pp. M.0.30 


Hurzna (J. L.). See ARCHIMEDES. 
Hontineron (E. V.). See SYLLABUS. 


Kénia (R.). Konforme Abbildung der Oberfläche einer räumlichen Ecke. 
(Habilitationsschrift.) Leipzig, 1911. 8vo. 24 pp. 
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THE FEBRUARY MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


THE one hundred and sixty-eighth meeting of the Society 
was held in New York City on Saturday, February 28, 1914. 
The attendance at the two sessions included the following 
forty-two members: : 

Mr. H. Bateman, Mr. R. D. Beetle, Professor W. J. Berry, 
Professor Pierre Boutroux, Professor A. B. Coble, Dr. Emily 
Coddington, Professor F. N. Cole, Dr. J. R. Conner, Dr. G. 
M. Conwell, Professor Elizabeth B. Cowley, Dr. H. B. Curtis, 
Professor L. P. Eisenhart, Professor H. B. Fine, Dr. C. A. 
Fischer, Professor T. S. Fiske, Professor W. B. Fite, Professor 
W. S. Franklin, Mr. H. Galajikian, Dr. G. H. Graves, Dr. 
G. M. Green, Dr. T. H. Gronwall, Professor C. C. Grove, 
Professor E. R. Hedrick, Professor E. V. Huntington, Mr. 
S. À. Joffe, Professor C. J. Keyser, Mr. B. E. Mitchell, Mr. 
G. W. Mullins, Mr. J. A. Northcott, Dr. H. W. Reddick, 
Professor L. W. Reid, Professor L. P. Siceloff, Professor D. E. 
Smith, Professor Virgil Snyder, Mr. J. M. Stetson, Professor 
W. B. Stone, Professor H. S. White, Miss E. C. Williams, 
Professor A. H. Wilson, Professor E. B. Wilson, Professor 
F. S. Woods, Professor J. W. Young. 

Vice-President L. P. Eisenhart occupied the chair. The 
Council announced the election of the following persons to 
membership in the Society: Mr. E. W. Castle, Princeton 
University; Professor P. J. Daniell, Rice Institute; Mr. L. R. 
Ford, Harvard University; Mr. C. M. Hill State Normal 
School, Springfield, Mo.; Dr. R. A. Johnson, Adelbert College; 
Dr. L. M. Kells, Columbia University; Dr. W. W. Küster- 
mann, Pennsylvania State College; Professor J. F. Reilly, 
State University of Iowa; Professor F. B. Williams, Clark 
University. Nine applications for membership in the Society 
were received. 

An amendment of the Constitution of the Society was 

adopted by which the Secretary of the Chicago Section be- 
. comes ex officio a member of the Council. 

The following papers were read at this meeting: 

(1) Mr. H. S. Vanpıver: “ Note on Fermat's last theorem.” 
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(2) Dr. G. M. Green: “ One-parameter families of space 
curves, and conjugate nets on & curved surface." 

(3) Dr. G. M. Conwetu: “ Brachistochrones under the 
&ction of gravity and friction." 

(4) Mr. R. D. BEETLE: “A formula in the theory of 
surfaces." 

(5) Dr. C. A. Fischer: “ The Legendre condition for a 
minimum of a double integral, with an isoperimetric condi- 
tion.” 

(6) Mr. A. R. SCHWEITZER: “ A generalization of functional 
equations.” 

(7) Mr. A. R. SCHWEITZER: “Some critical remarks on 
analytical realism.” 

(8) Professor E. V. Huntrveron: “ A graphical solution of 
& problem in geology." 

(9) Mr. H. GALAJIKIAN: “A relation between a certain 
non-linear Fredholm equation and the linear equation of the 
first kind." 

(10) Dr. DuNuaAM Jackson: “ Note on rational functions of 
several complex variables." 

(11) Professor E. B. Wirsow: “ Infinite regions in geom- 
etry." 

(12) Mr. H BATEMAN: “ The structure of the sether.” 

(13) Professors F. R. Sarre and Vor, Snyper: “ Bi- 
rational transformations of certain quartic surfaces,” 

(14) Professor F. R. SHARPE and Dr. C. F. Cnara: “ An 
application of Severi’s theory of a basis to the Kummer and 
Weddle surfaces." 

(15) Mr. B. E. Mrrcmæezz: “ Complex conics and their real 
representation.” 

(16) Professor W. H. Rorver: “ Analytic derivations of 
formulas for the deviations of falling bodies.” 

In the absence of the authors, the papers of Mr. Vandiver, 
Mr. Schweitzer, Dr. Jackson, Professor Sharpe and Dr. 
Craig, and Professor Roever were read by title. Abstracts 
of the papers follow below. ‘The abstracts are numbered to 
correspond to the titles in the list above. 


1. If a? + y? + 2? = 0 is satisfied in integers not divisible 
by the odd prime p, and g(a) = (a? — 1)/p, Mr. Vandiver 
Shows, by means of theorems due to Furtwüngler and Miriman- 
off, that one of the two following sets of conditions holds: 


H 
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q(2) = 0 (mod gi  g(3) = 0 (mod p) 


q(2) = q(3) = q(5) =0 (mod p); 
and if p = 2 (mod 3), 
q(7) = 0 (mod p) 


or 


also. 


2. In this paper Dr. Green continues the study of a con- 
figuration which has already been the subject of a paper 
under a similar title, an abstract of which appeared in the 
January BULLETIN, page 171. In the present paper, a 
canonical development in the neighborhood of a point is 
found for a surface referred to a conjugate net; this develop- 
ment is 


B= Pt yt [OB 4 [HB 4 [Hye 4 Day 
+ I092,8 + [09,4 4 ..., 


where all the coefficients 69 are absolute projective invariants 
of the conjugate net. A canonical development 


y — tt 09933 + gien LJ [O0 + onge. Le 
+ {OPE age t let (0901 4. let. 
z= Ff POP 4 GOH LE DO + gL Ls. 
t (e? + ...]z-F legt... ia 
+ (gO»B- ad D... 


is also found for the one-parameter family of curves t = const., 
the coefficients 0 and ¢ being absolute projective invariants 
of the family. j 


3. Dr. Conwell obtains the parametric equations for the 
curve of quickest descent in a vertical plane when the coef- 
ficient of friction between the moving particle and the curve 
is a given constant. 


| 4. Mr. Beetle proves the formula 
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where K and K, are the total and mean curvature of a surface, 
and 1/R and 1/T are the normal curvature and geodesic 
torsion of a curve on the surface. The geometric properties 
of the circle, the locus of the point whose cartesian coordinates 
are (1/R, 1/7), furnish very elementary proofs of a number of 
well-known theorems, and also suggest several new theorems. 


5. In this paper Dr. Fischer has derived the necessary con- 
dition for & maximum or a minimum of a double integral, 
relative to those surfaces over which a second double integral 
has a fixed value, which is analogous to the Legendre condition 
for a minimum of a simple definite integral. 


6. Mr. Schweitzer proves the following theorem: If f{y, 
f(a, 2)} = fiz, f(z, y) fiel, y); dai) = (y), bf (x, y) 
V3(y) = Ota, Fl), vy} = fe, y), and {0(x), y} 
= 6{¢(z, y)} then there exists a function a(x) such that a {8(x)} 
= a(t) +a, aff(x)} = ax) +o, ol, y)} = al) — aly), 
a{ye(z,y)} =a(z) + aly) +c +c For c = 0, that is, 6(2) 
= +, this theorem reduces essentially to a theorem previously 
obtained by the author. 


7, Mr. Schweitzer’s second paper has appeared in the March 
number of The Journal of Philosophy, Psychology and Scientific 
Methods. e 


8. A common problem in geology is the determination of 
the relative position of two portions of a vein which have been 
separated by a fault. If A = the strike angle (that is, the 
angle between the horizontal traces of the fault plane and the 
vein plane); D = the dip of the fault (that is, the angle which 
the fault plane makes with the horizontal); V = the dip of 
the vein; and 0 = the fault angle (that is, the angle in the 
fault plane from the strike of the fault to the line of inter- 
section of the fault plane and the vein plane); then these 
four quantities are connected by the equation 


ctn 8 = ctn À cos D + csc À sin D ctn V. 


Professor Huntington’s paper gives a very simple graphical 
representation of this equation by which 0 can be readily 
determined without computation by drawing a straight line 
on a diagram. The theory of the method is simpler than 
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that given in Runge’s Graphical Methods, since it does not 
require the use of line coordinates. The paper gives also 
the most general type of equation in four variables to which 
the straight line method of representation can be applied. 


9. In this paper Mr. Galajikian shows that the non-linear 
Fredholm equation 


ue) = 70) + | .86, am 


where ¢ is a polynomial of the nth degree in u whose coef- 
ficients—continuous in s and t; a < 8 < b, a < t < b—form 
a set of symmetric and orthogonal functions, can be reduced, 
by a simple process, to a linear Fredholm equation of the 
first kind. The principle of reciprocity and hence the iterated 
kernel play an important part in the process. 


10. Dr. Jackson proves the following theorem: Let the n 
arguments of the function f(a, zs, ---, £a) be divided into 
k sets zi, +++, gi Enpo ++, Znj «+: Crotty "5, Zne Let f 
be expressible in the neighborhood of every finite point of 
the space of the n variables as the quotient of two functions, 
each analytic at the point; and let f be expressible as the 
quotient«of two power series in al aos, +++, m aft, las; 
Guten, t ty See Alen lae rri Cry aftu, i, Sa Aa, Lens 
for all sufficiently small values of these arguments. Then fis 
a rational function of 2, +--+, £a. 

The theorem for the case k = n, which was proved by Hur- 
witz, is assumed at the outset, and the demonstration then 
consists merely in showing that the method by which Pro- 
fessor Osgood (Transactions, 1912) recently made the passage 
from the case k = n to the case k = 1, yields also the present 
more general result. 


11. Professor Wilson desires to call attention to his view 
that ordinarily a geometry, as a geometrical or logical system 
in contradistinction to some algebraic representation of the 
system, has no infinite region; in particular that projective 
geometry and the projective plane have no infinite elements, 
and the same for circular geometry and its plane. The paper 
will appear in the BULLETIN. 


~ 
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12. Sir J. J. Thomson has developed a theory of the struc- 
ture of the electric field in which an elementary electric charge 
has a single Faraday tube attached to it, through the agency 
of which energy is radiated and forces are exerted upon other 
electric charges. In Mr. Bateman’s paper it is shown that 
the idea of an ether which consists of a network of threads 
or tubes is suggested by certain solutions of the fundamental 
equations 

10M 
rot M — Fa 
A solution of the first type is obtained by putting 


Ile, B) i O(a, B) 
f(a, B) - M, = dades rer Gë 


dvM=0, M=H+HiE. 





where a, 8 are defined by the equations 
[e — £o, B)P+ [y — no, PPE- rie, B)P = et rla, 8)P, 
La, B)[z— Ela, B)]+-m(e, By nl, B)|+-n(a, B)[z— Cie, 8)] 
= epo, Dt — r(a, B)], 
P+ m+ n= dy, 


and involve the ambiguity +. When l, m, n, p are complex 
functions of the type u(a, B) + it(a, 8) the existence of a 
network of threads is suggested by the properties of the func- 
tions a, B. The functions f, £, 7, £, r, l, m, n are arbitrary. 
Other types of electromagnetic fields associated with the 
network are obtained and a theory of the structure of the ether 
is developed in detail. 


13. The object of the paper of Professors Sharpe and Snyder 
is to determine the necessary and sufficient conditions for the 
existence of birational transformations which leave quartic 
surfaces invariant that have all their genera equal to unity. 
Besides the case in which the surface contains a hyperelliptic 
sextic curve of genus 2, all the surfaces found have a pencil of 
elliptic or of rational curves, but the converseis not true. One 
exception is furnished by the surface containing a straight 
line, and otherwise unrestricted, and another is that of a 
quartic having a straight line that is an inflexional tangent of 
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every plane cubic whose plane passes through the line. The 
methods of Severi are used throughout, but a geometric inter- 
pretation is given for every symbolic equation. 


14. In a series of papers F. Severi* has developed a theory 
by means of which any linear system of algebraic curves on an 
algebraic surface can be expressed linearly in terms of a finite 
number of such systems. In this paper Professor Sharpe and 
Dr. Craig apply this method to the study of certain birational 
transformations which leave the Kummer and Weddle sur- 
faces invariant. In particular the question of the periodicity 
of the product of two such transformations is studied. Some 
new relations among the different types of transformations 
are obtained. 


15. Following the method of Laguerre, amplified and ex- 
tended by Study, Mr. Mitchell considers the real representa- 
tion of the complex conic. By the term complex conic is 
meant the geometric configuration associated with the general 
equation of the second degree in two variables, the variables 
and the five constants being complex quantities. Since the 
method of approach is somewhat different from that of Study, 
the complex line and circle are employed for purposes of 
introduction and for methods of procedure in the case proper. 

Considerable reduction and simplification is effected by 
identifying these configurations as members of complex pencils, 
meaning by complex pencil one with real bases and complex 
parameter. By selecting certain new bases (real) the equa- 
tions of the complex line, complex circle, and complex conic 
reduce as follows: 

(1) The equation of the complex line to a form with one 
pure imaginary coefficient, as Study found. 

(2) The equation of the complex circle to a form with one 
complex coefficient, namely, a particular value of the param- 
eter of the pencil of which it is a member. 

(3) The equation of the complex conic to a form with two 
complex constants, namely, the coefficient of the product 
term and the constant term, the former being the parameter 
of the pencil of which the conic is a member, the latter a linear 
function of the parameter. 

*Bee F. Severi, ^ Complementi alla'teoria della base per la totalita 


delle curve di una superficie algebrica,” Circ. Mat. Palermo, Rendiconti, 
vol. 30 (1911), pp. 265-288 and the papers there referred to. 
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A single transformation picturing the complex points on 
any one of these curves is of course not involutorial; if, how- 
ever, the transformations belonging to a curve and its con- 
jugate are applied consecutively, the points of the plane are 
left in place, the involutorial property thereby being included, 
since the real curve is its own conjugate. 

In the representation of all three cases a parameter plane 
(not connected with the pencil) is employed for purposes of 
simplification. 

Some interesting results arise from superposing the two 
picture planes upon the cartesian plane in which the curve 
lies. 


16. The formulas (3) and (4) here derived by Professor 
Roever have already been derived by him by a quasi-geo- 
metric method. (See Transactions, volume 13, number 4.) 
To define the deviations, he denotes by P. a point fixed with 
respect to the earth, and by Pa Pit, Pif axes directed to 
the east, south, and zenith, respectively. A particle falling 
from the point Po, which is at distance h above P; and in the 
vertical Pit of Pı, meets the plane Pın& in a point C. The 
easterly and southerly deviations, denoted by E. D. and S. D., 
are the distances of C to the east of P,£ and to the south of 
Pn, respectively. The equations of motion are 


EI — 2w sin dı al = 0W/0Ë, 
(1) n” + 2w(sin $1 E + cos dı + (P) = OW/dn, 
t" — 2w cos d+’ = OT Jot, 


where accents denote derivatives with respect to the time t, 
w the angular velocity of the earth, $1 the astronomical latitude 
of P, and W the potential function of weight field. of force. 
(It is important to note that these equations implicitly contain ' 
w*, which is involved in the expression of W). The solution 
of (1) which is subject to the initial conditions: when 1 = 0, 
y—£-0,t-—h,» = # = Hl = 0, is of the form 


n = aj + as + ---, 
(2) E= bot? + bat? + batt + ++, 
[2 hoa? 
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where the coefficients as, bs, C2, ag, etc., involve h. If 1 denotes 
the time of fall, then for t = t ¢ = 0,9 = E. D., £= S. D, 
and from (2) there results 


h= —4WP CE + Ju Wow + Au? cos? ot! 
+ Aer PW cos $i DL 
E. D. = — du cos én. WP -P — AWO W9- F 
" (3) + gsoW [9 sin $i WR cos ài - OWY 
— WY + 4»9)]8 + 
S. D. = — AW PIW R + 4o? sin gı cos dl 
— 50 W PY siu do - WR cos én. WQ]t$ + +++. 
The elimination of # from these relations yields the formulas 


' h 5 k 
E. D. = 3 2 o cos dı PEE: : 





6 191 
+ Selina (Mel) 
(4) - 2 (Pa) + ut (5 cos DEE) 


&.5.- Hae BEA 
S 6 sin $4 cos $1 — x). 


42 aw, i 
+ Lol cos ei (Fe) — osin g- E JEFES 


In formulas (3) and (4), W?, W Q), etc., stand for the values of 
aW|[ot, &W/atat, ete., at "le point Pe and g = — W?? is 
the value, at Pi, of the acceleration due to weight. in 
formulas (3) and (4) the coefficients be expressed in terms of 
the astronomical latitude de of Po and the values, at Po, of 
the derivatives of W with respect to the variables 7, E£ 
(which are measured to the east, south, and zenith, at Po), for- 
mulas I and III of the author's Transactions paper are obtained, 
where however 7, £, ¢, œ, t n, £ ¢ stand for E. D., S. D., 
— h, do, t, n, &, E which are here used. See also BULLETIN, 
volume 20, number 4, page 175. F. N. Cors, 
Secretary. 
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A NON-ENUMERABLE WELL-ORDERED SET. 


BY PROFESSOR A. B. FRIZHLL. 


H 


(Read before the American Mathematical Society, December 27, 1913.) 


Tee article “ Intuitionism and formalism ” in the November 
BULLETIN (pages 81-96) raises the question whether the field 
of denumerably infinite processes is a closed domain. The 
present note, based on a paper which the writer presented to 
the Cambridge Congress under the title “Axioms of ordinal 
magnitudes,"* undertakes to show that this question must be 
answered in the negative. 

It is admitted by both formalist and intuitionist that the 
natural numbers rest on valid assumptions. In other words, 
it is legitimate to postulate two rules of combination—let us 
call them “lower ” and “ higher "—whereof the higher is to 
be distributive over the lower, & modulus for the higher rule, 
and the totality of symbols obtainable therefrom by the 
“axioms of numbering "f in the paper just mentioned. 

Let us drop the postulate of the modulus, leaving À with no 
properties except that it is to precede every other element of 
the set. The higher rule now generates automatically the 
w-series . 

AS SADNA, X =DD, “és, 


while the lower rule yields not only a similar set 

| MAON M'=ROM, oy | 
but also other such sets built up on other members of the first 

MBF=A OAM, Ah NON", 6 (n=1,92,...) 


and sets of polynomial elements. 

This process makes no use of the distributive law; the same 
result would be reached by postulating two rules totally un- 
connected except by the relation of order. And if it is per- 


ee of the Fifth International Congress of Mathematicians, 
pp. 327-336. 

T Loc. cit., p. 328. A numbered set is an «series of symbols generated 
by the law that if « belongs to the set so does A Ox (resp. xO À) also, where À 
is an “ ausgezeichnetes Element.” The set is ordered so that x < AO«, 
resp. x < KON. 
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missible to postulate two rules entirely independent of one 
another, then we are also entitled to an w-series of unrelated 
rules together with all symbols that can be generated from 
^ by applying these rules in accordance with the axioms of 
numbering. Such a set is postulated in the “ transfinite 
axioms "* of the paper already quoted. 

It is proposed to prove that this set of symbols cannot be 
put into one-to-one correspondence with the natural numbers. 
It is sufficient to consider polynomials like ali? + wf? + wis. 
+. + affi. e., those formed by the lowest rule and having 
every term a primitive elefnent. Suppose this set denumer- 
able so that we may write them: Pı, P», +*+, Pa, +++. Denote 
by pı the lowest term in P, by pz the next to lowest term in 
Pa, +++, by pa the nth lowest in Pa. Let the corresponding 
upper indices be 4j d» +++, in so that Pa = wfs and write 
tn = 0 if P, has less than n terms. Form a new polynomial 
by changing these indices to «Kı + 4, kz F ta, ‘+, Kn F in. 
Either it is possible in this way to get a polynomial not in 
the w-series Pi, Ps, --- or itis not. The first alternative con- 
tradicts the assumption of denumerability. The second im- 
plies polynomials with an actually infinite number of terins, ad- 
mitting each an w-series of upper indices. Such a “ Belegung," 
however, is a continuum} and hence not countable. Thus in 
either case the supposition in false, and the theorem is proved. 

Thus by*proceeding strictly in accord with the demands of 
neo-intuitionism, using only the “ bare two-oneness ” to which 
this philosophy stands committed, we are inevitably led to a 
concept which it refuses to recognize. This, of course, need 
not disturb an intuitionist who cuts loose from the principium 
contradictionis, but it is matter for regret to find formalism 
attacked by aid of the principium on the grounds of the Burali- 
Forti “paradox,” which is nothing more than the logical 
freak of the illusory self-contradictory concept.i 

McPuarson, Kans. 

* Loc, cit., p. 829. These symbols fall into three classes: (1) primitive 
elements, of the type el) ` (2) monomial elementa, given by the formula 
ette in ied. Do 5»); (3) polynomials, or combinations of mono- 
mials by lower rules than those used in any individual term. 

+ There really is a continuum contained in the set of symbols postulated 
Së axioms To, of the paper previously cited (p. 883), since every element 
of this set involves an actual infinity of “ Bestimmungstücke." 

+ For example, “the totality of self-contradictory concepts" is a self- 
contradictory concept, because it does not include the concept “ a self- 
contradictory concept not contained in the totality of self-contradictory 
concepts ”; but the latter is a self-contradictory concept. 
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NOTE ON THE FREDHOLM DETERMINANT. 


BY DR. W. A. HURWITZ. 


(Read before the American Mathematical Society, December 30, 1913.) : 


Tur theory of linear integral equations presents many 
' analogies with the theory of linear algebraic equations; 
in fact the former may be regarded in a quite definite and 
accurate sense as a limiting case of the latter. As in various 
other mathematical theories concerned with limiting cases, 
two methods suggest themselves for the proof of theorems: one 
may go through the process of taking limits in the results of 
the algebraic theory—this method is typified by the early 
work of Hilbert* on integral equations; or one may use- the 
algebraic theory merely to suggest theorems, which one then 
proves independently—this is the procedure in the funda- 
mental paper of Fredholm.t While any sweeping statement 
comparing the two plans would be unwise, it seems reasonably 
clear that the second method will ordinarily be the more 
elegant. 

In the course of a detailed study of certain properties of 
the kernel of an integral equation, Platriert has recently 
given an expression for all higher minors of the determinant 
for any kernel in terms of the first minor and the determinant 
itself; his proof consists in carrying over by an accurate limit 
process the corresponding theorem for algebraic determinants. 
The same theorem had suggested itself to the present writer 
in studying mixed linear integral equations; as the proof 
devised by him, following directly from well known facts 
about the minors and involving no new passage to the limit, 
seems rather simpler, its presentation is worth while, in view 
of the importance of the theorem.$ | 

It is assumed that the kernel Eis, t) is a continuous func- 
tion, a Ss Sb, a St S b; integration always takes place 
between the limits a, b, which will not be written. The 

* Göttinger Nachrichten, 1904, p. 4. 

Los Mathematica, vol. 27 H N p. 365. 

Liouvilles Journal, vol. 9 (1013), p. 249, equations (30), (31). 


The writer learns that direct proots of the theorem have also been found 
by Dr. T. H. Hildebrandt. 
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minors satisfy the identity (corresponding to the expansion 
of minors of an algebraic determinant according to columns)* 
DOA; sy +++) mds se) 
= K(s1 Weg pe Sm} ta, +++, bal 

— K(81, te) DA; 82, * 7, Sm; tt, ta, ++ ts bm) 

ss : , F S e v 
+X f Een DAT 82) +++, 8m5 tay tay ss m)dr. 


Regarding all the quantities s, ¢, À as constant except sı, we 
. have here an integral equation of the form 


u) = f(r) + AS Eis, ryulr)dr; 
whether or not D(A) = 0, we deduce that 


DAu(s:) = DAAE) + AS DA; sy r)f(dr. 
Thus | 


DANDA; 81, ***, Smi ty ++ +5 Im) 
= [DA)K(s, h) +A f DA; ss n) K(r, ddr] 
X DA; M; rl) 
^ [DQ) K(sy, t) +0 f DQ; a, tz, ta)dr] 
ids. <., 85 tt, is, EEFE ln) 
uk ‘ ; ‘ : 
Simplifying each expression in brackets Sé the He 
DQ)K(s; t) +r f DA; s, NK(r, dr = DA; s, 0, 
we have 
DANDA; 81, ++ +5 Sai fu ** Im) 
= DQ; 81, th) DQ; 82, +++, 8m; os c a) 
— DA; 81, ED; 82, +++, Smi thy tay +++, tn) 
.. The theorem to be proved now follows at once. In (1) 


. * Horn, Einführung in die Theorie der linearen partiellen Differential- 
gleichungen, p. 202. 


(1) 
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take m = 2; we find 
DADA; 81 82; ti, 12) | 
= DQ; 81, 4)DQ; 8, fl — DA; ën, &)DQ; 82, &) 
= DQ; 81,41) DA; 82, t) 
Do; 0%) DA; sat) f 


This gives an expression for the minor of second order. Write 
(1) for m = 3, multiply by DO), and replace the minor of 
second order by the value just obtained; we have a form for 
the minor of third order. Repeating this process, we find by 
mathematical induction the general formula 


DAI" "DA; 815 tty H ty try tm) 


DQ; 81,4) DQ; 8h) +++ DA; 8m ti) 
j (2) NN DQ; $1, ta) DQ; 82, ty) TS DQ; 8m; te) s 
DOA; 81, tm) DA; S2, tm) c: DOA; Em bn) 


which is the relation established by Platrier. In case D(A) + 0 
an equivalent form is of course obtained, as he points out, on 
. dividing both sides by [D(3)]* 3, : 


DQ; 82 Bai firr Im) 


1% 81, #1) k(N; st) ER; 8m tr) 
(3) E DA) Fe um ai i ty) . E ka; * À 
EO sx, tm) KA; $25 tm) co KOA; 8m, tm) 


where AkQ\; 3, © is the resolvent to the kernel AK (s, t). 

It is perhaps not superfluous to remark that the use of (2) 
as the definition of higher minors would lead to little or no 
simplification of the Fredholm theory. It would be necessary 
to show that the higher minors as thus defined are integral 
functions of the complex variable ^; the proof (thus required) 
that the m-rowed determinant, whose elements are values of 
the first minor, must possess at any principal value a zero of 
order 2 m — 1, while not very difficult, is sufficiently so to 
preclude any substential advantage in this mode of approach. 


ConNELL UNIVERSITY, 
December, 1913. 
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TIME AS A FOURTH DIMENSION. 


BY PROFHSSOR R. C. ARCHIBALD. 


Wao first conceived the idea of time as a fourth dimension? 
In view of the recent development of the theory of relativity 
the answer to this question is of some interest to both mathe- 
matician and physicist. With the definite formulation of our 
ideas concerning space of n dimensions during the latter part 
of the last century the conception occurred, doubtless, to many 
people. But, so far as I am aware, writers who discuss the 
subject have invariably given the credit to Lagrange (1736- 
1813), and have referred to a paragraph in either the first* 
(1797, Loriaf and Enriquest) or second§ (1813, Dühring|| and 
Sommerville) editions of his Théorie des Fonctions analyt- 
iques.** This paragraph, the first of the section “ Application 
de la théorie des fonctions à la mécanique,” is as follows: 

“Nous allons employer la théorie des fonctions dans la 
mécanique. Ici les fonctions se rapportent essentiellement au 
temps, que nous désignerons toujours par 4; et comme la posi- 
tion d'un point dans l'espace dépend de trois -coordonnées 
rectangulaires x, y, z, ces coordonnées, dans les problémes de 
mécaniques, seront censées être fonctions de f. Ainsi on peut 
regarder la’ mécanique comme une géométrie à quatre dimen- 
sions, et l’analyse mécanique comme une extension de l’analyse 
géométrique." 

* Paris, Prairial, an V [= 1797], p. 223. 

tG. Loria, Die hauptatchlichsten Theorien der Geometrie... . ins 


Deutsche übertragen von F. Schütte, Leipzig, 1888, , pe: 116-117; alo I I: 
Passato = il Presente delle principali Teorie geometriche, terza ed., Torino, 


1907 
t jd es, Encyclopédie des Sciences Math., tome II, vol. 1, p. 71 
(1911); also Encyklopädie d. Math. Wiss., Bd. III, p. 63 (1907). 
Paris, 1818, p. 311. 
IE. , Kritische Geschichte der allgemeinen Prineipien der 
Mechanik. 56 


Lei 1877, 
4 D. Leiprig 1 e, Bibliography of Non-Euclidean Geometry; 
London, KÉ p. 17. 
** There are four other editions of this work: A German translation of 





` the first by J. P. Grüson, Berlin, 1798-99; a German edition, with t of 


the second by A. L. Crelle in Bd. I of Lagrange’s Mathematische Werke, 


‘Berlin, 1823; a fourth French edition reprinted from the second in La- 


ge’s Œuvres tome IX (1881); the third French edition (best), edited 
vd A. Serret, Paris, 1847. 
"Tt I quote from the second edition. The only difference of the paragraph 
from that of the first edition is in the first sentence. 


. 1910, Bd. 7, p. 405 f. 
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No further elaboration of this idea occurs in the published 
writings of Lagrange. ` 

Apparently independent of earlier suggestion, a writer in 
Nature* developed the idea of “time-space.” A decade later 
the popular English novelist Herbert George Wells wrote a 
serial, for W. E. Henley’s New Review,] in which an invention 
for negotiating similar “space” is basic. 

'Then came the important mathematical developments by 
R. Mehmke,t A. Einstein,$ H. Minkowski,| M. Abraham, d 
A. Sommerfeld,** Wilson and Lewis,ff to mention only a 
few names.ff 

But the main purpose of this note is to make a very small 
contribution to the history of geometry by way of answer to 
the question with which this paper commences. Long before’ 
the publication of the Fonctions analytiques, indeed as far 
back as 1754, d’Alembert (1717-1783) published the article 
“Dimension” in the famous Encyclopédie edited by Diderot, 
and himself.§§ Here the idea of fourth dimension is dwelt 


* March 26, 1885, vol. 81, p. 481; ‘Four-dimensional space," by “8.” 

+ Jan.-June, 1895, vol. 12; “The time machine,” republished in book 
form, London, 1896. i ; 

+ “Ueber die darstellende Geometrie der Räume von vier und mehr 
Dimensionen, mit Anwendungen auf die graphische Mechanik, die graph- 
ische Lösung von Systemen numerischer Gleichungen und auf Chemie.” 
Vortrag, Math. naiurw. Mitt., Stuttgart (2), vol. 6, 1904, p. 44 ff. 
m BE GE bewegter Körper,” Annalen pe Physik, 1906, . 

. ; P. . D . 

| “Raum und Zeit,” Vortrag, gehalten zu Köln, am 21 September, 
1908, Leipzig, 1909. Numerous editions of this Vo have been pub- 
lished. other edition may be found in Gesammelte Abhandlungen von 
Hermann Minkowski, Bd. II, Leipzig u. Berlin, 1911, p. 431 ff. 

{ “‘Sull’elettrodinamica di Minkowski (Vettori e tensori di quattro 
dimensioni)," Palermo, Rend. Circ. Mat., vol. 30 (1910), p. 33 ff. 

** Zur Relativitätstheorie. I. Vierdimensionale Vektoralgebra,” 
Annalen der Physik, 1910, Bd. 337, p. 749 ff. 

tf E. B. Wilson and Ġ. N. Lewis, “The space-time manifold of rela- 
tivity. The non-euclidean geometry of mechanics and electromagnetica,” 
Proc. Amer. Acad. of Arts and Sciences, Nov., 1912, vol. 48, pp. 389-507. 

tt For biblio hies of the theory of relativity the reader may consult 
M. Laue, Das po D 2. Aufl., Braunschweig, 1913, and the 
article by J. Laub in the Jahrbuch der Radioaktivität und Elektrotechnik, 





$$ Encyclopédie ou Dictionnaire raisonné des sciences, des Arts et des 
métiers, par une societé de gens de Lettres. Mis en ordre et publié par 
M. Diderot . . .; et quant à la partie mathématique par M. d’Alembert 
..., tome IV, Paris, M. DCC. LIV, pp. 1009-1010; 3e éd., Livourne, 
tome IV, 1772, pp. 922-923; Encyclopédie méthodique, Mathématiques, 
par MM. d'Alembert, l'abbé Bossut, de la Lande, le Marquis de Condorcet, 
etc., tome I, p. 531, Paris, 1784. ere are several other editions which 
I have not seen. The same article may be found in all the editions above 
specified. It is signed by “O.” 2d'Alembert. 


M 
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upon more at length than by Lagrange, and d’Alembert attrib- 
utes the conception of time as a fourth dimension to “un 
homme d’esprit de ma connaisance.” 

It seems questionable that Lagrange, a youth of 18 years, 
was characterized in this way, even though he was in the 
following year appointed professor of mathematics in the 
Artillery School at Turin. But at least credit given Lagrange 
in this connection must, in the future, be rendered with small 
show of authority. : 

To give appropriate setting to what d'Alembert writes, I 
quote somewhat fully* from his article in question: 

“. . . On se sert particulièrement du mot dimension pour 
exprimer les puissances des racines ou valeurs des quantités 
inconnues des équations, que l'on appelle les dimensions de ces 
racines. . . ." | 

"Ainsi, dans une équation simple du premier degré; la 
quantité inconnu n’a qu'une dimension, comme qz = a + b. 
Dans une équation du second degré. ... " 

“En général on dit, en Algèbre, qu’une quantité comme 
abcd, abc, ab, etc. est d'autant de dimensions qu'il y a de lettres 
ou de facteurs dont elle est composée. Ainsi abcd est de quatre 
dimensions, abe de trois, etc. On sent assez la raison de cette 
denomination prise de la géométrie. Si, par example, les 
produisans ou facteurs a, b, c du produit abc sont representés 
par des lignes, le produit abc sera représenté par un solide ou 
parallelepipede (sic), dont l'une des dimensions est a, l'autre b, 
l'autre c; de méme le produit ab est de deux dimensions, 
parce qu'il peut représenter une surface ou figure rectangle de 
deux dimensions, a, b, etc. Au reste, il ne peut y avoir pro- 
prement que des quantités de trois dimensions; car passé le 
solide, on n'en peut concevoir d'autres. Qu'est-ce done que 
les quantités comme a‘, a, qu'on employe dans l'application 
de l'algébre à la géométrie? Ces quantités peuvent étre 
considérés sous deux points de vie, Ou la ligne a est repré- 
sentée par un nombre arithmétique, et en ce cas a! est le 
quatrieme (sic) puissance de ce nombre; ou bien on doit 
supposer a‘ divisé par une certaine ligne à volonté, qui réduise 
le nombre des dimensions à 3. Par example, soit af + oz 





In this connection reference should be given to the article “ Abmessung” 
by G. S. Klügel in his Mathomatisches Wörterbuch, I. Theil, Leipzig, 1803, 
where d’Alembert’s ideas are reproduced. . 

* In making the quotation “et” has been substituted for “&.” 
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+ 55 = 0, je dis que cette équation est la même chose que 
(a5 + azt + 05)/c? ='0, ce qui réduit les dimensions à trois.” 

“Remarquez qu’on peut toujours faire cette division; car, 
dans la géométrie, tout se réduit toujours à des équations. On 
ne considere (sic) a* que pour le comparer à quelque autre 
quantité de méme dimension; et il est visible qu'une équation 
continue d'avoir lieu, lorsqu'on divise tous ses termes par une 
quantité constante quelconque. Ou bien on peut regarder a 
et b dans l'équation comme des nombres, qui soient entr'eux 
comme les lignes représentées par a et b, et alors v sera un 
nombre, et on n'aura que faire de division. Cette manière 
de considérer les quantités de plus de írois dimensions, est 
&ussi exacte que l'autre; car les lettres algébriques peuvent 
toujours étre regardées comme représentant des nombres, 
rationels ou non. J'ai dit plus baut qu'il n'étoit pas possible 
de concevoir plus de trois dimensions. Un homme d'esprit 
de ma connaissance croit qu'on pourroit cependant regarder 
la durée comme une quatrieme (sic) dimension, et que le 
produit du tems (sic) par la solidité, serait en quelque maniere 
(sic) un produit de quatre dimensions; cette idée peut être: 
contestée, mais elle a, ce me semble, quelque mérite, quand 
ce ne servoit que celui de la nouveauté." 


BnowN UNIVERSITY, 
PRovIDENCE, R.I. 
December 26, 1918. 


THE DISCOVERY OF INVERSION. 


Über Bizentrische Polygone, Steinersche Kreis- und Kugelreihen 
und die Erfindung der Inversion. By F. BÜTZBERGER. 
B. G. Teubner, Leipzig, 1913. vii + 60 pp. 

As indicated by the title, this interesting monograph consists 
of three chapters in which Professor Bützberger presents the 
results of a critical and historical investigation on bicentric 
polygons, Steinerian series of circles and spheres, and the 
discovery of inversion. 

The first chapter treats of polygons which are simultaneously 
inscribed to one and circumscribed to the other of two non- 
intersecting circles in a plane. The conditions for closure of 
such polygons have been investigated by Poncelet, and it is 
for this reason that they are frequently called Poncelet’s 
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polygons. Jacobi, as is well known, gave an elegant solution 
‘of Poncelet's problem by means of elliptic functions and this 
is still the best method not only for this but also for a great 
number of other problems of closure. Bützberger’s method is 
very direct and elementary and aims to follow the trail which 
presumably led Steiner to the equations between the radii 
and the distance e between the centers of two circles with the 
property of closure, of which one with radius r encloses the 
other with radius p. In case of such enclosure the correspond- 
ing rectilinear polygons are called bicentrie. When e— 1 
and r — 2, the equations have the remarkable property that 
the sum of their coefficients is always unity. The equation 
for a polygon of eight sides, for example, is 


8704p — 2304055 + 3693694 — 29160p? + 6561 = 0, 
and the sum of the coefficients is 
52201 — 52200 — 1. 


In the second chapter we find a discussion of Steiner's series 
of circles and spheres. Most of the problems connected with 
these series have been studied by a number of geometers and 
by various methods, and there is practically no new ground 
covered in this part of the book. 

It seems that the author is not familiar with some recently 
establishetl properties of closure in connection with linkages. 
For example, all problems concerning Poncelet’s polygons 
(making use of inversion) and Steinerian series result as special 
cases from the theorem: 

. If each pair of consecutive circles of a series of circles which all 
touch two circles C1 and Cs, of which C2 encloses C3, intersect in 
two points B; and B; and if the points Bi, Bo, Bs, --- are on a 
circle Cs, then the points By’, By’, Bs’, --- are also on a circle C4. 
If the series of circles closes and contains n circles, then every 
other series based upon the same circles Ci, C2, Cs closes and 
contains n circles.* , 
^ * This theorem was found by the writer in 1901. See “An application 
of elliptic functions to certain linkages," in Annals of Mathematics, 2d 
series, vol. 2; also “Applications of elliptic functions to problems of closure," 
University of Colorado Studies, vol. 1, pp. 81-133 (1902); and “ Kinematische 
Gelenksysteme und die durch sie erzeugten geometrischen Transforma- 
tionen," Jahresbericht der Kantonsschule, Solothurn (1907). 

In an article “On circular transformations," Annals of Mathematics, 
vol. 12, pp. 141-160 (1899), most of the ordinary problems in Steinerian 
series are proved in a simple manner. ^" 
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The third chapter, in which an account of the discovery of 
inversion (transformation by reciprocal radii) is given, is in 
our judgment the most important. 

After the death of Steiner in 1863, his unpublished manu- 
scripts, letters, and scientific fragments were deposited in the 
city library of Bern, where 30 years later Professor Graf 
rescued them from oblivion. He turned them over to Pro- 
fessor Biitzberger for critical study and eventual publication. 

As early as 1826 Steiner had nearly finished a manuscript 
of 360 pages, ready for print, on “Allgemeine Theorie des 
Beriihrens und Schneidens der Kreise in der Ebene, der 
Kugeln im Raum, und der Kreise auf der Kugelfliche, mit 
vielen neuen Sätzen und Untersuchungen in einem systema- 
tischen Entwicklungsgange dargestellt.” 

According to Biitzberger, after the publication of this work 
and Steiner’s explicit statement of the principle of inversion, 
dated February 8, 1824, and published on pages 50-55 of the 
work under review, there cannot be the slightest doubt that 
it was Steiner who first established and applied what Liouville 
in 1847 called the transformation by reciprocal radii. From 
the nature of a great number of remarkable theorems published 
by Steiner in the early volumes of Crelle’s Journal it had long. 
been suspected that Steiner was familiar with this transforma- 
tion and made extended use of it. Plücker's insinuation in an 
article published in the same journal, where he gave an analytic 
proof of Steiner’s famous solution of Malfatti’s problem and its 
generalization, that Steiner had probably no proof for his 
construction, was manifestly unfair. It simply shows that 
Pliicker had no conception and consequently no appreciation 
of the great power and originality of Steiner’s methods. 
Steiner on the other hand disdained as "caricatures" some 
- trivial applications which Plücker and also Magnus made 
of the principle of inversion. 

In the following decades the same transformation was found 
independently by several investigators: By Bellavitis* in 
1836, by J. W. Stubbst and J. R. Ingramt in 1842 and 1843 
and by William Thomson§ (Lord Kelvin) in 1846. 


* Annali delle Scienze, Padova, vol. 5p 126. : 
1 Philosophical Magazine, vol. 23, pp. 38-347. The title of the paper 
referred to 1s “On the ap lication of a new method to the geometry of 
curves and curve surfaces.” January 31, 1843. 
A te of the Dublin Philosophical Society, vol. 1, 1842-43. 
Journal de Mathématiques pures et appliquées, vol. 10, pp. 364-367, 
“Extrait d'une lettre de M. William Thomson”; vol. 12, pp. 256-290, 
“extrait de deux lettres addresses à M. Liouville,” 1846 
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The little book is carefully and clearly written and contains 
only a few minor errors. On page 58, second line from bottom, 
read “Nouvelle méthode" instead of “Nouvelles Méthodes." 
On the next page read J. W. instead of J. J. Stubbs. The 
reference to J. W. Stubbs and J. R. Ingram is ambiguous. 
In the Philosophical Magazine Stubbs does not make the least 
reference to Ingram, and evidently claims priority of the 
discovery. 

ARNOLD EMcn. 


SHORTER NOTICES. 


Poliedri, Curve e Superficie secondo à Metodi della Geometria 
descrittiva. By Gino Lorra, professor of mathematics at 
the University of Genoa. Milan, Ulrico Hoepli, 1912. 
(Manuali Hoepli, nos. 148-149.) xv + 235 pages and 62 
figures. 

Vorlesungen über darstellende Geometrie. Zweiter Teil: An- 
wendungen auf ebenflüchige Gebilde, Kurven und Flüchen. 
By Gmo Loru. Autorisierte, nach dem italienischen 
Manuskript bearbeitete, deutsche Ausgabe, by Fr. SCHÈTTE, 
teacher in the gymnasium at Düren. (Teubner’s Samm- 
lung, no. XXV:.) Leipzig and Berlin, B. G. Teubner, 1913. 
xii + 294 pages and 146 figures. 

THE present volume of Professor Loria’s treatise presupposes ' 
a knowledge of the previous one (Metodi di Geometria de- 
scrittiva). It is concerned with the applications of the prin- 
ciples there developed to the graphical representation of 
polyhedra, curves, and surfaces. The style is clear and concise, 
and each step of a procedure is fully explained, but the 
theorems of analytical geometry and of the calculus that are 
made use of are stated without proof or reference, thus provid- 
ing a series of statements having very questionable value. If 
the reader is already familiar with these theorems, they need 
not be repeated here; if he is not familiar with them, the 
words will convey little, if any, meaning to him. 

The first chapter is concerned with the graphical solution 
of spherical triangles, incidentally including the derivation of 
the fundamental formulas of spherical trigonometry. The 
next two chapters discuss the representatiod of prisms, pyra- 
mids, and polyhedra, together with theis development and 
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intersections. The method of Monge is given the preference, 
but other methods are given in outline. The chapters on 
plane and on space curves both begin with a summary of 
definitions, including order, class, tangent, parametric repre- 
sentation, double point, osculating plane, etc. Then follow 
various empirical methods of constructing tangents and 
-osculating planes. In connection with the method of central 
projection is found a particularly clear exposition of the 
relations between a space curve and its plane projection. 
Pliicker’s formulas connecting the characteristics of plane 
curves are presupposed, but no mention is made of the corre- 
sponding formulas for space curves. The only curve treated 
in detail is the cylindrical helix. 

The third part, comprising about three fifths of the volume, 
is devoted to surfaces. As in the preceding cases, the dis- 
-cussion is preceded by a very condensed outline of the theory 
of surfaces. Three methods of representation are given; that 
of Monge, the central. projection, and that of lines of equal 
height. It is shown that the first and second both contribute 
to the study of the apparent contour, but the third method is 
treated in much greater detail. The well-written chapter on 
surfaces of revolution employs the method of Monge almost 
exclusively, and is very similar to the treatment given in the 
better courses in descriptive geometry in our own technical 
schools. The discussion of helicoids is rather more analytic 
than graphic, and is confined to the simpler properties. The 
chapter on conical and cylindrical surfaces follows the usual 
development by the method of Monge, though a few interesting 
applications are made of conical projection. 

Of the nine pages on developable surfaces, less than three 
are concerned with graphical problems; the remainder is 
properly devoted to a development, not merely an enumera- 
tion, of the characteristic properties of these surfaces. The 
discussion employs synthetic, algebraic, and analytic methods. 
The last chapter, on non-developable ruled surfaces, gives a 
briefer outline of the general theory, but proves in detail the 
correlation of Chasles. After showing that every algebraic 
ruled surface can be generated by the rectilinear transversals 
of three directrix curves, the graphical discussion is confined 
-to the case in which one directrix is a straight line, in par- 
-ticular to helicoids and conoids. 

The figures are well drawn and: the type is excellent; a 
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reader would find the text easier to follow, however, if greater 
use had been made of captions, full-faced type, and inden- 
tations. 

A few typographical errors occur, but most of them will not 
cause confusion; the only more serious ones are in the foot-note 
on page 203, the displayed generatrici on page 208, which 
should read direttrici, and the use of the word incontrano on 
page 209, line 20, word 6 for toccano. 


The German volume is not a translation of the Italian one, 
although it has the same title and follows in a general way the 
same development. It is much more extensive, makes more 
extensive use of algebraic methods, has a larger number of 
figures, and a larger variety of displayed formulas, theorems, 
and problems. 

The resolution of the problems of trihedra and of spherical 
triangles is quite similar to the Italian text; the discussion of 
polyhedra includes the derivation and use of Euler’s formulas, 
and a number of exercises for the reader. But the greatest 
change is found in connection with the treatment of curves and 
surfaces. Instead of the embarrassing brevity noted above, 
we here find a veritable treatise, almost exclusively from the 
analytic standpoint. The general theory is followed by a 
description of several algebraic and transcendental curves, 
in particular the cycloids and spirals. The graphical repre- 
sentatiot by means of approximations closely follows the 
Italian text. 

In the case of space curves formulas for curvature, torsion, 
and the relations between a space curve and its plane projection 
are derived. 

The ratio of the material is about the same through the 
remainder of the volume. It seems odd that it was thought 
necessary to speak in such detail of quadric surfaces after 
developing so large a number of formulas for surfaces defined 
by any analytic function, but the outline of the treatment of 
the intersection of two quadrics is too brief and too difficult 
to be of greatest service. The chapter on cones and cylinders 
skillfully combines the usual graphical representation with 
algebraic and analytic proofs, thus removing the objection to 
the more frequent empirical procedure. 

Ruled surfaces and developables precede surfaces of revolu- 
tion; the discussion is more detailed and somewhat more 
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extensive, yet follows the same line as in the Italian text. 
The traditional treatment of surfaces of revolution follows 
the derivation of the general equation and of a number of 
characteristic properties, including illustrative examples of 
` the ring surface. 
The volume closes with a discussion of helicoids, each : 
problem being introduced by & detailed analytic treatment. 
No applications to shades and shadows or to other technical 
~ uses are made, the authors pointing out that such things 
would only act as a digression from the purpose of the book, 
which is to provide a theoretical development, suitable for 
teachers rather than for practitioners. A generous number of 
foot-notes give the origin of the important theorems and 
considerable other interesting information. A third volume 
‘is in preparation, which will give a systematic history of the 
development of the subject, and is to contain a detailed index 
of all three volumes. 
' VIRGIL SNYDER. 


Vorlesungen über Diferential- und Integral-Rechnung. Von 
EMANUEL CzuBER. Dritte, sorgfältig durchgesehene Auf- 
lage. I Band, xiv + 605 pp., II Band, x + 590 pp. 8vo. 
Leipzig, Teubner, 1912. 12 Mks. each. 


Ir is scarcely necessary to review these well known volumes 
at great length. Professor Czuber writes in a clear,and con- 
vincing style and his treatment of the processes of the calculus 
and the applications is classic. 

The second volume of the second edition was reviewed for 
the BULLETIN by the present writer, May, 1909 (volume 15, 
pages 392-395). No occasion has since arisen for changing 
the views there expressed. 

The two volumes contain much more material than is 
ordinarily included in the elementary and advanced courses in 
the calculus as given in this country. The first volume con- 
tains an excellent basis for an elementary course in differential 
geometry and nearly one third of the second volume is devoted 
to differential equations and their applications. 

The principal changes from the second edition may be 
briefly noticed. The first volume of the third edition con- 
tains a treatment of roulettes, focal lines, or caustic curves 
in the plane, and loxodromes on surfaces. These curves were 
not considered in the second edition. The first volume is also 
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increased in several other less important particulars; e. g., 
Delaunay's theorem concerning the meridians of surfaces of 
revolution of constant mean curvature has been added to the 
articles on the curvature of surfaces. 

The second volume of the third edition has been increased 
and improved principally in the part devoted to differential 
equations. In particular, the section devoted to the calculus 
of variations has been entirely rewritten and brought into 
closer touch with recent work in this subject. Also a section 
(87) has been added treating of curvilinear integrals and 
integrals of functions of a complex variable. ‘The section adds 
but nineteen pages of new material and the treatment is 
limited to the outlines of the theory. 

It is not too much to say, in conclusion, that the two volumes 
under review form an almost invaluable addition to the 
library of the teacher of the caleulus whether from the point 
of view of clear and concise statement, or from that of content. 
It may not be out of place, in this connection, to call attention 
to the straightforward and rigorous treatment of the funda- 
mental limit 


lim (1-- 1/n)"=e 


in article 30 of the first volume, in comparison with the some- 
what apologetic tendency exhibited in some of our modern 
texts on the calculus to avoid the use of this limit. One may 
doubt the expediency of presenting all the details of the proof 
employed by Professor Czuber in a first course in the calculus, 
but such a doubt scarcely necessitates the use of bizarre, or 
non-consistent methods. 
L. WAYLAND Dowrrwa. 


Lezioni di Geometria proiettiva ed analitica. Di EDGARDO 
CIANI, Professore nella R. Università e nella R. Scuola 
Navale Superiore di Genova. Pisa, Enrico Spoerri, 1912. 
v+525 pp. 

THE plan of replacing the traditional introductory courses 
in cartesian geometry and in synthetic projective geometry 
by one set of lectures covering the elements of both subjects 
is not new to Italian universities. In 1888, through the 
initiative of Cremona, the faculty of mathematical and 
physieal sciences of the University of Rome sanctioned such a 
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course for the first year students. Texts for these courses 
are not so plentiful as those presenting only the elements of 
the classical analytical geometry. There is opportunity for 
diversity of opinion as to the subject matter, for obviously 
such a course must omit much. But a greater difficulty is 
that of presenting the two methods so that the student not 
only obtains clearly defined ideas of each but also grasps the 
relations between them and gains some judgment in selecting 
the method better suited to any particular problem. Perhaps 
the best known of the texts that have already appeared is 
that of G. Castelnuovo.* 
. The work under review was written especially for the engi- 
neering students, who constitute the majority of the author’s 
hearers, at the University and the higher naval school of 
Genoa. One feature that distinguishes it from other texts 
of its kind is the absence of all mention of homogeneous co- 
ordinates. This omission is made deliberately because the 
-author thinks that their use would be premature in the first 
year of study. He realizes, too, that many well drawn 
figures and an abundance of carefully selected exercises are 
necessary for an introductory course. He furnishes two 
hundred of the former and about three hundred of the latter. 
In the first three chapters the author follows the general plan 
of Castelnuovo (1904-5) and A. del Ref in beginning with a 
chapter on the fundamental notions of projective gepmetry and 
following that by two on the analytical geometry and pro- 
jectivity for forms of one dimension. The material is well 
chosen and is presented in a simple and attractive manner. 
Plane geometry is dealt with in the next eleven chapters. 
The first is on cartesian coordinates, the usual equations of 
the straight line, distance from point to line, etc. Then the 
author departs from the old order of circle, parabola, ellipse 
and hyperbola. Instead, he attacks the general conic, be- 
ginning with a detailed treatment of its generation by two 
projective pencils of rays. After calling attention to the 
ancient Greek conception of these curves, he returns to car- 
tesian coordinates and deduces the analytical representation 
of the conic. In the next chapter he studies in greater detail 
the principal analytical properties of the general quadratic 
equation in two variables and gives their geometrical inter- 
* Lezioni die Geometria analitica, Roma, 1903-1909. 
1 Lezioni di Geometria proiettiva ed analitica, Modena, 1900. 
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pretation. Then follow chapters on the problem of construct- 
ing a conic when certain tangents or points are given; the 
theory of polarity with reference to a conic; the diameters, 
axes, center and foci; points common to two conics; the usual 
higher plane curves; ‘projectivity for forms of two dimensions 
and projective geometry on a conic. 
The book is concluded by eight chapters on solid geometry, 
—chiefly analytical. 
; E. B. COWLEY. 
Transcendenz von e und m. Ein Beitrag zur höheren Math- 
ematik vom elementaren Standpunkte aus. Von GERHARD 
HESSENBERG. Leipzig, B. G. Teubner, 1912. x4-106 pp. 
Ir is well known that in approaching the proofs of the tran- 
.scendence of e and , either in the original form of Hermite 
and Lindemann, or in the simplified presentations of Hilbert, 
Hurwitz, and Gordan, the beginner experiences great difficulty 
‘in grasping the significance of such suddenly introduced 
artifices as the Hermite integral or the Hilbert polynomial. 
After some introductory remarks on the “ Deus ex machina " 
‘appearance of these artifices, the author presents some general 
reflections, abounding in pedagogical good sense, on “ proofs 
by successive specialization " and “indirect proofs." His 
point of departure in presenting the proofs—which are in 
'substance*hose of Hilbert, Hurwitz, and Gordan—is found in 
the problem of &pproximating the exponential function by 
means of the n first partial sums of its power series, each of 
these sums being weighted i in the sense of the method of least 
squares. In the reviewer's opinion, this mode of presentation 
should prove natural and plausible to the beginner. All 
auxiliary propositions (on the rational and exponential func- 
‘tions and on algebraic numbers) are clearly and fully set forth 
in such a manner as not to obscure with their details the main 
line of thought in the transcendence proofs, the numbér- 
theoretic and analytic features of which are kept well apart. 
The preceding developments lead very naturally up to a 
proof of Lindemann's general theorem on the non-vanishing 
of a linear aggregate of exponentials with unequal algebraic 
‘numbers as exponents and non-vanishing algebraic numbers 
as coefficients. 
This little book is written in a vigorous and pleasing style, 
.as remote from academic dryness as possible without sacrifice 
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of rigor, and its clever handling of & pedagogically difficult 
subject should recommend it to teachers of mathematics. 
T. H. GRONWALL. 


Vorlesungen über Variationsrechnung. Von Oskar Borza. 

Leipzig, B. G. Teubner, 1909. ix+795+10 pp. 

Tuis book is a revised and considerably enlarged German 
edition of the same author’s “ Lectures on the Calculus of 
Variations,” Chicago, University Press, 1904.* 

In Chapter I, entitled “ The first variation in the simplest 
class of problems,” the author, after some introductory remarks 
on the scope of the calculus of variations, starts by explaining 
his system of notations, which is exceedingly precise and con- 
sistent, although it would seem to the reviewer that a some- 
what less elaborate system would have made the book easier 
to read without any sacrifice of rigor. The classical results in 


the theory of the first variation of the integral f f(z, y, y)d« 


x 
with fixed and variable end points are set forth, including 
Euler's differential equation and Du Bois-Reymond's lemma. 
The proof for the latter given on page 28 is due to Hilbert; it 
would perhaps have been more appropriate to give the proof 
of Zermelo (Mathematische Annalen, volume 58 (1904), page 
558), which is unsurpassed in simplicity, brevity, and elegance. 

Chapter II, “ The second variation in the simplest class of 
problems,” contains the Legendre and Jacobi criteria; the 
exposition, excellent already in the English edition, is even 
better in the present book and stands forth as a model of 

` clearness and precision. Chapter III, “ Sufficient conditions 
in the simplest class of problems,” deals with the conditions 
for a weak minimum, the construction of a field of extremals, 
Weierstrass’s expression for the second variation in terms of 
the E-function, which is here introduced by means of Hil- 
bert’s invariant integral, and various conditions for the exist- 
ence of a strong minimum. 

Chapter IV, “Auxiliary theorems on functions of a real 
variable,” contains various lemmas on implicit functions and 
existence theorems for differential equations, preparatory to 
Chapter V, “ Weierstrass’s theory of the simplest class of 
problems in parametric representation,’ which treats anew, 


* Reviewed by E. R. Hedrick in BULLETIN, vol. 12 (1908), pp. 80-90. 





1914. ] SHORTER NOTICES. 423 


in parameter form, the topics dealt with in Chapters I-III 
besides bringing some new developments, chiefly Osgood's 
theorem. Chapter VI, “ The case of variable end points,” 
uses the parameter form and contains results due to Weierstrass, 
Kneser, and Bliss. : 

Chapter VII, “ Kneser’s theory,” gives an exposition of 

. Kneser's method of generalized geodetic coordinates, and 

Chapter VII, “Discontinuous solutions," presents the 
results due to Weierstrass, Erdmann, and others. 

Chapter IX, “ The absolute extremum,” proves the exist- 
ence, according to Hilbert and Caratheodory, of an absolute 
minimum in cases where the function under the integral sign 
is positive for all possible values of dx/ds and dy/ds. Chapter 
X, “Isoperimetric problems," gives an exposition of the 
classical results, as well as those due to Weierstrass and 
Kneser, which are completed by the more recent researches 
of Lindeberg. 

Thus far, the topics presented are all treated, although in a 
less complete fashion, in the English edition; the following 
chapters, however, are new. Of these, chapters XI, “ The 
Euler-Lagrange multiplicator method," and XII, “ Further 
necessary conditions, as well as sufficient ones, in the Lagrange 
problem," give a very complete and lucid presentation of the' 
results hitherto obtained in the difficult problem of minimizing 
an integra] containing n unknown functions subject to any 
number of accessory conditions. 

Chapter XII, “Elements of the theory of the' extrema 
of double integrals," gives a first introduction to this largely 
unexplored field, and the book closes with an index and an 
appendix containing an enumeration of the principal defini- 
tions and theorems, used throughout the book, concerning 
functions of & real variable. 

The literature references are quite exhaustive, and the 
numerous exercises at the end of the chapters constitute, 
together with the illustrative examples given in the text, a 
practically complete collection of all special problems to be 
found in the literature since the days of Euler, thereby en- 
hancing the value of this volume as a reference work. 

To conclude: the book under review is a standard work of 
the highest merit, and will undoubtedly render still greater 
services to the investigators in this field than the English 
edition has already done. 

T. H. Gronwatt. 


424 | SHORTER NOTICES. [May; 


Das Wissen der Gegenwart in Mathematik und Naturwissen- 
schaft. By Earm PrcARD. Authorized German edition von 
F. und L. LiNpEMANN. Leipzig und Berlin, B. G. Teub- 
ner, 1913. 8vo. iv+292 pp. 


Tas volume has for its prime object a sweeping survey of 
the state of the various sciences at the beginning of the 
twentieth century, with the intent of making very prominent 
the capital importance of what the scientist calls “theories.” 
Their significance for the advance of science and what they: 
may rationally be expected to yield is the subject for discussion. 
In addition to these, the rôle that the “ concept ” has to play, 
its yielding character under the influence of new facts and of 
the progress of new thought, is to be kept prominently in 
the front as one of the main features of the discussion. Science 
is viewed as an asymptotic approximation towards knowledge, 
the convergence of which is an undemonstrable postulate and 
may become as slow as that of certain series. The value of 
science is due to the fact that it is the child of the indissoluble. 
marriage of the beautiful and the useful. Just as Carnot in 
studying heat-engines founded ‘the science of thermody- 
namics, and  Sainte-Claire-Devile in studying. platinum 
founded the science of chemical mechanics; or on the other 
hand, as Newton in writing the Principia made it possible for 
navigators to sail unknown seas in greater security, or Ampère 
and Faraday with their interest in the action of curtents upon 
currents.made the modern electric power station a possi- 
bility; so in all ages science has proceeded from two parents: 
the love of order and harmony in thought, and the desire for 
those useful invéntions that would make life more comfortable 
and powerful. . 

The book is practically a translation of Picard’s La Science 
moderne et son Etat actuel, but the Introduction has been 
condensed and modified, and the first chapter has had some 
changes. In our judgment the Introduction to the original 
could very profitably have been kept, inasmuch as it states 
in a more definite way the exact point of view from which the 
subject is to be examined. We will therefore extract some- 
what from this original source in order to show the capital 
importance of the book itself for all thinkers, and particularly 
for those who are inclined to yield to the seductions of a certain 
will-o’-the-wisp, which lures them to hunt for an ultimate and 
completely finished philosophy of the universe. : 
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After stating that it is not possible to go deep into the 
questions that arise with regard to science without analysing 
the manner in which we acquire knowledge, the author points 
out that the only source of knowledge is the flowing stream of 
consciousness. The phenomena separate into two classes, 
those which come into our consciousness through our senses 
and which our will is not sufficient to give birth to; and those 
which arise without the intermediation of the senses, as thought 
and memory. Thus we have the vague notions of the exterior 
and of the interior worlds. ‘Through experience and the use of 
many organs under the action of the will, the illusions of 
sense are eliminated, and the residue of the exterior world we 
call the real. This involves also the appreciation of certain 
invariable relations between a first sensation and those we can 
cause to follow it. This real must also be considered as it is 
viewed by society, in particular by that part of society which 
is made up of those called sane. These invariant relations 
depend upon successive experiments of growing precision, and 
become the more valuable in proportion as they permit us 
to predict with greater certainty. Among these invariants 
arising from the exterior real we find certain ones that are 
independent of ourselves, others that depend upon us: the 
objective elements and the subjective elements. Among those 
that are objective some are constant in such a way as to give 
us the idea of thing, others are variable, like motion or position. 
Among the subjective elements there are some from which we 
abstract certain parts, forming concepts. These concepts are 
. not absolutely rigid, but are subject to modification from new 
facts or from a sharper distinction of objective and subjective 
elements. The important point is that concepts are funda- 
mental in the genesis of science, and scientific knowledge tends 
to development by their means, but their arbitrariness shows 
the presence of the human mind working upon the data of 
experience. In this connection logic is seen to be an admirable 
instrument, powerless to create, but powerful to transform 
concepts and bring out their unexpected consequences, thus 
leading us frequently to more extended concepts or to more 
general hypotheses. We come also to believe in laws of 
nature under the impulsion of our esthetic feeling and from 
our observation of the practical utility of such a belief. It is 
hopeless to attempt to demonstrate the principle of causality, 
but nevertheless we act as if it were true, and come to the 
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expected result. À system of concepts associated with laws 
or particular facts and transformed by convenient deductions, 
laid upon the framework of certain hypotheses, so as to produce 
a stable structure, is a scientific theory. The arbitrary char- 
acter of the concepts is accentuated in the more arbitrary 
character of the hypotheses, and it often happens that the , 
complieated network of concepts, facts, hypotheses, and. 
reasonings of two very different theories will account equally 
well for a given group of phenomena. We can always make 
a theory agree with a set of phenomena by modifying the 
concepts and altering the hypothesesinthe right manner. But 
we are under the guidance of a desire for simplicity and 
harmony, in all modifications. 

It is thus evident that the human mind in large part creates 
science, and that the concepts we use and the hypotheses we 
connect them together with, are our own invention. And 
although these are conditioned in a serious way by the ob- 
jective world, yet the hope of an ultimate purely objective 
science is a chimera, for science is measured by our own capa- 
bilities and will always be dependent upon our relations to the 
external world. ' 

In consequence of the nature of science the different fields 
in which investigators’ are working must continually tend 
towards union with each other and the consequent revision 
of concepts, hypotheses, and principles. Physics andchemistry 
have produced physical chemistry, and the greatest suitor 
for the hand of the latter today is biology. One becomes a 
little frightened when he contemplates the breadth of learning 
that the investigator of the future in any one field must possess, 
_ for he may have to be acquainted with all fields of scientific 
learning. Even technique is becoming a complex faculty 
and years of practice are inevitable for the successful ex- 
perimenter. Further the need of cooperation is increasing 

daily, so that we find mathematicians and physicists, chemists 
' and physiologists, biologists and psychologists, all combining 
forces. The schools of applied science furnish not only prob- 
lems but facilities to the pure scientist. In the near future 
it is evident that national and international cooperation and 
support for the advance of science not only will be seen to be 
desirable, but will be necessary. 

It is obvious therefore that a book like this is one that no 
student of science should fail to read, and. be ought to have’ ` 
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it on his shelf. We would be glad to see the day when every 
candidate for the doctorate would be subject to examination 
on such a text. We will welcome the day when one course at 
least is given in every university, and required of all graduate 
students, in this survey of all the sciences, their history, 
progress, and present state as to methods, principles, and 
correlations. 

A word as to the contents of the book is all that is necessary, 
as no briefer account of it can be given than the text itself. 
The opening chapter is on the development of mathematics 
and its relation to the other sciences. This is followed by 
chapters on Mathematics and astronomy, Mechanics and 
energetics, The physics of the ether, The physics of matter and 
chemistry, Mineralogy and geology, Physiology and biological 
chemistry, Botany and zoology, Medicine and bacteriology. 
Explanatory notes by the translator close the book, and these 
will be welcomed by the careful student. 

Anything from the pen of Professor Picard will bear the 
mark of that perspicuous thinker, and this difficult piece of 
work is no exception. Moreover the style is so charming that 
one finishes reading it with satisfaction that scientific ex- 
position can still be done so perfectly. 

JAMES BYRNE SHAW. 


Maxima und Minima in der elementaren Geometrie. Von 
Ruporr Sturm. Leipzig and Berlin, B. G. Teubner, 1910. 
v+138 pp. 

In this book, the author makes use of nothing but elementary 
geometry and trigonometry, the latter being used in proving 
a few of the theorems. The first two theorems in the book 
are arithmetical, namely: 

(1) Of n positive numbers whose product is given, the sum 
is smallest when the numbers are equal. 

(2) If the sum of n positive numbers is given, the product 
is greatest when the numbers are equal. 

These two theorems are the basis of quite a number of 
proofs on areas and perimeters of polygons. When the problem 
under consideration can be reduced to a sum or product with 
the necessary restrictions, the maximum or minimum values 
follow readily from (1) or (2). With all the possible combi- 
nations of restrictions on the sides and angles of a triangle, 
the author has déalt in detail. Polygons both regular and 
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irregular, polygons circumscribed about a circle or inscribed 
in a circle, also figures bounded by straight lines and arcs of 
circles, all are examined in regard to their forms when their 
areas or perimeters have maximum or minimum values. Pairs 
of right triangles are also treated in a few special cases. The 
sum of the distances and the sum of the squares of the dis- 
tances of a point from n points in a plane is minimized and ` 
some interesting conclusions are drawn. The theorem is given 
for the sum of the hth powers of the distances when n = 3. 
The minimum perimeter is found for a triangle inscribed in a 
given triangle and for & quadrilateral inscribed in a quadri- 
lateral that is inscribed in a circle. There are several quite 
unexpected results in connection with this problem. 

Part two treats of solid geometry. Prisms and tetrahedrons 
are studied in the same detail as the triangles in part one. 

In most respects the book reads very smoothly. The 
number of very slightly different cases treated makes some 
parts of it almost tiresome, but the detail is no doubt justi- 
fiable. On the other hand, one finds a severe brevity of 
statement in some places, but these are rather few. Typo- . 
graphical errors are not many, but the following may be noted: 
near the bottom of page 15, read U — 2c for U — 2C. In 
line 4 from the bottom of page 18, read “innerem” for 
* &usserem." Just below theorem 57, page 41, read p > p'. 
In the middle of page 47, read 60 for 69. In the frst line of 
§ 6, page 51, read 43 for 41. The value of ABCD on page 73 
is incorrect. In the value of Z OB, page 75, read C2B102 
for BıCı02 and CBO for BCO. In the value for A:B1', page 
86, 81 and By’ are somewhat confused. On page 114, opposite 
figure 30, read B for Bi. On page 30, the author seems not 
to notice the possibility of C + D being equal to 180° but this 
does not vitiate his conclusions. 

J. V. McKezvey. 


Advanced Shop Mathematics. By Earte B. Norris and 
Rapa T. Craıco. New York, McGraw-Hill Book Com- 
pany, 1913. xi+214 pp. 

Tms volume presents the second half of the instruction 
papers in shop mathematics as developed and used in the 
extension division of the University of Wisconsin. The 
. intention of the authors as stated in the preface is “ to present 
such of the principles of algebra, geometry, trigonometry and 
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logarithms as have been found to be of practical value in the 
' shop, showing some of the better known applications and 
making the presentation as practical as possible." The 
statement is made that the course has proved to be “a good 
mathematical preparation for advanced technical study." 

It has been of interest to the reviewer to note the ability 
with which the mathematical difficulties have been overcome 
by a clearness and simplicity of statement and style. Proofs 
are almost entirely absent. The purpose is to show how things 
are done. Formulas are given ex cathedra with a ^ this is so ” 
accompaniment. The uses of algebra, geometry, and trigo- 
nometry are displayed to the reader, with the evident intention 
of arousing interest in one who has not pursued the usual 
elementary courses. It would seem, however, that the scope 
of the book would be inadequate as a basis for “ advanced 
technical study." 

As an example of text books intended for technical high 
schools, and as indicating the mathematical training which in 
the near future a number of candidates for admission to 
college will undoubtedly offer, the volume is of exceptional 
interest. 

The direction to “ scribe an are ” is novel and the construc- 
tion given on page 84 for a flat circular arc results in an ellipse. 

Percer F. Surrm. 
Wahrscheinlichkeitsrechnung. Von E. CzvBER. Zweite Auf- 
lage in zwei Bänden. I. Band: Wahrscheinlichkeitstheorie, 

Fehlerausgleichung und Kollektivmasslehre. 1908. x+410 pp. 

II. Band: Mathematische Statistik, Mathematische Grund- 

lagen der Lebensversicherung. 1910. x+470 pp. B.G. Teub- 

ner, Leipzig und Berlin. : 

Tuts is the second edition of the well known work of Czuber 
on probability. If material for a course is wanted, possibly 
no better reference could be given than to these books. The 
first volume contains the general theory with such applica- 
tions as are mainly of mathematical interest. At the end 
of this volume are four and seven place tables of the proba- 
bility function and a four place table of its derivatives. The 
second volume contains the applications to questions of 
statistics and insurance with tables relating to those topics. 

In the first volume occurs a series of problems continuously 
numbered and solved as applications of the theory. In this 
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list occur the most interesting of the classical applications. 
The volume begins with a discussion of probability in finite 
sets of events, illustrated by games of chance. This is followed 
by a section on geometrical probability, a subject to which the 
author has given considerable attention in another publication. 
To one who is mainly interested in the application of the theory 
to problems of physics the non-existence of any definite cri- 
terion for equal probability in these cases makes this the most 
questionable part of the subject. In games of chance the 
equally probable cases are fairly obvious and so one is not 
much surprised that the theory agrees with the average results 
of actual play. But in such cases as the needle problem of 
Buffon the agreement of experiment and theory seems mainly 
to prove that in the solution of the problem the choice of 
equally probable events has been a physically sound one. A 
theory justifying this choice on mechanical grounds would be 
interesting. 

In the next section occur the theorems of Bernoulli and 
Poisson. In this part we would like to see applications using 
larger numbers, and thus approximating more nearly the 
conditions of atomic physics. Such illustrations as that given 
by Perrin, where the probable interval between two successive 
cases of a brick jumping of its own accord as high as the second 
story of a house is expressed in years by a number of billions 
of figures, show more clearly than these game problems how 
a universally observed occurrence (i. e., the failure of a brick 
thus to jump) may be the result of chance. 

The second part of this volume contains the applications of 
the theory to the correction of observations. Here we have 
the usual discussion of the method of least squares well 
illustrated by tables of data. 

A third part is devoted to a more recent topic, Kollektiv- 
masslehre. This subject developed by Fechner, Lipps, and 
Bruns, has for its object the study of Menge of similar objects 
which can be arranged relatively to some numerically ex- 
pressible characteristic. In this study occur a distribution 
function showing the relative density of the ensemble at each’ 
value of the characteristic and a sum function giving the 
percentage of the objects whose characteristics fall below a 
given value. A series is obtained expressing the sum function 
in terms of the probability function and its derivatives, and 
means are given for the calculation of the coefficients in this 
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serles. If all the coefficients after the first are zero, the dis- 
tribution follows the law of Gauss. lf some of them are not 
zero, there is a variation from this simple law. The series 
usually converges very rapidly. 
: H. B. Purus. 


Mathematical and Physical Papers. By Sm Wirta THOM- 
son, Baron Kee, Volume IV. Hydrodynamics and 
General Dynamics. xv+563 pp., 1910. Volume V. Ther- 
modynamics, Cosmical and Geological Physics, Molecular and 
Crystalline Theory, Electrodynamics. xv+602 pp., 1911. 
Volume VI. Voltaic Theory, Radioactivity, Electrons, Navi- 
gation and Tides, Miscellaneous. viiit378 pp., 1911. 
Arranged and revised with brief annotations. By Grp JOSEPA 
Larmor. Cambridge (England): at The University Press. 
Tat the works of Lord Kelvin are now available in collected 

form is a source of gratification to physicists, mathematicians, 

and especially to mathematical physicists including students 
of mechanics. Particular thanks are due to Sir J oseph 

Larmor, who for these editorial duties must have sacrificed 

a great deal of time that could otherwise have gone to his own 

researches. And in the present confused state of theoretical 

physics we sorely need those researches. 

Varied as were Lord Kelvin’s contributions to physics, he 
may well be ranked as a student of mechanics and of the 
mechanical explanation of the world. The central monument 
in his system is the Thomson and Tait, from which he looks 
deep into every surrounding structure, and which itself is, to 
the present time, the climax of the works begun in the Prin- 
cipia. It was this mechanical bent which led him to search 
so constantly for a mechanical, as opposed to a purely electro- 
magnetic, ether; and it was this which caused his contributions 
to ether theories to be less vital than those of some others 
who kept closer in touch with the electromagnetic point of 
view and who have built up the idea of the electromagnetic 
theory of matter and mechanical actions. In these matters 
Lord Kelvin during the last thirty years of his life should be 
classed as conservative if not reactionary. 

The three volumes before us are the continuation of the series 
which Lord Kelvin himself had started. In 1882 Volume I 
appeared with seventy-three papers chiefly of dates 1841-53; 
two years later Volume II showed papers numbered 74 to 91, 
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which had appeared mainly in 1853-56; and in 1890-the third 
volume, dealing mainly with elasticity, heat, and electro- 
magnetism, appeared with titles 92 to 104. There was also 
the separate volume, Reprint of papers on electrostatics and 
magnetism, which had appeared first in 1872 and again in 
1884. And furthermore there are the Baltimore Lectures, 
delivered in 1884, but printed (with numerous additions) only 
in 1904. In view of this diverse procedure, Larmor found 
himself unable profitably to continue the old numbering of 
the first three volumes, and has carried a new series of numbers 
-from 1 to 277 through the three volumes he edits. To some 
of these numbers correspond merely the titles of papers pre- 
viously reprinted but cited here for continuity; and there are at 

the end of volume V some sixty pages of contributions (to 
engineering societies) which carry no serial number. i 
It would be futile here to attempt to go into detail as to 
the contents of these three volumes, which range over some 
sixty years and contain many of the important contributions 
of a great and versatile mathematician and physicist; to review 
them critically would be to review in large measure the progress 
of physics for the second half of the nineteenth century. We 
refer the reader to the subheadings, as listed above, to Larmor’s 
interesting prefaces, and to his life of Lord Kelvin in the 
Proceedings of the Royal Society, volume 81 (1908), pages iii- 
Ixxvi. The closer student can only be referred tq the text 
itself of Lord Kelvin’s Works. ` 
E. B. Wıuson. 


Some Problems of Geodynamics, being an Essay to which the 
Adams’ Prize in the University of Cambridge was adjudged in 
1911. By A. E. H. Love. Cambridge (England), Univer- 
sity Press, 1911. xxvii4-180 pp. 

IT was not surprising that Love, whose treatise on Elasticity 
has been the standard for so long, should sometime turn his 
attention to the difficult applications to geodynamics. He had 
indeed already printed several papers upon the subject when 
in 1910 the selection for the Adams’ Prize was “Some in- 
vestigation connected with the physical constitution or 
motion of the earth.” His winning essay is now printed. 

The hypothesis upon which the author works is that of 
isostasy, specialized in such a way ‘as to make it definite. 
Approximately the hypothesis of isostasy regards the earth 
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as made up of a central core in hydrostatic equilibrium sur- 
rounded by a thin “crust” in which the amount of mass in 
any vertical column is proportional to the base of the column; 
this means that under heavy high mountains there must be a 
relatively light region. At first blush this supposition might 
seem the opposite of reasonable, but it is widely adopted with 
a view to explaining certain anomalies in gravitational surveys. 

The analytical method is that of harmonic analysis which 
for the most part is based upon Love’s earlier discovery that 
the inequalities in the lithosphere may be approximately 
represented by an expansion containing the three surface 
harmonics of lowest order. This expansion does not pretend 
to represent the mountain ranges on the earth (indeed it 
makes northern Africa the highest land on the earth), but it 
does represent adequately the contour of the lithosphere at 
mean sphere level which is about two miles below sea level. 
It is reasonable to suppose that if the materials of the earth’s 
crust are strong enough to support the inequalities which 
the assumed expansion requires, then those materials should 
be tenacious enough to support the great continental block 
as it exists. The question of the support of mountain ranges 
is referred to a special chapter in which the results for a 
harmonic of high degree (the fiftieth) are calculated. 

Other topics treated are: earth tides and the effects of 
inertia or spheroidal figure upon them, theory of a gravitating 
compressible planet and the effect of compressibility on earth 
tides, gravitational instability, vibrations of a gravitating 
compressible planet, propagation of seismic waves. In the 
theory of a gravitating compressible planet Love had pre- 
viously published a long investigation, which he now decides 
to replace by another founded upon a different hypothesis. 

The main body of the text is a mass of intricate analysis 
interspersed with very readable comment. To make the 
points of view and the results of the work even more easy to 
survey, we are provided with a long and carefully written 
introductory abstract. If any young American student desires 
to assimilate the formal work of the text, he had best eschew 
the pure mathematician and such courses as form practically 
the totality of our mathematical instruction and hie him to 
some astronomer under whom he may learn accuracy in 
detailed formal analysis and safety in intricate approximation 
—unless he happens to have the rare good fortune to find such 
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a course as B. O. Peirce and W. E. Byerly used to give at 
Harvard on harmonic analysis and potential function. 
E. B. Wırson. 


Annuaire pour l'An 1914 publié par le Bureau des Longitudes. 
Paris, Gauthier-Villars. vii--502 pp., with four appendices. 
TH most interesting article in the current Annuaire is one 

` on the measurement of the day. In this M. G. Bigourdan has 

given a brief but sufficient summary of its early history and 
has carried it up to the present time, when the system of hour 
zones is fairly well established throughout the world. An 
interesting part of the story is his description of the efforts made 
in France to introduce the Greenwich meridian for the measure- 
ment of civil time and its final accomplishment in 1911. Two 
brief articles, one on the deformation of the images in tele- 
scopes by M. Hatt and the other on the seventeenth inter- 
national geodetic congress by M. B. Baillaud, complete the 

“ Notices.” 

Several revisions have been made in the astronomical 
portions, tending to bring the constants and descriptions up 
to date. But the mass of information contained in a small 
compass is too great for special mention here. The volume 
may perhaps be classified as the most complete travellers’ 
guide to the physical universe which has hitherto been issued. 
There is even a slight tendency towards the inglusion of 
biological subjects in the tables of analyses of beers, wines, 
cereals, and the ashes of plants. 

E. W. Brown. 


Les Actions à Distance. Par G. Comprpiac. Scientia 

No. 30. Paris, Gauthier-Villars, 1910. 89 pp. 

In this issue of Scientia, M. Combebiac brings together the 
physical foundations of some of the hypotheses which have 
been advanced to explain action ata distance. In all of them, 
a fluid is postulated: the different ways in which motions may 
be set up in this fluid practically constitute the developments 
given in the volume. 

The formulas of vectors and spherical harmonics are briefly 
set forth—too briefly we fear for anyone not familiar with 
- them and their uses. Two chapters are respectively devoted 
to the pulsating spheres of Bjerknes and the oscillating spheres 
of Korn with special reference to the gravitational hypotheses 
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which have been deduced from their properties; and finally 
some three chapters to the well-known analogies between 
hydrodynamics and electromagnetism. One chapter is some- 
what of a polemic on mechanical explanations of the phe- 
nomena of physics. 

There are two fundamental difficulties which are always 
encountered in any attempt at mechanical or electrical ex- 
planations of gravitation. The first arises from the marvellous 
accuracy of the law: at the distance of the moon there can be 
no deviation from the well-known index 2 of the inverse square 
greater than one divided by a hundred million, and very prob- 
ably the deviation is less than one tenth of this fraction. At 
one time Newcomb brought forward .a larger deviation to 
explain the outstanding difference between theory and ob- 
servation in the motion of the perihelion of Mercury, but 
abandoned it when the theory and observation of the moon 
showed that its adoption would require the explanation of a 
much larger error in the motion of the perigee of the moon. 
In fact, astronomers of the present day rarely invoke any such 
hypothesis to explain their difficulties. 

The second difficulty arises from the apparently instan- 
taneous propagation of gravitation. It has been computed 
that its velocity must be at least a million times that of light. 
In view of these facts one is tempted to wonder whether any 
of the ordinary mechanical explanations are possible, unless 
indeed it is a case where two effects counterbalance one another, 
as in the principle of relativity. It must be said in this con- 
nection that M. Combebiac emphasizes in his preface the 
fact that analogies and not explanations constitute the chief 
object he has in view. “ Mais l’analogie,” he says, “ n'est elle 
pas l’un des plus efficaces moyens utilisés par l’esprit humain 
dans son effort d'adaptation au déterminisme naturel?" For 
this reason, the volume will be acceptable to all those who 
have puzzled their minds over this fascinating problem. 

E. W. Brown. 


The Mechanics of the Earth’s Atmosphere. A Collection of 
Translations (third). By CLEVELAND ABBE. Smithsonian 
Miscellaneous Collections, Vol. 51, No. 4. 

Tue plan adopted by Professor Abbe for forwarding the 
interests of meteorology by the republication of the more 
important memoirs has several advantages peculiar to this 
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subject. It is not one which is ordinarily taught in educa- 
tional institutions except incidentally in connection with 
physiography or geology, and naturally it is rare for a student 
to go much further than to learn the principal phenomena 
and their causes. If, Jater, he wishes to obtain a more extended 
grasp of the subject by reading its literature, he is confronted 
with a mass of discussions, opinions, guesses, and facts of 
every variety of value from the worst to the best. The 
treatises which are available are not extended enough for the 
sifting of all this material. Hence when a worker with long 
experience gathers together the papers and memoirs which 
have real value, translates those in a foreign tongue and 
arranges them in a manner sufficient to show their connection, 
he performs a service which cannot fail to be highly appre- 
ciated by future if not by present generations of meteorologists. 

The danger in this procedure—that of tending to make 
future investigations follow the same grooves as those of the 
past—is-probably not very serious.: The study of the motions 
of our atmosphere is only beginning to emerge from the 
condition of a pure theory to one which has some relation to the 
phenomena, and it is probably better for the present to 
follow lines of investigation already established than to start 
many new methods, "lest neither the old nor the new be 
properly developed. 

The theoretical difficulties arise mainly from the fact that, 
in the language of the mathematician, there is apparently no 
first approximation; at any rate, none generally applicable 
has yet been found. Forces which ordinarily might or would 
be neglected in a first approximation have a habit of causing 
effects as great or greater than those which arise from the 
forces which have been included. The motions of liquids 
are troublesome enough, but they can usually be reduced to 
symbols unless there is turbulence: the motions of the atmos- 
phere which we desire chiefly to know are nearly always 
turbulent. There is much to be done too in reducing law and 
order in the mass of observations which has been collected 
during the last few decades. A thorough investigation into . 
the best methods of treating this material seems to be almost 
as much needed as is theoretical research. 

From the point of view of the mathematician a detailed 
review of Professor Abbe’s third collection is not necessary. 
The great majority of these papers consist of applications of 
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theory to observation and they are therefore somewhat outside 
the province of a mathematical society. It is interesting to 
notice, however, that while most of the papers have been pub- 
lished since 1880, we have one by George Hadley dated 1735. 
Another by Poisson (1837) is on a subject which has received 
attention once again, namely, the motion of projectiles taking 
into account the rotation of the earth. 
E. W. Brown. 


NOTES. 


Tue April number (volume 15, number 2) of the Trans- 
actions of the American Mathematical Society contains the 
following papers: “Sur la notion de différentielle d’une fonc- 
tion de ligne,” by M. FRÉCHET; “A type of primitive algebra," 
by J. H. M. WEDDERBURN; “Properties of surfaces whose 
asymptotic curves belong to linear complexes," by C. T. 
SuzLIVAN; “Relatively uniform convergence of sequences of 
functions," by E. W. CurrrENDEN; “Note on Fermat’s last 
theorem," by H. S. Vanprver; “A set of axioms for line 
geometry," by E. R. Hepricx and L. Ixaor»; “The Cauchy 
problem for integro-differential equations," by G. C. Evans. 


Tue March number (volume 15, number 3) of the Annals 
of Mathematics contains the following papers: “On continued 
fractions in non-commutative quantities,’ by J. H. M. 
WEDDERBURN; “A new type of solution of Maxwell’s equa- 
. tions," by H. Bateman; “Relation between the zeros of a 
rational integral function and its derivate,” by T. HAYASHI; 
“The invariants, seminvariants, and linear covariants of 
the binary quartic form modulo 2," by L. E. DICKSON; 
“Examples of normal domains of rationality belonging to 
elementary groups,” by G. A. Men: “On Lebesgue’s 
constants in the theory of Fourier series,’ by T. H. Gron- 
WALL; “The linear difference equation of the first order,” 
by K. P. Wurms; “Geometric properties of the Jacobians 
of a certain system of functions," by A. Emcx; “On the 
irregular integrals of linear differential equations," by C. E. 
Love. 


AT the meeting of the London mathematical society held 
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March 12 the following papers were read: By W. BURNSIDE, 

: “The rational solutions of the equation a? + y + 2 = 0 in 
quadratic fields”; by H. Hınron and Miss R. E. CoLoms, 
" Orthoptic and isoptic loci of plane curves”; by G. H. Harpy, 
“The roots of the Riemann ¢ function”; by T. J. P'a. Brom- 
wicH, “Normal coordinates in dynamics." 


THE royal Belgian academy of sciences announces the 

following prize problems for the year 1915: 
“An important contribution to the infinitesimal geometry 

of curved surfaces.” 

“Summarize the works on systems of conics in space, and.. 
add new investigations of these systems.” 

Competing memoirs should be sent to the secretary before 
August 1, 1915. The value of each prize is 800 francs. 

\ 


University OF Cmicaco.— The following courses are an- 
nounced for the summer quarter, 1914:—By Professor. E. H. 
Moore: Linear integral equations, four hours; Solid analytical 
geometry, four hours. —By Professor G. A. Buiss: Differential 
geometry, four hours. —By Professor D. R. Curtiss: Theory 
of functions, four hours. —By Professor L. E. Dickson: 
Linear associative algebras, four hours; Theory of equations, 
four hours.—By Professor K. Laves: Analytical mechanics, 
four hours.—By Professor F. R. Mourrow: The problem of 
three bodies, four hours.—By Professor H. E. 'SÓüàvGHT: - 
Elliptic integrals, four hours. —By Professor J. W. A. Youne: 
Critical review of secondary mathematics, four hours. i 


DARTMOUTH CoLLEGE.—The following courses arẹ an- 
nounced for the summer session, July 6 to August 15, 1914:— 
By Professor A. D. PrrcHER: Principles of the calculus.— 
By Professor E. G. Brut: Solid analytical geometry; Ad- 
vanced aspects of elementary geometry (primarily for teachers). 
—By Dr. F. M. Morean: Higher geometry ;. e teaching of 
elementary algebra. 


Tue following university courses in mathematics are 
announced for the present summer semester: 


Univirsiry op BERLIN.—By Professor H. A. Schwarz: 
Elementary geometric establishment of the most important 
properties of conics, two hours; Space curves and surfaces, 


«+ 
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four hours; Calculus of variations, four hours; Colloquium, 
two hours; Seminar, two hours.—By Professor G. FROBENIUS: 
Theory of determinants, four hours; Seminar, two hours.— 
By Professor F. Scuorrxy: Analytic geometry, four hours; 
"Theory of theta functions, four hours; Seminar, two hours.— 
By Professor G. HxrrNER: Introduction to ordinary differ- 
ential equations, two hours.—By Professor J. B. KNOBLAUCH: 
Integral calculus, with exercises, five hours; Applications of 
elliptic functions, four hours.—By Professor R. LEHMANN- 
Funés: Analytic mechanics, with exercises, five hours.—By 
Dr. K. Knopp: Differential calculus, with exercises, five hours; 
Infinite series, products, and continued fractions, four hours. 


University or Bonn.—By Professor E. Srupy: Theory of 
elliptic functions, four hours; Seminar, two hours.—By Pro- 
fessor F. Lonpon: Descriptive geometry, with exercises, four 
hours; Analytic geometry, II, three hours.—By Professor I. 
SCHUR: Theory of numbers, two hours; Theory of Fourier 
series, two hours; Seminar, two hours.—By Dr. J. O. MÜLLER: 
Introduction to the caleulus, with exercises, four hours; 
Introduction to geodesy, with exercises, two hours; Seminar, 
two hours. 


UNIVERSITY OF GóTTINGEN.—By Professor D. HILBERT: 
Differential equations, four hours; Selected chapters of 
statistical mechanics, two hours; Seminar, two hours.—By 
Professor E. Lanpau: Differential and integral calculus, with 
exercises, four hours; Theory of finite groups, four hours.— 
By Professor C. CARATHÉODORY: Functions of real variables, 
four hours; Seminar, two hours.—By Professor C. RUNGE: 
Numerical calculation, four hours; Exercises on graphical 
methods, two hours.—By Dr. E. Hecke: Theory of functions 
of & complex variable, four hours; Exercises in differential 
equations, two hours.—By Dr. L. v. SANDEN: Descriptive 
geometry, four hours; Technical mechanies, with exercises, 
three hours.—By Professor F. BERNSTEIN: Theory of prob- 
abilities, three hours; Mathematics of insurance, two hours.— 
By Dr. R. Courant: Analytic geometry, with exercises, six 
hours.—By ——: Algebra, four hours. 


University or Lerpzia.—By Professor K. Ronn: Descrip- 
tive geometry, with exercises, four hours; Algebraic curves, 
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with exercises, five hours.—By Professor O. Dänen: Func- 
tions of a complex variable, four hours; Calculus of variations, 
two hours; Seminar, two hours.—By Professor G. HERGLOTZ: 
Plane analytic geometry, with exercises, five hours; Algebraic 
analysis, two hours; Seminar, two hours.—By Professor P. 
Korse: Theory of numbers, two hours; Differential equations, 
four hours.—By Dr. R. Könte: Algebraic functions, two hours. ` 

THE completion by Professor L. KOENIGSBERGER of the one 
hundredth semester of his academic career was celebrated at 
the University of Heidelberg on February 28. 


Dr. R. Könıe, of the University of Leipzig, has been ap- 
pointed associate professor of mathematics at the University 
of Tübingen. i 


Dr. W. Voar, of the technical school‘at Carlsruhe, has been 
appointed associate professor of mathematics at the University 
of Heidelberg. : 


Dr. E. A. ANSEL has been appointed docent in mathe- 
maties and astronomy at the University of Freiburg. 


Dn. W. BEgHnENs has been appointed docent in mathe- 
matics at the University of Góttingen. . 


Dr. G. BERNDT, of the University of Halle, has been ap- 
pointed docent in mathematics at the technical school of 
Berlin. 


Dr. L. FórPL has been appointed docent in mathematics 
at the University of Würzburg. 


Dr. A. Lackner has been appointed docent in geometry 
at the technical school of Vienna. 


At the University of Cambridge, Mr. G. H. Harpy has 
been appointed Cayley lecturer in mathematics, and Mr. 
ARTHUR BERRY a university lecturer in mathematics. 


At the University of Chicago, Professor E. J. WILCZYNSKI 
has been promoted to a full professorship of mathematics. 
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De. T. H. Gronwatt, of Princeton University, has been 
appointed to an assistant professorship of mathematics at 
Oberlin College. 


Proressor H. D. THompson, of Princeton University, has 
been granted leave of absence for the academic year 1914-15. 


Proressor B. H. Camp, of Wesleyan University, has been 
promoted to a full professorship of mathematics. 


Proressor W. T. DurroN, of Allegheny College, died 
March 24 at the age of 62 years. 


‘Proressor G. M. Minc, formerly of the royal Indian 
engineering college, died March 23 at the age of 68 years. 


. Dr. J. S. Macxay died at Edinburgh on March 25, in his 
71st year. 


Dr. G. W. Hn, third president of the American Mathe- 
matical Society, died at West Nyack, N. Y., on April 16, at the 
age of 76 years. 


CHARLES S. S. PEIRCE, eminent for his researches in mathe- 
matical logic, died at Milford, Pa., on Aprl 19, at the age of 
75 years. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Acs (N.). Ueber die Erkenntnis a priori insbesondere i in der Arithmetik. 
Leipzig, Quelle & Meyer, 1913. 


Armstrong (C. N.). Eine Untersuchung der Anwendbarkeit rekurrenter 
Reihen zur Aufsuchung versteckter Periodizitàten. (Diss.) Mün- 
chen, 1913. 8vo. 96 pp. 


BanrHEL (E.). Die Erde als Totalebene. H bolische Raumtheorie 
mit einer Voruntersuchung über die Keg tte. Leipzig, Hill- 
mann, 1914. Ben, 7-+111 pp. . 2.50 


BLAHA (V.). Transzendente Zahlen, insbesondere e und x. (Progr.) 
Wien, 1913. 8vo. 80 pp. 


Caprmtimrr (G.). Numeri primi. Teoria e applicazioni. Cenno sui 
numeri perfetti e el Verona, Cinquetti, 1913. 8vo. dis 
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Cauwr (G. W.). An introduction to the infinitesimal calculus. With 
applications to mechanics and physics. London, Clarendon Press, 
1914. 8vo. 688 pp. Cloth. 12s. 


Cri (M.). Esercizi di calcolo infinitesimalo. 2a edizione, con aggiunte. 
Livorno, Giusti, 1914. 8vo. 10+300 pp. 


CavEwznL (E. R.). Der Satz des Fermat. 3te vermehrte Auflage." 
Berlin, Buschhardt, 1914. 8vo. Pp. 117-122. M. 2.40 


Der (J. B.). Ueber die den Enneperschen Flächen konstanten nega- 
tiven Krümmungsmasses entsprechenden Vossschen Flächen. (Progr.) 
Würzburg, 1913. 8vo. 79 pp. 


Eawe (F.). See Ruwaz (C.). 


EwcvcLoPÉprg des sciences mathématiques. Edition française. Tome 
III, volume 2: Géométrie descriptive. Géométrie élémentaire. 
Fascicule 1: Schoenflies-Trosse, métrie projective; Steinitz- 
Merlin, Configurations. Leipzig, Teubner, 1913. 8vo. . 1-160. 


ENzyxLoPADIE der mathematischen Wissenschaften. Band II: Analysis. 
2ter Teil, 2tes und 3tes Heft: R. Fricke le Funktionen; 
R. Fricke, Automorphe Funktionen mit Einschluss der elliptischen 
Modulf ionen. ipzig, Teubner, 1913. 8vo. Pp. por " 

. 9. 


Ens (T.). Ueber die asymptotische Darstellung der In e linearer 
Differenzen-Gleichungen durch  Potenzreihen. (Diss. München, 
1913. 


Farrar (A.). Sulla somma degli angoli interni di un poligono piano 
convesso. Torino, Negro, 1913. 8vo. 6 pp. 

Gor (T.). Questions diverses concernant certaines formes quadratiques 
ternaires indéfinies et les eee fuchsiens arithmétiques qui s’y 
rattachent. (Thése.) Toulouse, Privat, 1913. 4to. 105 pp. 


GnausrEIN (W. C.). Eine reelle Abbildung analytischer komplexer 
Raumkurven. (Diss) Bonn, 1913. 8vo. 107 pp. 


Groseman (J.). Ueber die Nullstellen der Riemannschen {-Funktion und 
der Dirichletschen L-Funktion. (Diss) Göttingen, 1913, 
HarsrED (G. B.). See Ponscart (H.). 


HxrsRoNN (J.). Die mathematischen und naturwissenschaftlichen 
Anschauungen des Josef Salomo Medigo dargestellt nach seinem 
Sefer Elim. (Diss) Erlangen, 1918. 8vo. 92 pp. 


HznumGER (E.). See Kuer (F.). 


Herrmann (E.). Ueber die einförmige Bew g des ebenen kreisver- 
wàndt-veründerlichen Systems. Dis, resden.) Weida i. Th., 
Thomas & Hubert, 1913. 8vo. 93 pp. 


Hux (M. J. M.). The theory of proportion. London, Constable, 1914. 
8vo. 128 pp. Cloth. 88. 6d 


Hosson (E. WA. “Squaring the circle.’ A history of the problem. 
Cambridge, University Press, 1913. 8vo. 66 pp. Cloth. - 88. 


JammBucx über die Fortschritte der Mathematik. 42ter Band (1911), 
2tes Heft. Berlin, Reimer, 1913. 8vo. Pp. 497-720. M. 8.00 
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Karm (A.). Weiteres zur Invariantentheorie der gewöhnlichen Differ- 
'entialgleichung zweiter Ordnung. (Diss, Greifswald.) Leipzig, 
Teubner, 1913. 


Ken (F.). Elementarmathematik vom höheren Standpunkte aus. 
2ter Teil: Geometrie. Vorlesungen, gehalten 1908. Ausgearbeitet 
von E. Hellinger. 2te Auflage. Leipzig, Teubner, 1914. 8vo. 
84-547 pp. M. 7.50 


—— —,. Lectures on the icosahedron and the solution of equations of the 
fifth degree. Translated by G. G. Morrice. 2d revised edition. 
London, K. Paul, 1914. 8vo. 10s. 6d. 


MARCHAND Bey (E. E.). Géométrie plane. Quelques nouveautés intéres- 
santes. Nouvelles méthodes de détermination de la vraie valeur de z, 
etc. Vannes, Lafolye. 8vo. 36 pp. 


Mixamr (Y). See Surrg (D. E.). 
Monrice (G. G.). See Kier (F.). 


Panxôzzz (V.) Wie man im 17. Jahrhundert das Problem von der 
Quadratur des Zirkels zu lösen suchte. (Progr. Budweis, 1913. 
8vo. 15 pp. 


Pasco (M.). Veränderliche und Funktion. Leipzig, Teubner, 1914. 
8vo. 6-186 pp. Cloth. M. 7.00 


Poincaré (H.). The foundations of science: science and hypothesis, the 
value of science, science and method. Authorized translation by 
G. B. Halsted, with & special preface by Poinearé, and an introduction 
by J. Royce. (Science and education.) New York, Science Press 
1813. Svo. 114553 pp. Cloth. $3.00 


RAUBER (À.) Ueber die L der Differentialgleichungen, welche die 
Bew g des dreiachsigen Kreisels um einen festen Punkt beschreib- 
en. (Diss.) München, 1913. 


RomnaAvER'(G.) Die Epi- und Hypozykloiden als einhüllende Kurven. 
(Progr) Olmütz, 1913. 8vo. 12 pp. 


Runes (C. und Eng (F.). Rechnungsformular zur Zerlegung einer 
empirisch gegebenen periodischen Funktion in Sinuswellen. Mit 
Erläuterung von C. Runge. Braunschweig, Vieweg, 1913. 


Sacra (D. E.) and Mirai (Y.). A history of Japanese mathematics. 
Chicago, Open Court Co., 1914. 8vo. $3.00 


STRUISTE (L.). Die linearen diophantischen Gleichungen. (Progr.) 
Innsbruck, 1913. 8vo. 28 pp. i 


Srupr (E.). Die realistische Weltansicht und die Lehre vom Raume. 
Geometrie, Anschauung und Erfahrung. (Die Wissenschaft. 54ter 
Band.) Braunschweig, Vieweg, 1914. 8vo. 10+145 pp. M. 5.20 


'THAnLER (H.). Beleuchtungskonstruktionen an Kreiszylinderflächen. 
(Progr. Stockerau, 1913. 8vo. 16 pp. 


VarnrÉmB Povssın (C. J. pe LA). Cours d'analyse infinitésimale. Tome I. 
3e édition, considérablement remaniée. Paris, Gauthier-Villars, 
1914, 8vo. 94-452 pp. ĉr. 14.00 


VaNOnsTRAND (C. E.). Tables of the exponential functions ez, ez, for 

. z = 0.0 to x = 32.0, to either 20. decimals or 20 significant figures. 
(Journal of the Washington Academy of Sciences, Volume III.) Wash- 
ington, 1913. 
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IL ELEMENTARY MATHEMATICS. 


Bourzer (C.). Algèbre. Paris, Hachette, 1913. 16mo. 226 Pp: 
Cartonné. Fr. 2. 


———. Eléments de géométrie. Avec la collaboration de P. Baudoin. 
2e édition. Paris, Hachette, 1914. 16mo. 354 pp. Gorton 20 
r. 3. 


Bruno (G. M). Geométria y nociones de agrimensura, levantamento de 
plenos y nivelación. 3e edición, revisada y aumentada. Paris, 
ocuraduria général. 16mo. 392 pp. 


———. Nociones elementales de geométria aplicadas al dibujo lineal. 16e 
edición. Paris, Procuraduria général. 16mo. 112 pp. 


BunwisTON (A.). A common-sense algebra. An elementary course, with 
answers. London, Heinemann, 1914. 8vo. 176 pp. Cloth. 28. 


Crantz (P.) Ebene Trigonometrie. (Aus Natur und Geisteswelt. Nr. 
491.) Leipzig, Teubner, 1914. 8vo. 44-908 pp. Cloth. M. 1.25 


Cræepas (E.). Corso di matematica. Parte VI, per la terza classe normale. 
Roma, A. Manzoni, 1913. 8vo. 107 pp. 


(R.). A new school geometry. London, Mills & Boon, 1914. 
8vo. 316 pp. Cloth. 28. 6d 


Dennis (T.). An algebra for preparatory schools. Cambridge, Uni- 
versity Press, 1914. 8vo. 164 pp. Cloth. 28. 

Dos (W. J.. A school course in geometry. London, Longmans, 
1914. 8vo. 450 pp. Cloth. 3s. 6d. 

ErfireNTS d’arithmétique aveo quelques principes de théorie. 7e édition. 
Paris, Vitte, 1913. 16mo. 496 pp. 


Fervaz (A.). Eléments de trigono e. 7e édition revisée. Paris 
Hachette, 1914. 16mo. 303 pp. Cartonné. e Fr, 2.56 


Grivy (A.. Eléments d’algèbre. Classes de 3e A à Ire A et B. Se 
édition. Paris, Vuibert, 1913. 16mo. 280 pp. 


——. Geometrie. Classes de 5e B à 3e B. 9e édition. Paris, Vuibert, 
1914. 16mo. 323 pp. Fr, 2.25 


——. Géométrie dan l’espace. Classes de ler C et D. 5e édition. 
Paris, Vuibert, 1914. 8vo. 164 pp. 


———. Géométrie plane. Classes de Ze C et D. Ge édition. Paris 
Vuibert, 1914. 8vo. 280 pp. Fr. 3.00 


Jacquer (E.) et LAcLEF (A.). Cours de géométrie Ft et pratique. 
3e édition, revue et augmentée. Paris, Nathan, 1913. 16mo. 512 
pp. 

Mar (D. B.). Exercises in mathematics, with answers. London, Mac- 
millan, 1913. 8vo. 482 pp. Cloth. 4s, 6d. 


Morsy (C. W.). Advanced arithmetic. New York, Scribner, 1913. 
12mo. 10+470 pp. Cloth. $0.65 


Mzns (G. W.) and others. The point of view in “Second-year mathe- 
matics for secondary schools.” Chicago, University of Chicago, 
1912. 12mo. 12 pp. 


Paar (F.). Geschichte des naturwissenschaftlichen und mathematischen 
Unterrichts. Leipzig, Quelle und Meyer, 1913. 8vo. M. 10.60 
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Pensa (A. X. Mr. di eon 2a, edizione, ri riordinata e accresciuta. 
Prefazione urali-Forti. Torino, Gallizio, 1914. 16mo. 
198 pp. L. 2.00 


Reparovn (H. S.). Experimental mensuration; an elementary ‘text-book 
of inductive geometry. New York, Van Nostrand, 1913. 12mo. 


17+328 pp. $1.25 
Roxi (G.). Elementi di geometria. 8a edizione, con modificazioni ed 
aggiunte. Bologna, Zanichelli, 1913. 16mo. 374 pp. L. 2.80 


Rosexsura (F.). Tutorial algebra. Key. 4th edition. London, Clive, 
1914. 8vo. 310 pp. Cloth. 48. 6d. 


Rüzru (J.) Lehrbuch der Stereometrie. 4te vermehrte und verbesserte 
Auflage. Bern, Francke, 1914. 8vo. 6+150pp. Cloth. M. 2.20 


SMITH (D. E.). Problems in the teaching of secondary mathematics. 
(Address delivered before the New England Association of Teachers 
of Mathematics.) Boston, Ginn, 1913. 


Bocor 2 et Torowzi (G.). Elementi di matematica; libro di testo. 
Volume I, 8a edizione. Firenze, Le Monniér, 1913. 8vo. aia pp. 


1.50 
Tomrpine (H. E.). See Trost (W.). 
Tocoxær (G.). See Socct (A.). 


TRAUTWINE (J. C). Table of four. logarithms from Trautwine’s 
civil engineers’ pocket-book. E Trautwine, 1914. 


‘Trost (W.). Die mathematischen Fücher an den niederen gewerblichen 
Lehranstalten in Deutschland. Mit einem Vorwort von H. E. Timer- 
Ging und einem Anhang von A. Haese. (Abhandlungen über den 
mathematischen Unterricht. 4ter Band, Stes Heft.) ar: 
Teubner, 1914. 8vo. 64150 pp. 4.00 


WROBEL Sg Uebungsbuch sur Arithmetik und Algebra. Dd Teil: 
Pensum der Tertia und Untersekunda. 22te Auflage. Rostock, 
Koch?1913. 8vo. 12+356 pp. : M. 3.75 


ZIMMERMANN (H.). Rechentafel nebst Sammlung häufig gebrauchter 
Zahlemwerte: 7te Auflage. Ausgabe A. Berlin, Ernst, 1013. 8vo. 
344-204 pp. Cloth. M. 5.00 


II. APPLIED MATHEMATICS. 


Arrwoop (E. L.) and Coopgr (I. C. G.). A text-book of laying off; or 
the geometry of shipbuilding. New York, Longmans, 1914. &vo. 
13-4118 pp. Cloth. $1.75 


Barton (S. M.). Elements of plane surveying, including leveling. Re- 
vised edition. Boston, Heath, 1913. 8vo. 8-F255 pp. Sn 


Bavuprne (L.). L'examen de géomètre-arpenteur. 2e partie. als 
Bruxelles, Baudine, 1913. 123 pp. Fr. 4.00 


Bavımo (C.). L'entropia e i diagrammi entropici; con molte applicazioni 
numeriche. Livorno, Giusti, 1918. 8vo. 6+90 pp. 


Daags (H.). See Harane (F.). 


Brane (R. G.). Hydraulic machinery, with an introduction to hydraulics, 
3d edition, revised. London, Spon, 1913. 8vo. 482 pp. 10s. 6d. 
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Bzopau (A.). Die Kartenprojektionen in‘ elementarer Behandlung. 
Düsseldorf, 1913. M. 1.80 


Borez (E.). Introduction géométrique a quelques théories paques 
Paris, Gauthier-Villars, 1914. 8vo. 74-141 pp. r. 5.00 


Bovasss (H.). Cours de physique. Tome III: Electricité et magnétisme. 
2e édition en 3 volumes. Ire partie: Etude du champ nas 
Paris, Delagrave, 1914. 8vo. 20+448 pp. Broché. . 16.00 


Branuy (E.). Traité de physique. 5e édition. Paris, Gigord, 1914. 
8vo. 29-+-884 pp. 


——. Problèmes de physique. Enoncés et solutions. 3e édition. 
Paris, Gigord, 1014. I8mo. 184 pp. 


Breauer (K.). Kollineare und andere graphische Rechentafeln für 
geodätische Rechnungen. Stuttgart, 1913. 8vo. 6 pp. M. 2.00 


Brew (W.). Three-phase transmission. 2d edition, revised and enlarged. 
London, Lockwood, 1913. 8vo. 190 pp. Cloth. 7s. 6d. 


Bune (P.). See Stermamrz (C. Pi 


CALDWELL (F. C.) Electrical engineering problems. New York, Me- 
Graw-Hill, 1914. 12mo. 105 pp. Cloth. $1.00 


Cary (E. Ri. Solution of railroad problems by the slide rule. London, 
Constable, 1913. 18mo. ds. 6d. 


CasTELLs Y Vınar (P.). Las representaciones mecanicas de los fenomenos 
electricos. Barcelona, 1913. 4to. 29 pp. Fr. 3.75 


Cuampion (E.). Principes généraux d'électricité théorique et pratique. 
2e partie. Lille, Danel, 1914. 4to. 334 pp. 


Coun (E.). Physikalisches über Raum und Zeit. 2te Auflage. Leipzig, 
Teubner, 1913. 8vo. 24 pp. M. 0.80 


Cooper (I. C. G). See Arrwoop (E. L.). 


Diverer (H.). Die Grundlagen der angewandten Geometrie. Leipzig, 
Akademische Verlagsg t. 8vo. 160 pp. 


ENOYCLOPÉDIE des sciences mathématiques. Edition française. "TomeIV, 
volume 6: Balistique-Hydraulique. Fascicule 1: C. Crantz-E. Vallier, 
Balistique extérieure; C. Crantz-C. Benoit, Balistique intérieure; 
F. Gossot-R. Liouvill , Développements concernant quelques re- 
cherches de balistique exécutée en France; T. Forchheimer-Á. Boul- 
anger, Hydraulique. Leipzig, Teubner, 1918. 8vo. Pp. 1-192. 

; M. 7.20 


Fosrer (H. A.). Electrical engineer’s pocket-book. 7th edition, revised. 
New York, VanNostrand, 1913. 16mo. 36+1599 pp. Cloth. 
$5.00 


Ganren (K.). Querstabilität und Seitensteuerung von Flugmaschinen, 
(Diss.) Aachen, 1913. 


GRAHAM (J.). An elementary treatise on the calculus, for ineering 
students. 4th edition. (Finsbury technical manual.) ndon, 
Spon, 1914. 8vo. 12+355 pp. 58. 

GUARRERA (P.). Corso di nautica astronomica teorico e pratico. Volume 
I: Elementi di cosmografia e d’astronomia sferica. Palermo, Mirto 
1914. 8vo. 154-179 pp. L. 4.50 
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GYLLENBERG (W.) und Wicxsæzz (S.). Die analytische Lösung des 
Bahnbestimmungsproblems ` in ihren numerischen Anwendungen. 
(Arkiv för Mathematik.) Stockholm, 1913. 8vo. 68 pp. M.1.80 


Hansen (L. F.). Trigonometry and navigation. London, J. Brown, 
1914. 8vo. 292 pp. Cloth. 10s. 6d. 


Harana (F. et Braurizs (H.) Notions élémentaires de géométrie 
cepa appliquée au dessin. 2e édition, augmentée. Paris, 
Dunod et Pinat, 1914. 8vo. 8+188 pp. Fr. 2.50 


Harmans (W.). Das Maschinengetriebe. 1ter Band: Die geometrische 
'  Bewegungslehre. Stuttgart, Deutsche Verlagsanstalt, 1913. 


M. 20.00 
Haaren (J. ’s). Manuel du bornage, à l'usage des géomètres-arpenteurs. 
Tirlemont, ’s Heeren, 1913. 166 pp. Fr. 3.50 


Des (H.). Gesammelte Werke. 2ter Band: Untersuchungen über 
die Ausbreitung der elektrischen Kraft. 3te Auflage. Leipzig 
Barth, 1914. 8vo. 7+296 pp. M. 7. 


JanoscH (J.). Methodik des Unterrichts in der darstellenden Geometrie 
und im geometrischen Zeichnen. Wien, Pichler, 1913. M. 3.00 


Jeans (J. H.). Gravitational instability and the nebular hypothesis. 
(Royal society.) London, Dulau, 1914. 4to. Sewed. 18. 6d. 


Krirwanek (K.). Analytische Darstell der Ungleichheiten in der 
Bewegung des Mondes. Teschen, aska, 1913. 8vo. 31 pp. 


M. 1.00 
Lasrousre (H.). See Woop (R. W.). 


Lamp (H.). Dynamics. Cambridge, University Press, 1914. 8vo. 
856 pp. Cloth. 10s. 6d. 


Leg (T. R.) On the self-inductance of circular coils of rectangular 
section. (Royal society.) London, Dulau, 1914. 4to. Sewed. ls. 


Lyon (W. V). Problems in alternating current machinery. New York, 
McGraw-Hill, 1914. 12mo. 135 pp. Cloth. $1.50 


MaunEn (E. R.). Technical mechanics. 3d edition, rewritten. New 
York, Wiley, 1914. 8vo. 350 pp. Cloth. $2.50 


Moor (H. F.). The strength of I-beams in flexure. London, Chapman 
& Hall, 1913. 8vo. Sewed. Is. 


Nores et formules de l'ingénieur: Mathématiques, mécanique rationnelle, 
résistance des matériaux, etc. 17e édition, entièrement refondue. 
Paris, Geisler, 1913. 8vo. 2756 pp. Cartonné toile. Fr. 15.00 


OrssoN (P). Partikulära Integraler till Differentialekvationerna for fasta 
Kroppars Rôrelse i Vütskor. (Arkiv fér Matematik.) Stockholm, 
1913. 8vo. 34 pp. .20 


Pıczaıs (C. W.) and Winry (C. C.). Text-book on railroad surveying. 
New York, Wiley, 1013. 16mo. 9-+-263 pp. Cloth. ‚50 


Pıfrarn (E.). Cours d'électricité et de magnétisme. Tome I: Théories 
générales. 3e édition. Paris, Dunod et Pinat, 1913. 8vo. d Pp. 
r. 11. 


avi. 


PRANDTL (L.). Abriss der Lehre von der Flüssigkeits- und Gasbewegung. 
Jena, Fischer, 1913. M. 1.60 
Prism (F.). Technische Hydrodynamik. Berlin, Springer, 1918. e 
. 9.00° 
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RENNER (J.). Stereographische Azimutal-Distanzkarten, (Progr.) Graz, 
1913. 8vo. 9 pp. | 

Ban (F.). Allgemeine Kristallographie und Mineralogie. (Die Kultur 
der Gegenwart.) Leipzig, Teubner, 1913. 8vo. Cloth. M. 20.00 


Rırrer (W.). Heat engines. (Being a new edition of “Steam.”) New 
edition. New York, Longmans, 1914. 8vo. 10-+352 pp. $1.10 : 


Sensex (G. v. Elektrizität und Optik, behandelt vom Standpunkte der 
Elektronentheorie. Wien, 1913. M. 0.90 


SoruxnN (J. W. M. and R. M.). Elementary mathematics for, marine 
engineers. London, Munro, 1913. 8vo. 174 pp. Cloth. 28. 6d. 


Spare (F.). Theorie des elektrischen Gleichgewichts in elementarer 
Behandlung.. (Progr.) Salzburg, 1013. 8vo. 51 pp. 3 

BrEINMAN (D. B.). Suspension bridges and cantilevers, their economic 
roportions and limi spans. 2d edition, revised. (VanNostrand’s 
Bcience Series.) New York, VanNostrand, 1913. 24mo. ur 
Pp. i 


et Pinat, 1912. 8vo. 10+878 pp. Fr, 22.00 


STeLLERSsCH® Vorrichtung zu gnum, verbundener Darstellung 
ne und geozentrischer P etenbewegungen. Nürnberg, Steller, 
1918. 

Transtrom (H. L.). er at high pressures and frequencies. 
Chicago, Branch Publishing Čo., 1913. 12mo, 247 pp. pese 


UsnErwoop (T. S.) and Terme (C. J. A.). Practical mathematics for 
technical students. Part 1. London, Macmillan, 1914. 8vo. 376 
pp. Cloth. 38. 6d. 

Várncovior (V.). Ueber diskontinuirliche Flüssigkeitabewegungen mit 
zwei freien Strahlen. (Diss.) Göttingen, 1913. : 

VaucHER (À.) Théorie mathématique de l'échelle musicale. Paris, 

' — Gauthier-Villars, 1913. 8vo. 68 pp. 

Vos (M.). Ueber eine neue Form der Stosserregung elektrischer Schwing- 
ungen. (Diss.) Marburg, 1913. 8vo. 60 pp. 

Wars (M. Di Steel bridge designing. Chicago, M. C. Clark, 1918. 
8vo. 84-260 pp. Cloth. $2.60 


WERTHEIMER (E.). Elektrómagnetische Theorie der Dümpfe mit ieller 
Berücksichtigung des Wasserdampfes. Zürich, 1918. "IM. 2.00 


WicksELL (S.). See GYLLENBERG (W.). 
WIESNER (8.). Grundlinien der Kinematik. Wien, 1913. M. 0.85 
Wier (C. C.. See Pıoxnzs (C. WA." 


WiTTENBAUER (F.). Aufgaben aus der technischen Mechanik. 2ter 
Band: Festigkeitalehre. 2te verbesserte Auflage. Berlin, xx M 


Woop (R. W.). Optique physique. Traduit de l'anglais, d'aprés la 2me 
édition, par H. Labrouste. 'Tome 2: Etude des radiations. Paris, 
Gauthier-Villars, 1914. 8vo. 484 pp. Fr. 18.00 


Weropnz (H. B.). Transmission line formulas. London, Constable, 1913.°. 
8vo. \ 88. 6d. 
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SPRING MEETING OF THE SOCIETY AT CHICAGO. 


‘Tue thirty-third regular meeting of the Chicago Section 
of the American Mathematical Society was held at the Uni- 
versity of Chicago on Friday and Saturday, April 10-11, 1914, 
it being the second regular meeting of the Society at Chicago. 
Seventy-four persons were in attendance upon the sessions, 
including the following forty-seven members of the Society: 
Professor R. P. Baker, Professor G. A. Bliss, Professor D. F. 
Campbell, Professor R. D. Carmichael, Dr. E. W. Chittenden, 
Mr. E. H. Clarke, Professor H. E. Cobb, Professor A. R. 
Crathorne, Professor D. R. Curtiss, Professor L. E. Dickson, 
Mr. C. R. Dines, Professor Arnold Dresden, Mr. M. G. Gaba, 
Professor E. R. Hedrick, Dr. T. H. Hildebrandt, Mr. L. A. 
Hopkins, Professor A. M. Kenyon, Professor W. C. Krathwohl, 
Dr. Charles Kuschke, Professor Kurt Laves, Professor A. C. 
Lunn, Professor W. D, MacMillan, Dr. H. F. MacNeish, 
Professor H. W. March, Mr. T. E. Mason, Professor G. A. 
Miller, Professor C. N. Moore, Professor E. H. Moore, 
Professor E. J. Moulton, Professor F. R. Moulton, Miss Ida 
M. Schottenfels, Mr. A. R. Schweitzer, Professor J. B. Shaw, 
Professor Mary E. Sinclair, Professor C. H. Sisam, Professor 
E. B. Skipner, Professor H. E. Slaught, Dr. E. B. Stouffer, 
Professor A. L. Underhill, Dr. G. E. Wahlin, Miss Mary E. 
"Wells, Mr. C. W. Wester, Professor W. D. A. Westfall, 
Professor E. J. Wilezynski, Professor F. B. Wiley, Professor 
J. W. A. Young, Professor A. Ziwet. 

Professor E. J. Wilezynski, Chairman of the Section and 
Vice-President of the Society, presided during the first three 
sessions and Professor G. A. Miller at the final session. 

At the business meeting of the Section on Saturday morning 
it was voted that the program committee be instructed to set 
the date for the December meeting at such a time as not to 
conflict either with the annual meeting of the Society in New 
York or with the convocation of the American Association at 
Philadelphia, in order that members desiring to attend all 
three meetings may be free to do so. 

General interest was manifested in the recent appeals of the 
Euler Commission for additional contributions and it was 
voted that the Section urge the desirability of further sup- 
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porting in every practicable way the Euler publications. It 
may not be generally understood that only two of these vol- 
umes are appearing each year, so that the total annual cost 
of purchase is only about ten dollars. 

In consequence of extended informal discussion begun at the 
dinner on Friday evening, it was voted that a committee of 
five be appointed by the chair to report to the Section at the 
December meeting, concerning possible recommendations to 
the Council of the Society on the question of the relation 
of the Society to the field now covered by the American Mathe- 
matical Monthly. The chair appointed as this committee 
Professors Alexander Ziwet, G. A. Miller, E. B. Van Vleck, 
E. R. Hedrick, and R. P. Baker. 

The usual social gathering and dinner on Friday evening 
was attended by forty-two members and was pronounced by 
many to be the most enjoyable ever held by the Section. 

The following papers were presented at this meeting: 

(1) Mr. T. E. Mason: “On some properties of the elemen- 
tary symmetric functions of the integers 1, 2, ---,n — [2^ 

(2) Professor R. D. CagwicmaEL and Mr. T. E. Mason: 
“Note on the roots of algebraic equations.” 

(3) Dr. G. E. Wamu: “The logarithms of algebraic 
numbers in a domain k(p, a).” 

(4) Professor T. E. McKinney: “Some properties of A 
developments of quadratic irrationalities." . 

(5) Mr. Epwarp KIRcHErR: “Group properties of the. 
residue classes of certain Kronecker modular systems" 
(preliminary report). 

(6) Professor G. A. Mmes: “Note on multiply transitive 
solvable substitution groups.” 

(7) Professor G. A. Briss: “A note on symmetrical ma- 


* trices." 


(8) Mr. A. R. Scuwerrzer: “The aims and methods of 
mathematical research " (preliminary report). 

(9) Professor A. B. FRIZELL: “On a certain series of non- 
denumerable sets." 

(10) Dr. Henry BruMBERG: "Certain general properties 
of functions." 

(11) Dr. T. H. HrzpEBRANDT: “Note on monotoneity in 
continuous functions." 

(12) Professors E. R. Heprick and W. D. A. WESTFALL: 
“On functions defined implicitly in a region." 
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(13) Mr. W. L. Harr: “Determination of the coefficients 
of a trigonometric series.” 

(14) Professor C. N. Moore: “On the relation between 
certain methods for summing divergent series.” 

(15) Professor A. M. Kenyon: “The solution of a certain 
functional equation analogous to Fredholm’s integral equa- 
tion.” 

(16) Mr. A. R. Schweitzer: “On certain functional equa- 
tions." 

(17) Dr. E. B. Srourrer: “On ruled surfaces in space of 
five or less dimensions." 

(18) Professor E. J. WrzczvNsEr: “On the metrical theory 
of plane curves." 2 

(19) Professor W. D. MacMirzaw: “On certain analytic 
differential equations of the first order." 

(20) Professor W. D. MacMirLLAN: “A reduction of certain 
analytic differential equations to differential equations of an 
algebraic type. Second paper." 

(21) Mr. T. E. Mason: “On properties of the solutions of 
linear q-difference equations with entire function coefficients.” 

(22) Professor F. R. Mourrow: “On the stability of 
Jupiter's eighth satellite." 

(23) Professor F. Casorı: “British discussions of Zeno's 
argumentation on motion." 

(24) Professor A. D. PrrcuEr and Dr. E. W. CHITTENDEN: 
. “A theory of integration for classes which admit a develop- 
ment." 

(25) Dr. E. W. Currrenpen: “On the converse of the 
Heine-Borel theorem in domains for which ‘limiting element’ 
is defined.” : : 

(26) Professor R. P. Baker: “On reflexion groups." 

(27) Professor R. P. BAKER: “On Cayley diagrams." 

(28) Professor L. E. Dicxson: “On the twenty-eight 
bitangents to a quartic curve.” 

(29) Mr. A. R. Scuwerrzer: “Generalization of certain 
functional equations.” 

Mr. Hart was introduced by Professor F. R. Moulton and 
Mr. Kircher by Professor G. A. Miller. The papers of 
Professors McKinney, Frizell, Wilczynski, Dr. Blumberg, 
and the first and third papers of Mr. Schweitzer were read by 
title. 

Abstracts of the papers follow, the numbers corresponding 
to those of the titles above. 
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1. A well-known property of the elementary symmetric 
functions A; of the integers 1, 2, ---, p — 1 is that each is 
divisible by p, when p is prime, except 4p1. Mr. Mason 
shows that those A’s with odd subscripts are divisible by p? 
except 41. This property enables him to prove the following 
congruence for p a prime > 3 and n an integer: 


(np)! — nK(pl)* = 0 (mod pt). 


These properties of divisibility by p of the elementary sym- 
metric functions enable him to obtain properties concerned with 
the divisibility by p of the sums of powers of the integers 1, 
e, p— 1. These properties of the sums of powers furnish 
theoretical but impracticable tests for prime numbers and 
for determining the least prime factor of a given number. 


2. 'This note by Professor Carmichael and Mr. Mason con- 
tains several theorems concerning the zeros of polynomials, of 
which the following is typical: Every equation of the form 


1+ tee H ee? +. + oe” = 0 (s > 1), 


has at least one root not greater than 2 in absolute value, while 
special equations of this form may have all roots but one greater 
in absolute value than any preassigned M. 


3. In his recent book Professor Hensel has developed a 
theory of logarithms of the rational p-adic numbers, and 
from this he has shown how all such numbers can be written 
in the form p*w*e’. 

Dr. Wahlin's paper is the result of the study of the same 
question with reference to the general algebraic domain 
k(p, a). He proves the existence of the logarithms of the 
numbers of k(p, a), and by considering certain group properties 
of the residues mod p*, where p* is a certain power of the prime 
divisor p, the exponent being dependent upon certain prop- 
erties of k(p, a), he shows how we can have a representation 
x all pones in k(p, a) similar to that obtained by Professor 

ensel. - 


4. This note by Professor McKinney proves the periodic 
character of the A-developments of quadratic irrationalities 
and determines an upper limit to the number of elements in 
the period. It shows that the A-developments of the square 
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roots of rational numbers are periodic with one and but one 
element preceding the period, and notes some further properties 
of these developments. 


5. In this paper Mr. Kircher studies some of the group 
properties of the residue classes belonging to a Kronecker 
modular system of the form M = (y, M), where M is an 
ideal of the algebraic number domain Q of degree m and y 
is a rational integral function of z whose coefficients are 
algebraic integers of Q, the one belonging to the highest power 
of z being equal to unity. A necessary and sufficient condi- 
tion that & set of residue classes form a group with respect to 
the modular system M = M/M"' is found to be that all classes 
of the set must be contained in the modular system M” and 
must be relatively prime to the system M’. The second general 
result states that such a group belonging to M is equal to the 
direct product of the groups formed when the set of residue 
classes is taken with respect to each of the irreducible modular 
divisors of M. From these facts follow at once a number of 
generalizations, with respect to the modular system M, of 
well-known theorems in number theory, such as those dealing 
with the value of the totient of M or the solution of & con- 
gruence of the first degree in one unknown, modulo M. 


6. Galois observed that a primitive substitution group 
cannot Be solvable unless its degree is a power of some prime 
number. In fact, it is known that a solvable primitive sub- 
stitution group is a subgroup of the holomorph of a regular 
abelian substitution group of order p™ and of type (1, 1, 1, ---). 
From this it results at once that such & group cannot be more 
than doubly transitive when p> 2. When p= 2 this 
group ean be more than doubly transitive, since the sym- 
metric group of degree 4 is solvable. Professor Miller proved 
that this symmetric group is the only solvable substitution 
group which is more than doubly transitive. The proof was 
. partly based on the fact that a number of the form 2^ — 1 
cannot be a power; higher than the first, of any prime number. 


7. In a recent paper Dickson has given an elegant and ele- 
mentary proof of the theorem that in a symmetric matrix of 
rank r at least one principal minor of order r is not zero. 

` Wedderburn deduced the same result by proving, in a less 
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elementary though very concise manner, that under the same 
circumstances the sum of the principal minors does not vanish. 
The purpose of the note by Professor Bliss is to exhibit a 
theorem, provable in elementary fashion, which includes both 
of the results just mentioned and which sets forth quite clearly 
some further properties of symmetric matrices. 


8. In Mr. Schweitzer’s paper the following four typical 
research acts in mathematics are considered: (1) generalization 
under discrimination of terms; (2) discrimination under gen- 
eralization; (3) generalization under identification; (4) identi- 
fication under generalization. It is important to note that 
these acts are not mutually exclusive, and that the generaliza- 
tion in question may be either intensive or extensive. Ex- 
amples illustrating each case are given. 


9. In a paper read at Chicago in December, 1913, Professor 
Frizell called attention to a non-denumerable well-ordered 
set obtained by methods different from those employed in 
forming Cantor’s second ordinal class. The present paper 
exhibits an w-series of well-ordered sets which can be put 
into one-to-one correspondence neither with one another nor 
with the continuum. The process used here is more direct 
-~ than that of the writer's December paper and, like it, is due to 
Cantor. 


10. Sierpinski has shown that for any bounded function 
f(x) the relation 
conf (a) = wuf(x) 


holds, where wf(z) represents the oscillation of f(x) at the 
point x. Let w’f(x) denote the oscillation of f(x) when 
any set of the first category may be neglected (cf., for example, 
Baire, Acta Mathematica, volume 30 (1906), page 22); and let 
waf(z) denote the oscillation of f(x) when any denumerable 
et may be neglected. Dr. Blumberg proves the following 
relations: 


w'w'w'f(x) = 0, wawawadaf(2) = wawawaf(z). 
He shows by examples that the inequalities 
www f(x) + ww f(x), wawawaf(x) + wawaf (x), 
wawawaf (x) + 0 
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are possible. The results may be extended to more general 
cases. 


11. The paper by Dr. Hildebrandt considers some general- 
izations of the theorem of Dini: “ A monotonic sequence of 
continuous functions which converges to a continuous function 
converges uniformly.” 


12. In this paper, Professors Hedrick and Westfall extend 
to any region the results obtained for the neighborhood of a 
point in the paper which they presented at the last summer 
meeting of the Society. It is shown that if the difference 
jacobian satisfies at every point of a region the condition 
prescribed in the previous paper at a fixed point, then con- 
tinuous solutions exist along any path up to a frontier point; 
and that the inverse of a plane transformation, for a convex 
region, exists throughout that region, under conditions anal- 
ogous to the preceding. 


13. In connection with certain problems in applied mathe- 
matics there arise series of the type 


(1) TO = > A; cos 2rait + B;sin2ra¢ (ao = 0). 
$—0 


- In particular, the tidal effects of the moon and sun on the 
earth can be expanded in this form. In Professor A. A. 
Michelson's recent experiment for determining the rigidity 
of the earth by tidal effects, it was necessary to consider the 
determination of the coefficients of this expansion. 

In this paper Mr. Hart considers the problem of finding 
the coefficients of a series of the form (1) when the function 
f(t) is given, for example by observations, and the quantities 
a; are given by theory. Under the hypothesis that XZ |4:| 
+ |B;| converges, it is shown that 


ks 
4=5L; f HO 6S 0, chosen arbitrarily); 
ko 0 
p (um 
A; = 2a; T, if St) cos 2ratdi (121,2, -.-), 
bo 0 


DEEN L + | JG) sin 2raddt (i=1,2,:..). 
ko 0 
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The hypothesis of this proof is satisfied in the case of the tidal 
effects except possibly for the terms due to the perturbative 
action of the sun on the moon. The expressions for A; and 
B; usually converge rapidly unless there are some other terms 
-with large coefficients for which the quantities a; are nearly 
equal to mai. 


14. In a memoir of 1908* de la Vallée Poussin introduced 
the following formula for the summation of a divergent series 
Eun: N 

es EX on(n—1) :--(n—k-1) ] 
Gel + DRE atA” 


He further showed that this method of summation is applicable 
for the purpose of summing not only the Fourier’s series of a 
‘wide class of functions but also any of the successive term by 
term derivatives of these series, at any point where the de- 
rivative of the function exists. It follows then that this 
method will enable us to sum series that would not be sum- 
mable by a Cesäro mean of given order. We are thus led 
' to inquire if de la Vallée Poussin's formula is more general 
than any of Cesüro's means, i. e., if a series summable (Cr) 
for any r 2 0 will be summable by the above formula and 
to the same value. In Professor Moore’s, paper this problem 
is considered and the question is answered in the affirmative. . 


15. It is the object of this paper to show that the body of 
theorems and formulas which effect the complete solution of 
the Fredholm integral equation 


(1) f(a) = ua) —^ Í K(z, Du(bdt 


and which are based upon tbe properties of the definite in- 
tegral apply to the analogous functional equation 


(2) f0) = ua) à] RG, pute) | 


=a 


*“ Sur l'approrimation des fonctions d’une variable réelle et de leurs 
derivées par des polynômes et des suites limitées de Fourier,” (Buletin 
‚de la classe des Sciences de l'Académie Royale de Belgique, 1908, pp. 193-254). 
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with no further change than the substitution throughout of 
the operator 


E |. for the operator f C OE 


This solution, therefore, presents an illustration of the 
general remark that the Fredholm theory does not in fact 
depend upon the special properties of the definite integral, 
but only upon its two general properties: (1) that it is linear, 
and (2) that it reduces a function of two variables to a function 
of one variable; and upon a certain convergence condition. 

Professor Kenyon further shows that, for all kernels which 
admit continuous second partial derivatives in a certain 
region of the +y-plane containing the point (a, a), the Fredholm 
determinant D(A) and its first and second minors are poly- 
nomials in À of degree not greater than 2, 3, 4 respectively; 
consequently, the index of a characteristic constant can not 
in any case exceed two. 


| 16. Mr. Schweitzer discusses the solution of the equations 
vie) — gail = (V9 + y) yiye — ail, 
Val6:(2) + bly) LE = Isi + Wire — y))? 


where k,+ and c; are constants, (x) and Yı(z) are given func- 
tions, and 6;(z) and 6(x) are to be determined. 


17. In & previous paper Dr. Stouffer has investigated the 
projective differential properties of a three-spread generated 
by a single infinity of planes in S5 by means of a system of three 
linear homogeneous differential equations of the second order. 
In the present paper he uses the same system for the study of 
ruled surfaces in Ss. The ruled surface may be of the general 
type or it may lie entirely in an S; or in an S4 or have three 
consecutive generators in the same S4 Certain invariant 
conditions upon the coefficients of the system must be satis- 
fied in each of the special cases. The only ruled surfaces ex- 
cluded from the theory are those which are developable in 
the ordinary sense. Several sets of curves upon the surface 
and & number of different types of derivative surfaces are 
discussed. 
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18. The metric theory of plane curves is a far richer field 
than would appear from the presentations of the subject which 
have become classic. The results of Abel Transon in 1841 
have been almost completely ignored by the writers on this 
subject. The more recent important contributions of Cesàro 
are also practically unknown to the general mathematical 
public. The object of Professor Wilczynski’s paper is a 
systematic unified treatment of the whole subject involving, 
besides certain new matters of detail, as its distinctly new 
features the introduction of the notions of projective differ- 
ential geometry into the metric theory. 


19. Consider a differential equation of the first order 


dz 
(1) d^ Eh aH agg ft «es, 
the right member of which is a convergent power series in x 
with constant coefficients, and in which n is & positive or nega- 
tive integer or zero. It is shown by Professor MacMillan 
that there exists a convergent series 


z= y + bay? + by + 


which, substituted in (1), reduces the differential equation 
to the form 


d 
Q JET I eu, . 


where c, = O if n < 2, while in general c, + Oifn>2. If 
n< 2 the integration of (2) is immediate. If n 2 2 and 
Cn + 0, the substitution 





1 a 
OU" = u pe Oey ae 
reduces the differential equation to the simple form 
dw RE 
dr W-ı’ 


which is independent of n. The solution W — log W = c 
defines W as a function of Y. Writing it W = L(r) and taking 
L' = dL/dt, the solution of (2) becomes 


D — (Nils 
y= ( Cr ) ` 
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The functions L and I’, which thus play an important rôle 
in the theory of ‘the solutions of (1), are studied in detail. 


20. Suppose that we have given a set of differential equations 
D = Kay ++, 2a) a= 1, s n) 


and that X;(0, ---, 0) = 0. Suppose further that the func- 
tions X; are analytic in zı, ---, £n and regular at the point 
% = = Tn = 0. At the last meeting in Chicago Pro- 
fessor MacMillan showed that if the characteristic equation 
formed from the determinant |9.X;/0z;| at the origin has only 
simple roots, then a convergent substitution 


zi = Psy, +++, Yn) 


exists, whose jacobian |9P;/6y;| does not vanish at the origin, 
and such that the resulting differential equations assume the 
simple form 
dy: 

dt = adi, 
where the constants o; are the roots of the characteristic 
equation. This was done on the assumption that the constants 
a; considered as points in the complex plane all lie on one side 
of a straight line through the origin, and further that there 
exists no set of integers ji, ***, jn for which ji + ja + --- 
+ ja > 2 and such that 4101 + 7200 + s we + Inn — Q; = 0. 

In the present paper the discussion is extended to the case 
where the characteristic equation has multiple roots of any . 
order of multiplicity, and it is shown that if the last two con- 
ditions just stated are satisfied, the differential equations 
reduce to the form 

dy; GJ 

Ux anys + Lay; 
dt gel 


where the as are the roots of the characteristic equation and 
where the a,;’3 have the value 0 or 1 according to the nature of 
the multiplicity of the roots. 

If the roots a; are simple roots and all lie on one side of a 
straight line and the condition Zen + 7202 + +++ juan — a;=0 
is satisfied by certain sets of integers for which Zi > 2, 
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then there exist only a finite number of such sets and the dif- 
ferential equations reduce to the form 


dy; : 
Gate Go Lm) 


where the sunto is extended over all sets for which the 
condition Zen + +++ + jn&n — a; = 0 is satisfied. To each of 
these extra terms in the differential equation there corresponds 
an arbitrary constant in the substitution. 


21. In this paper Mr. Mason studies the existence and prop- 
erties of entire functions defined by linear q-difference equa- 
tions, homogeneous and non-homogeneous, with coefficients 
which are entire functions. Entire function solutions are 
shown to exist in case there are formal expansions which satisfy 
‘the equation. In certain other cases solutions exist which 
consist of an entire function multiplied by a function which 
has a singularity at the point zero. 

If the coefficients are of finite class, the entire functions 
defined by such equations are of “ ordre apparent,” in the 
Borel sense, not greater than the greatest among the “ ordres 
apparents " of the coefficients. When the coefficients are of 
infinite, but not transfinite, class the solutions are at most of 
infinite, but not transfinite, class. 

22. If the eccentricity of the orbit of a planet is neglected, 
there is a well-known sufficient condition that a satellite re- 
` volving around it shall be permanently under the gravitational _ 
control of its primary. This condition, which was first used 
by Hill in the lunar theory, depends upon the character of the 
surfaces of zero relative velocity associated with Jacobi's 
integral. All the known satellites in the solar system fulfill 
this condition except JVIII; consequently its stability or 
instability must be established by other methods. Professor 
Moulton treats the question by first finding & periodic orbit 
having the same period (the motion is retrograde), and then 
discussing the stability of the associated periodic orbit ac- 
cording to the definition adopted by Poincaré. The discus- 
sion involves the treatment of certain linear differential equa- 
tions having periodic EE and it turns out that the 


` orbit i is stable. 
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23. Professor Cajori's paper gives a critical account of the 
views on the theory of limits, infinite divisibility, and Zeno's 
arguments, held by Roger Bacon, Duns Scotus, Hobbes, 
Newton, Berkeley, Jurin, Robins, Hutton, Coleridge, De 
Quincey,- De Morgan, Spencer, Mill, Hobson, Bertrand 
Russell, G. H. Hardy, and others. 


24. In terms of a postulated development A = ((B"!)) of a 
class $ and an associated system ((d"!)) of positive real 
numbers Professor Pitcher and Dr. Chittenden define a 
developmental integral, integral (A), of real valued functions 
on P. The theory is first treated in general, and the integral 
(A) is found to be an example of the type of linear operator J 
used in the general integral equation theory of Professor E. H. 
Moore. Later, restrictions are placed upon the system which 
lead to a theory of measure for the class $, generalizing the 
theory of Lebesgue. A great majority of the existent types 
of definite integrals, both proper and improper, are included 
under this generalization. 


25. Dr. Chittenden shows that in a domain admitting a 
relation “limiting element” between classes and single ele- 
ments, which satisfies the postulates of F. Riesz,* every class 
©, possessing the property characteristic of the Heine-Borel 
theorem, has the further property that every infinite subclass 
of Q has a limiting element in Q. This result is applied to 
cases where “limiting element” and “interior to a class” are 
defined in terms of “limit of a sequence." This relation is 
taken in the general sense of T. H. Hildebrandt.f As a special 
result we have the following generalization of results of M. 
Fréchet and Hildebrandt: if the limit relation satisfies the 
Fréchet conditions, then we may modify the conclusion above 
to read, © is extremal, that is, compact and closed. 


26. In this paper, Professor Baker shows that the symmetric 
group G+ can be represented as a reflexion group in Ji. The 
matrix | & | with the elements 











Vidi Vi—l . 
ay = Y 9i ; &o = v 9i @ = 1,2, sk De 
* “ Stetigkeits iff und abstracte Mengenlehre,” Atti del IV? Congresso 


Internazionale di Matematichi, Roma, 1908, vol. 2, pp. 18-24. . 
+ “A contribution to the foundations of Fréchet/s calcul fonctionnel, 
Amer. Journal, vol. 34, p. 241. 
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and all other elements zero, represents by its rows a set of 
k — 1 axes. Each axis makes an angle of 120° with its 
nighbors and is perpendicular to the others. 

Reflexions in the flat Ri» perpendicular to these axes have 
the properties (a) each is of period 2, (b) the product of two 
neighbors is of period 8, (c) the product of other pairs is of 
period 2. 

These relations determine G, by Moore’s theorem (Pro- 
ceedings of the London Mathematical Society, volume 28). 
The R,-2’s divide the space into k sectors which represent the 
elements of the group. By choice of a fundamental region 
consisting of a connected set of these sectors the elements of 
any subgroup can be represented. 

By adding a kth row to the matrix 


see (i 
— VARI) "EI 7 VO — 1) 
| (i= 1, 2,--+,k— 2), 


the reflexions in the Ef An are in correspondence with the 
substitutions (01), (12), (23), ---, (k — 1,0). The Ry s's not 
having the symbol / determine a line containing the /th vertex 
of the regular figure (simplex) with k vertices in Rx. 


+ our 


27. All Cayley diagrams (color groups) of the plane have 
been determined by Maschke (American Journal, volume 18). 
The second paper of Professor Baker is concerned with the 
problem of finding all the Cayley diagrams representing a 
given group. 

One such exists, namely the one obtained by constructing 
the Dyck figure, taking the polar figure, and suppressing the 
line representing the redundant generator. With such a 
figure, or any Cayley diagram otherwise obtained, the con- 
struction of all the others is reducible to a purely topological 
problem. In the case where three lines meet at each point 

_the problem is simply stated: Place a mark on any arbitrary 
set of the lines and draw lines within each polygon crossing 
at the mark. The result is a symbol of a Cayley diagram 
in the most general sense. Namely, the lines which are neces- 
sarily closed represent the new polygons. 

The number is in general so large that enumeration is im- 
possible without further restrictions. 


1914. } THE SPRING MEETING AT CHICAGO. 463 


Usual restrictions are (1) the polygons shall not self-touch, 
(2) the resulting figure shall be two-sided. For the octahedron 
group, as generated by three elements of order two, the un- 
restricted number is 2% and no solution has more than 144 
conjugate representations. With (1) alone the number is 
still probably too large for detailed enumeration. With (1) 
and (2) the number of distinct types is 61. This and the 
number 73 of types of ‘routes’ for the group were determined 
by the use of sieves. 

The.abstract formulation of the topological problem is: 

Given a complex C; by means of its matrices Xu, X»; how 
many complexes are there having Xo and a different Xm (a) 
in general, (b) with restrictions (1) and (2), or both? 


28. If a and b are any two bitangents to a general quartic 
curve, it is well known that there are just five new pairs of 
bitangents c, d; ---; k, L such that the eight points of contact 
of a, b, c, d are on a conic, -:-, those of a, b, k, l on a conic. 
Such a set of six pairs of bitangents ab, cd, ef, gh, 13, kl is called 
a Steiner set (or group). The same set is uniquely determined 
by any one of its six pairs. The set determined by a and c 
contains the pair b, d, but no further bitangent in common 
with the first set. Professor Dickson considers the abstract 
problem to distribute 28 symbols into sets of six pairs such that 

(i) Every pair occurs in one and but one set; 

(ii) If AB, CD are two pairs in a set, then AC, BD are pairs 
in a set; 

(iii) Two sets AB, CD, --- and AC, BD, --- have only 
four symbols in common. 

In view of the theorems quoted, there is such a distribution 
of the 28 bitangents. It is shown that, in the abstract 
problem, any distribution can be derived from one distribution 
by a mere permutation of the symbols. The 28 symbols 
used in the proof are 12, 13, - - -, 78, where 1j and ji are identi- 
fied. A distribution, from which every distribution can be 
derived by permutations of the 28 symbols, is composed of 63 
sets falling into two types: 


ab cd, ac bd, ad be, ef gh, eg fh, eh fg; 
ag ah, bg bh, cg ch, dg dh, eg eh, fg fh; 


where a, «++, his any permutation of 1, ---, 8. 
This EE of Hesse therefore presents a lack of sym- 
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metry as regards the distribution of the 28 bitangents into 
Steiner sets, whereas there is no geometrical distinction be- 
tween sets of different types. 

Perfect symmetry results if we employ the 28 symbols 


(zi, Yi, Vay Yay 25; Ya), TiY1 + Ty + TY = 1 (mod 2), 


where each “element” x; and y; is 0 or 1, corresponding to the 
theta functions for p = 3 of odd characteristics. It is easy 
to prove that, if A and B are any two of these symbols, there 
exist exactly five pairs of symbols C;, D; (j= 1, =, 5), 
distinct from each other and from A and B, such that the six 
sums of corresponding elements (for example, their four 
elements x) of the four symbols A, B, Cj, D; are even. 

It follows that the sums of corresponding elements of C;, D,, 
C; D; are even. Hence the set of six pairs determined by 
A and B is identical with the set of six pairs determined by 
Ci, Di. 

Under this law of separation into sets of six pairs, properties 
(i) and (ii) therefore hold, likewise (iii), as easily verified. It 
follows from our abstract theorem that the 28 bitangents can 
be designated by our new symbols in such a way that the eight 
points of contact of four bitangents are on a conic if and only 
if the six sums of corresponding elements of their four symbols 
ate all even. We thus have an elementary proof of the last 
theorem, previously established by Riemann, Weber, and 
Clebsch by means of the theory of abelian functions. Refer- 
ences are given in Annals of Mathematics, 1905, pages 141- 
150, where the theorem is shown to lead in a simple manner 
to the result that exactly 4, 8, 16 or 28 of the bitangents are 
real, 


29. Mr. Schweitzer investigates the following generaliza- 
tions of functional equations previously discussed by him: 


V {0 (2)6 (y) — 6 (y) (x)} = {Y F @t+y)} (4 F (œ — als, 
alt) (y) — Na} = {Fe + 0) GG — y)". 


In these equations l, m, lj, m, denote constants. 
| H. E. SLAUGHT, 
Secretary of the Chicago Section. 
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ON OVALS. 
BY PROFESSOR TSURUICHI HAYASHI. 


In the American Journal of Mathematics, volume 35, number 
4 (October, 1913), page 407,* Professor Arnold Emch has 
proved an interesting theorem that in every closed convex 
curve which is analytic throughout, at least one square may 
be inscribed; and in the BULLETIN, volume 20, number 1 
(October, 1913), page 27,} he has proved that a closed convex 
analytic curve may be represented parametrically in the form 


2o p VH cos (“+ a) 


where f(t), g(t) are two uniform continuous functions for all 
values of} and with the same period c, and p, q, a, and 6 are 
certain constants. Pursuing his lines of investigation, I will 
prove here that about every closed convex curve which is 
analytic throughout (let me call this an oval simply) at least 
one square may be circumscribed, and will deduce a parametric 
representation of the curve in tangential coordinates. 
Evidently a rectangle can be circumscribed about a given 
oval, one of whose four sides may take any direction whatever. 
If this rectangle, drawn quite at random, be a square, the 
question is solved. If it be not a square, then let its four 
sides be AB, BC, CD, DA, and let the points of contact of 
these sides be P, Q, R, S in order respectively. Now the ratio 
BC : AB (k say) is not equal to unity. If it be greater than 
unity, the ratio CD: BC (1/k) is less than unity. Hence 
when the point of contact passes from P to Q along the curve 





* “Some properties of closed convex curves in a plane.” 
t “On closed continuous curves.” 
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and, what is the same thing, when the direction of the side AB 
becomes that of the side BC, the ratio of the two neighboring 
sides changes from k (> 1) to 1/k (<1). Therefore by the 
principle of continuity, this ratio must become équal to unity 
at least once during this change. At that time the rectangle 
becomes a square. 

Let us next seek a parametrical representation of the curve 
in tangential coordinates from this consideration, by connect- 
ing the tangential coordinates (^, p) and the point coordinates 
(z, y) by the equation 

Ae + uy = l. 


Draw a square with diagonal 2a, symmetrically situated with 
respect to the x and y axes, and having its vertices on the 
axes, so that the four sides are ; 

aty=a, -ıty=a —z—y-—-a T—y=A. 


the tangential coordinates being 


E d (-i 3 (-: -i) ( -i) 
a a) \ aay’ a’. a)’ a’ af 


respectively. Then the parametrical representation of any , 
oval through the vertices of this square in the tangential 
coordinates must be of the form 
VZ Zei, mM. 
= _— Mani vnicum * e 
À er + cos » e(t), 
V2 . Zei Ant 
p= — sin Se + cos à v(t), 


where (f) and y(t) are two uniform continuous functions for 
all values of t, and with the same period w, the parameters 


corresponding to the sides of the square being & = (24+ 1) E 
(k = 0,1,2, 3). The process of obtaining this representation 


_is quite the same as that used by Professor Emch in his paper. 


above cited. . 
aA Mta PET PU ee eee 
* Professor Emch has used for his purpose the more complieated factor. 
sin (2-2) sin (= SEA 
a 4 w 4 
than the factor cos 4xt/w here used, though the former is simpler than the 


product of four sines first used by him (see BULLETIN, vol. 19, No. 5 
(February, 1918), pp. 221-222). 
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Applying to the points (x, y) of the cartesian plane a com- 
bined rotation and translation 8, p, q, so that the coordinates 
of the points before and after the motion are connected by 


X = p+ x cos 0 — ysin 6, : 

Y = q+ zsin 0 + ycos@ 
t = (X — p) cos 0 + (Y — q) sin 6, 
y= (X — p) sin 8 + (Y — q) cos 6, 


then the straight line 
Ac + py = 1 


or 


becomes 
A(CX — p) cos 0 + (Y — q) sin 8} 
ul— (X — p) sin 8 + (Y — q) cos 6} = 1, 








1. e., 
AX + MY = 1, 
if we put 
A= À cos 0 — u sin 0 
~ 1+ pQ cos 8 — u sin 6) + gA sin 8 + u cos 8)” 
M= À sin 6+ p cos 0 


1 Ep Gs 0 wand) dev EE 


Hence, replacing A and u by their values, we get the tangential 
coordinates A and M of the oval in terms of the parameter 1, 
in the form 


Ile e| om 
M = Fan (+ PN N 
= N= 1 p| os Km d cos EX 
taf Een (7+ 0) + eos nto, 
where 


f() = e(t) cos 0 — du) sin 0, g(t) = e(t sin 6+ V(f) cos 6. 
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Therefore this form must be the required parametrical 
representation of any oval in tangential coordinates, if we 


` choose the unit of length properly.* 
SENDAI, JAPAN, 
December, 1913. 


ON THE CLASS OF DOUBLY TRANSITIVE GROUPS. 


BY PROFESSOR W. A. MANNING. 


(Read before the San Francisco Section of the American Mathematical 
Society, October 25, 1913.) 


THE class u(u > 3) of a doubly transitive group of degree 
n is, according to Bochert,f greater than in — 2 Vn. If we 
confine our attention however to those doubly transitive 
groups in which one of the substitutions of lowest degree is 


of order 2, it appears that the class is greater than 3n — 3 vn 
— 1. The proof of this statement rests essentially upon the 
following 

Lemma. The degree of a diedral group of class u generated 
by two noncommutative substitutions of order 2 and degree u 
is at most Ba, 

Let s and ¢ be the two substitutions in question, and let the 
order of their product be N = 2*p;"p,** ... Dein, where pi, 
Pa, +++ are distinct odd primes. The transitive cogstituents 
of (s, t] may be arranged as follows: 

s has m; cycles displacing letters not in f, and ¢ has me 
cycles displacing letters not in s; there are x; regular constit- 
uents of order X;, with a generator in both s and ¢ (thus 
common cycles of s and ¢ are explicitly included, while the 
preceding type of constituent of degree and order 2 is excluded); 
there are y; non-regular constituents of degree Y; and order 
2Y;, Y; an odd number; there are yx’ non-regular constituents 
of degree Y,’ and order 2Y,’, HA even, with the generator of 
degree Y,' in s, and the generator of degree Y, — 2 in t; 
in like manner there are ad! constituents of the order PV 
with Y,’ — 2 letters in s and Y» letters inf. Since transitive 








* Subsequently I have proved that an infinite number of cubes may be 
circumscribed about an ovoid body. The proof and applicationi of this 
theorem will be published in the Science Reports of the Tôhoku University, 
Sendai, vol. 3, no. 4. 

t Bochert, Math. Annalen, vol. 49 (1897), p. 181. 


> 
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diedral groups of degree m are of class n, n — 1, or n — 2, 
and since in case the class is n — 2 one generator of order 2 
is odd and the other even, the above enumeration of possible 
constituents of (s, t] is complete. 

M1 Or M is zero the lemma is true as stated. Hence 
we assume that neither mı nor ma is zero and N, the order of 
the product st, is even. The orders 3X; run through all the 
divisors of N, unity and N included, but any or all the mul- 
tipliers x; may be zero. Let E be written for Z2:X;, where 
the summation extends to all the regular constituents of 
{s, t} as agreed upon above. The numbers Y; are all the 
odd divisors of N, unity excepted, and the numbers Y,’ are 
all the even divisors of N, including N and excepting 2. Some 
of the numbers y;, yz’, ys" may be zero. 

‘If now a census be taken of the transpositions in s and t, 
there results 


2m + t + Zy;(Y; I 1) + Eyr Yy + Eyr” (Yy = 2) = 4, 
2m; + E+ Zy(Y; — 1) + yr (Yy — 2) + Rys” Hd = u, 
whence 
(mi + m) = u — E— Zyj(Y; — 1) — Rly + yw")! — 1) 
` The degree of (s, t} is : 
Sim: + ms) + E+ ZyjY; + Eye + va) Ye’, 
or, when 2(m + ms) is eliminated, 
(1) 2u.— £ — Zy(Y; — 2) — So + yx”) (V2 — 2). 


If it be assumed that N is divisible by 4, (st)"* is not 
identity, and its degree is not greater than 


Z"(y + ye’) Ve ZE: 


where Z extends the summation to all those constituents of 
(s, t} whose order is a multiple of, or is, 271. Because the 
class of (s, t} is u, . 

D” lyk + ys) Y 3 £— uth, 
where h is & positive integer or zero. Now if D” lyr Fr ys") Yr 
is zero by reason of y;’ = 0, y+” = 0, throughout the range of 


the summation Z", we eliminate £ from (1) by means of 
£ = u + h and obtain for the degree of {s, t} 


| Uh yl; — 2) — Züy + yr”) — 2), 
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a number less than u, which is absurd. Then (s, t} has at 
least one non-regular constituent the degree of which is a 
multiple of, or is, 2%. Among these numbers let Yo’ be a 
minimum. We separate the non-regular constituents of 
degree Yo’ from the other constituents of (s, t} and write 


(yo! + yo) Yo' + Zur + y") Y + £ — uth, 


whence 


D ’ u+h—E "TAL m FV 
Yo ty” =—py ZT + %% yy 


The Z"' denotes the exclusion of the yo’ + yo" constituents 
of degree Y, and order 2Y,' from the summation of non- 
regular constituents affected by Z”. This value of yo’ + yo" 
if substituted in (1) gives, if Z' = Z — Z", 


2 2 
(1i 35)-3(-35)- $- Zyj((Y; — 2) 
Y, 
—z'(y — ANEN — 2) — aye + w^ (35 1). 


By reason of the assumption that N is a multiple of 4, the 
FN value of Y, is 4, so that (2) is certainly not greater than 


(2) 


“Then N is not divisible by 4. 
If p is an odd prime divisor of N, consider (et), a sub- 
stitution of degree u or more. Its degree is at least 


YoYo + Si + ys) Vx’ + & 


where F, = p*, the highest power of p that divides N, and 
E” extends to those non-regular constituents of which the 
degree is an even multiple of p*. Just as in the preceding case 
the degree of (st)”” cannot reduce to ¢ But suppose that 
yo = 0. Then from the constituents under &” select one of 
a minimum order 2 He, and write 


Z'"(yy + yy) Yy + (yo + yo) Yo tE= uth. 


This leads again to (2), with this difference, that 6 is the least 
value we can assign to Yo’. Then yo is not zero. Proceeding 
as before we get 


(Yo—2y0=(1- Ft 1-87 2"w wor (+) 
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` Putting this in (1), we have 


(x) 3)- D Sat 2) 
=D + w^Qh - 2y— 2279 1) 


This number can exceed Zu only if Yo = 3. The lemma is 
proved in all cases except that in which N = 6. In this case 


(1) becomes 
2u— £ — y — Ay + y"). 
From (st)? and (st)? we have, respectively, 
E+ 8y + 6(' Hy) =uth, 


2(m + m) Et OY d- y") — ut E, 


2(mı + m4) = 2u — 2£ — 4y — 10(y' + y”). 


By means of these three equations we may eliminate y and 
4(y’ + y") from (1), and obtain the following expression for 


the vn of (e, t]: . 
ju — h — $k — 3. 


The proof of the lemma is now complete and we may use it in 
the proof of the following 

THEOREM. The class u(u > 3) of a doubly transitive group 
of degree n in which one of the substitutions of lowest degree is 
of order 2 is greater than $n — $ Nn — 1. 

There is by hypothesis in our doubly transitive group G 
of class u a substitution s of order 2 and degree u. This sub- 
stitution is one of a set of w conjugates, and w is greater than 
unity. Because of the double transitivity of G, every possible 
transposition that can be formed with n letters is found 
among the w substitutions of this set, and one as often as 
any other.* In fact, a given transposition occurs exactly 
wu/n(n — 1) times in the complete set of conjugates. There 
are u(n — u) different transpositions possible in which one 
letter is displaced by s and the other is one of the n — u 
letters left fixed by s. No substitution that contains one of 
these transpositions is commutative with s, so that, if y is 


and 


while 





* Cf. Bochert, L o., throughout this proof, 
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the number of substitutions conjugate to s which are not 
commutative with e, 
2wu(n — w) 
MODE T 
y= n(n — 1) ` 


Each conjugate of s displaces u letters which may be 
associated in $u(u — 1) distinct pairs. Then the w con- 
jugates exhibit wu letters and $wu(u — 1) pairs. There are 
wu/n substitutions with a given letter in common and 
wu(u — 1)/n(n — 1) substitutions with a given pair of letters 
in common. Hence the u letters of s are displaced wur/n 
times, and the iu(u — 1) pairs of letters in s are found in 
substitutions of the set of conjugates in all wu 2(u—1)*/2n(n—1) 
times. 

Now let m be the number of letters any substitution of the 
set has in common with s. Then if we sum for all the w 
conjugates 

` wu? : 1 wu?(u — D 
Zum = E ix,m(m — 1) = D aa 


And by the lemina; 
Zym 2 iyu. 
An arithmetic relation between the above numbers may be 
set up by means of the identity 
=P = »(1-721) +7 d 


where the quantities lı, b, ---, lz, to which the summation is 
extended are any real numbers. This also implies 


=P > i DEI 
Since doubly transitive groups of class $n are istnd it 


| may be assumed once for all that the groups under discussion 
satisfy the condition 
u< in. 


Then y is not zero. Nor is w — y zero, for s is not included 
among the y substitutions non-commutative with it. Now 


Bunt = 2(m—%) +; SE Git, 
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and hence 


uM 1 
o (m — 2) = Dym(m — 1) + Zum — F (Zem)? 
| , wulu — 1)? 


n(n — 1) ' 
And since 


uw \? _ wulu — 1)? u w\? 
—— feat i vu auc AN ee 
2, (m 3E Kn — 1) «(S 3 
in 
a? 2 1 uà 2 
2) le) 
_ i vy 1 din "Y 
- — (am-,*) > — (5-4) | 
Hence i 


wu?(u — 1) (5 UY 1 yn 
n(n — 1) TY SÉ? > 3-0) 








that is, 
e w (n — u)? n 2 
(osx ses) 
But 
w n(n — 1) 
y —2u(n— u)’ 
whence finally, 
n(n — u — u)? 7 
@ XE CEDE 


Since the left-hand member of this inequality has, for u« 4n, 
a negative derivative 


n\? n—u 
-2(3) TW 
it is a decreasing function of u, as u increases from 4 to $u. 


Then from a known lower limit of u another may be calculated 
by substitution for u of the known limit on the left of the sign 
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of inequality. For example, it is known that u is greater than 
1n,* whence 
n ) 15 © 9 n 
1 : N 16n — 1’ 
and therefore 
u > $n — ian, 


if a; is put for 15/4. This limit may in turn be used to find 
another of the same form. Let us assume | 


u > $n — $ Nan 
and seek a recurrence formula for Vaz. . We get 


(Gy siet SEB), 








or since E 
Ki Sul nt ay 
(CORRE ESS Weve, 
u > $n — $ Va, 
where P E E f P a 
= Sëch QOME SG Bu IN 
Rd UD eg bee ne 


Here a; = 15/4, and the number of component fractions is 
k+ 1. We may now write Va as the quotient of two ` 





continuants: m de 
San E MS 
SES Ye ( ` An Vn. Vs An SÉ 
k+1 — ( Swe En cim PE 
* vn Vn ZEN Vn I kl 
Let C, denote the continuant of the kth order 
( —Vn —\n o —4n ) 





* Bochert, Math. Annalen, vol. 40 (1892), p. 182. 
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Then 
C3 — VC 
Nas = An k—1 hist: k—2 i 
a "a a Ck — Va 
and C, = VI — Or 3). 
This difference equation has the solution 
atl — gen 
GE 
where. + 6 = vn, of = An, and in consequence 
a = $n + $p — 4 Nn. 
Then : 
at — BY) — Nano? EC 
dis = as | 
CET — ge — veal — B*) 
Ask approaches infinity, this fraction approaches the limiting 
value B = 4n — A n — 4*n. - Then finally 


wu» 4d 4L - 4f m). 


To call attention to the remarkable restriction imposed upon 
the class of G by this formula a.few pairs of values of n and 
u calculated from it are given: 


n= |21 22 23 24 25 26 27 28 29 30 31 32 33 34 
u>|6 6 8 8 8 8 8 10 10 10 10 12 12 12 
n= |35 36 37 38 39 40 41 42 43 44 45 46 47 48 
u>|12 14 14 14 14 16 16 16 16 16 18 18 18 18 


























In this connection it should perhaps be noted that there exists 
a doubly transitive group* of degree 28 and class 12 with 63 
conjugate substitutions of order 2 and degree 12 init. In this 
set of conjugates there are exactly 32 substitutions non- 
commutative with a given substitution of the set, and with 
which each of them has exactly 6 letters in common. There 
are 30 substitutions that have just 4 letters in common with 
the given substitution and are commutative with it, making 
up the total number of conjugates. This appears to indicate 





* Manning, Amer. Jour. of Math., vol. 35 (1913), p. 258. 
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that this limit for u cannot be much increased. But if a limit 
of simpler form is desired one may use 


u>in—4tvn—-1. 
If n is greater than 22, this number is less than 4n(1 


+ 41 — 4/ vn); in fact the latter approaches An — 4 vn — à 
as n increases. If n is less than 23 it is known that this limit 
holds, for all primitive groups of class less than 14 are known,* 
and the classes 4 and 6, which alone are in question here, 
belong to no primitive groups of higher degree than 10. . 


STANFORD UNIVERSITY, 
October, 1913. 


CHRISTOFFEL’S MATHEMATICAL WORKS. 


E. B. Christoffel, Gesammelie mathematische Abhandlungen, . 
Unter Mitwirkung von A. Krazzr und G. FABER, heraus- 
gegeben von L. Maurer. Zwei Bünde. B. G. Teubner, 
Leipzig, 1910. 

WHEN one turns over the pages of the collected works of a 
mathematician such as this one, arranged in chronological 
order, and notes the varied fields in which the author worked, 
he feels an impulse to follow the methods of his literary 
colleagues and to try to find the influences which pl&yed upon 
the author. To what extent was he influenced by direct 
contact with other masters? Or perhaps was he that year 
lecturing upon a certain subject and thus was naturally led to 

` an attempt to solve some of its problems? These and other 
questions arise in the mind of a reviewer, and he must decide, 
whether he shall amuse himself chasing fancies or turn to the 
more serious task of the kind of a review such as we are 
accustomed to expect. 

In the present instance some of the former questions receive 
& partial answer as he reads the interesting biography of 
the author written by Dr. C. F. Geiser for the thirty-fourth 
volume of the Mathematische Annalen and reprinted at the 
beginning of the first volume now under discussion. Here one 
reads that in his student days at Berlin Christoffel came under 
the influence of Dirichlet, Borchardt, and Steiner, and later, 


* Cf. Manning, Amer. Jour. of Math., vol. 35 (1013), p. 229, for refer- 





ences. 
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in his Docent days, of Weierstrass and Kummer. At the 
same time he studied under Dove and Ohm, which may account 
for his early tendency in the direction of mathematical physics, 
but the influence of the great masters of pure mathematics is 
seen in his writings on these subjects as well. For example 
his memoir, “Sul problema delle temperature stazionarie e la 
rappresentazione di una superficie,” deals essentially with 
the conformal representation of plane areas, and as he says, 
although he retains the problem in the form given by physics, 
his principal interest is in its bearing on functions of a complex 
variable. Some of his results suggest the classic work of 
Schwarz in this field. His biographer gives one a fine estimate 
of Christoffel’s power as a lecturer and of his personal influence 
on his students and colleagues. 

The first volume contains his thesis and eighteen papers 
written for the most part while he was professor in the Poly- 
technikum in Zürich. They are upon a variety of topics, but 
it will be possible for us to refer to only a few of them. One 
of the most extensive is entitled “Zur Theorie der einwerthigen 
Potentiale.” Herein Christoffel has investigated the general 
properties of functions which are expressible as the sum of the 
four types of potential, namely point, line, surface, and solid. 
In the first three memoirs of the second volume he solves the 
problem of finding the most general form of functions which 
effect a conformal mapping upon a circle of a simply-connected 
plane surface of n-sides, of which Schwarz also gave the 
solution. Quite a number of the other memoirs deal with one 
phase or another of the theory of the potential. 

The title “Ueber einige allgemeine Eigenschaften der Mini- 
mumsflüchen ” applied to Memoir XIII is misleading because, 
although it deals with & property possessed by minimal sur- 
faces, it is concerned with the solution of the problem: Given 
two real surfaces S and S’ corresponding with parallelism of 
tangent planes; under what conditions is this correspondence 
conformal? It is shown first that the lines of curvature on 
the two surfaces must have the same spherical representation 
and that the principal radii of curvature of the two surfaces 
must satisfy the condition pio! + psp! = 0. Later Chris- 
toffel finds that both S and S’ are isothermic surfaces; and 
further that given any isothermic surface, not a sphere, there 
exists a second surface S’ in the above relation, and it can be 
found by quadratures. This is the so-called transformation of 
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Christoffel of isothermic surfaces. In 1899 Darboux* in- 
quired under what conditions the correspondence between the 
two sheets of the envelope of a two-parameter family of spheres 
is conformal, and found that, with an evident exception, both 
surfaces must .be isothermic. Bianchi called these trans- 
formations Dm and showed that they are commutative with 
the transformation of Christoffel. Recently Demoulint estab- 
lished the existence of a generalized transformation of Chris- 
toffel of isothermic orthogonal reseaux in n-space and proved 
that the transformations D,, correspond to the case where 
n= 4, 

In the memoir “Allegemeine Theorie der geoditischen 
Dreiecke” one finds for the first time the so-called Christoffel 


symbols | e 1 which denote certain functions of the coefficients 


of a quadratic differential form and their first derivatives. 
It is of interest that these symbols are introduced in connec- 
tion with the binary quadratic differential form which is the 
linear element of the surface whose geodesics are under 
discussion, although they are used subsequently in connection 
with the investigation of general quadratic differential forms. 
A large part of this paper is given over to the theory of the 
reduced length of a geodesic segment, a geometrical entity of 
value in the discussion of geodesics near a given geodesic. 
This may be defined as follows: If MoM is a segment of a 
geodesic and if one draws through My a geodesit making 
an infinitesimal angle 6 with MoM and through M an arc 
MH perpendicular to the first geodesic and meeting the 
second in H, then M#H/6 is the reduced length of MM, and 
is written [MoM]. Christoffel’s opinion of this element is 
given in the words “I consider it to be thé principal result of 
the following investigations that, just as the theory of forces 
of attraction working in accordance with Newton’s law depends 
upon a single function—the potential—so the geodesy of an 
arbitrary curved surface comes back to the theory of a single 
function of four variables, which I call the reduced length of a 
geodesic segment, and which I denote by [00’] where O and 0' 
are the end points of the segment.” 

The last chapter is devoted to a geodesic classification of 





* “Sur les surfaces isothermiques," Annales de l'Ecole Normale Su- 
périeure, ser. 3, vol. 16 (1899), p. 498. 
t Comptes Hendus, vol. 153 (1911), p. 927. 
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eurved surfaces. According as there are no relations between 
the sides and angles of a geodesic triangle on a surface, or one, 
two or three relations, the surface is said to be the first, second, 
third or fourth class. Christoffel showed that every surface 
of constant curvature belongs to the fourth class, but he was 
unable to arrive at any other essential results in the classifica- 
ion. However, Weingarten* showed by a different method 
that there are no surfaces of the third class and that all of the 
fourth class have constant curvature. Later, H. von Mangoldtt 
proved that the second class contains surfaces of revolution 
of variable curvature and surfaces applicable to them. 

- The last three papers of the first volume contain Christoffel's 
important contribution to the theory of invariants of quadratic 
differential forms. The fundamental problem may be stated 
as follows: 

Given two differential quadratic forms in n variables 


(1) F = Yandedı, F = Zu dvds, 
LE 4 


where ge and a’; are functions of the z's and y’s respectively; 
what are the necessary and sufficient conditions that a trans- 
formation of the variables exist, say 


(2) E Li = Yilyı, "EEN y»); 


such that F is transformable into F’? 
This i is equivalent to the determination of the conditions 
under which the system of partial differential equations 


- Oxy Ox, 
(3) > METH 
admits a solution. This question is reduced by Christoffel 
to an algebraic problem. FI 
If equations (3) be differentiated with respect to yi, where 
l= 1, -+-, n, and the resulting equations be solved for the 
second derivatives, the conditions that these equations be 
-consistent are expressible in the form 


dën, dës 02:5, 025, 





4 05004)! = total 
( ) (ay as 4) 2 (tots a= SCH , Yay da. Ya,’ 
* “Ueber die Verschiebbarkeit tischer Dreiecke in krummen 
E EES K. Akademie der Wissenschaften zu 
i 
ee ber de Gis Classification der Flächen nach der Verschiebbarkeit ihrer 


E Dreiecke,” Crelle, vol. 94 (1882), p. 21. 
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where (itista) denotes a certain function of the quantities ara 
and their first and second derivatives, and (o1050504)' the 
same function in terms of the functions gl, These functions 
(sisi) were used first by Riemann in the Commentatio 
Mathematica and so Rieci bas called them the Riemann 
symbols. 

Similarly to (3), equations (4) are the conditions of equiva- 
lence of a form 


(5) : Gy = P» Lutte ld Hl dO zi dO x; d9;, 
ttgtsty t 


and an analogous form OH, in the ais, Here we take four dif- 
ferent sets of differentials, since there are certain linear rela- 
tions between Riemann symbols, in consequence of which G4., 
vanishes identically when the differentials are the same. Thus 
equations (4) are the conditions for the equivalence of two 
quadrilinear forms. 

. If equations (4) be differentiated with respect to y, and if 

we make use of the five index symbols defined by 


GO Gi = DA 


-5 | = | Déci + A | (si t |, 
x À À 
where | - | is the usual Christoffel symbol, we obtain equations 


Ons 
Oy.” 


which evidently are the conditions for the equivalence of two 
quinquilinear forms Gs and Oe. 

Continuing by means of a process which is an immediate 
generalization of (6), we obtain a series of equations analogous 
to (7) and thus a sequence of covariant forms G4, Gs, +--+, Gu. 

"These results are developed at length in Memoir XVIII and 
the properties of the Riemann symbols areinvestigated. Here 
one finds for the first time, the so-called Christoffel symbols 
of tbe first kind. 

After these preliminaries the author establishes the following 
fundamental theorem: 

The necessary and sufficient conditions in order that it shall 
be possible to transform a quadratic form F into another 





ell. OU 
(7) (armaa) = I, (stet) 2o m 
fiiis Va 
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quadratic form F’ are that the equations in the variables x, y, 
öx/dy derived from the equivalence of two sequences 


F, Ga, Gs, ss CG, and F, G4, Gy, ..., EM 


shall be algebraically compatible. 
It is necessary to distinguish between the following two 
cases: 
(1) When an order q can be determined such that the equa- 
tions 
F= F, G, = Gy, T NS Gai = Gal 


determine the quantities x and dx/dy as functions of the 
y's and these values make G, = G,' an identity. 

(ii) When the above equations yield only p(<n? + m) 
independent equations, and if any set of solutions of these p 
equations satisfy identically Gy = Gg’. 

When the conditions of the first case are satisfied the 
problem is algebraic, but in the second case certain of the . 
quantities left undetermined by the algebraic conditions must 
satisfy partial differential equations of the first order. From 
the algebraic theory it follows that the algebraic invariants 
of the two sets of multilinear forms must be equal. And the 
equations of transformation are given by equating n inde- 
pendent absolute invariants. Hence it is necessary that the 
sequence, of forms F, G4, Gs, Gs, ++- be extended to such 
a point that there shall be n absolute simultaneous invariants. 
In particular the invariants J, I, --- of the algebraic forms 
F, G4, :-- are a complete system of relative differential invari- 
ants of the form F. 

It was the methods followed in these memoirs which served 
as the foundation for the interesting Calcul differential absolu 
which has been developed by Ricci and Levi-Civita.* They 
call the operation defined by equation (6) covariant differentia- 
tion. It plays a fundamental rôle in this method which has not 
received the consideration it deserves. 

During the latter years of his life Christoffel’s researches 
dealt primarily with algebraic functions and their integrals, a 
subject which retains its interest at present. Asrepresentative 
of his important contributions to this field, one may mention 
his extensive memoirs entitled “ Ueber die canonische Form der 





* “ Méthodes de calcul différentiel absolu et leurs applications," Math. 
Annalen, vol. 54, pp. 128-196. 
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Riemannschen Integrale erster Gattung" and “ Algebraischer 
Beweis des Satzes von der Anzahl der linearunabhingigen 
Integrale erster Gattung," the titles of which convey a suffi- 
cient idea of the problems solved. However, it is a question 
whether Christoffel's later work was as novel and fundamental 
as that which we have discussed at greater length above. 

At the end of certain memoirs the editor has added remarks 
which are helpful. In every way the books present a fine 
appearance, which may be a superfluous observation since 
they are published by Teubner. 

LurHER PFAHLER EISENHART. 


PROBLEM COLLECTIONS IN CALCULUS. 


Esercizi di Analisi infinitesimale. DiG.Vıvanıı. Puntata I. 
Completo. Mattei, Pavia, 1912. ix+ 470 pp. Price, 
15 lire. 

Sammlung von Aufgaben zur Anwendung der Differential- und 
Integralrechnung. Von P DriNGELDEY. (Lehrbücher der 
Mathematischen Wissenschaften XXXIL..) I. Teil; Dif- 
ferentialrechnung, 1910, vi + 202 pp.; II. Teil; Integral- 
rechnung, 1913, i + 382 pp. Teubner, Berlin und Leipzig. 
Price, 6 + 13 marks. 

Mosr treatises on the calculus contain numerous solved and 
unsolved problems, but in what follows I wish to indicate some 
of the more notable separately published problem collections 
which, chiefly by reason of the industry of Germans, present a 
most formidable array before an inquirer. "There are, on the 
one hand, works which simply contain problems to solve, as 
those of Byerly* and Wolstenholme. On the other hand, w^ 
have the voluminous collection of books which give & synopsis 
of a certain amount of theory, set forth numerous worked out 
examples of a somewhat typical nature, and give similar 
problems for solution. This is the style of the little works ‘by 


* W. E. Byerly, Problems in Differential Calculus SE toa 
Treatise on Differential Calculus. Boston, 1895, pp. viii+71. 

tJ. Wolstenholme, Mathematical Problems on the Subjects for the 
Cambridge Math. Tripos Examination, Part I, 3d ed., nd., 1891. 
Problems 1641-1992 on Differential Calculus, Higher Plane Curves, In- 
tegral Calculus. 
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Junker,* Pascalf and Délp,t and of others of a more ambitious 
nature. ` 
. One of the earliest and most interesting among works of this 
latter kind, was compiled by George Paca | professor of 
mathematics in Cambridge University. Beside problems on 
the regulation topics of calculus courses, there is a section on 
higher plane curves and another of 180 pages on the integra- 
tion of differential equations. Throughout are numerous 
historical notes. As Peacock had not the leisure to superin- 
tend the publication of a second edition of his “Examples, ”? 
‘which, by 1841, had been long out of print, Gregory,§ a Fellow 
of Trinity, thought that he “should do a service to students by 
preparing a work on a similar plan, but with such modifications 
as seemed called for by the increased cultivation of analysis 
in the university.” So he introduced “demonstrations of 
propositions which although important and interesting, do not 
usually find a place in works devoted to the exposition of the 
principles of the calculus.” The choice of subjects was about 
the same as in Peacock and the exact references to, and quota- 
tions from, original sources form a valuable feature. 
, Drawing liberally upon Gregory’s work, Frenet (famed for 
-his formulas of differential geometry) published the pioneer col- 
lection] by a Frenchman. The third edition was enlarged to 
: contain 657 problems, some of which dealt with double series, 
infinite products, Bernoulli’s numbers, and symbolic opera- 
tions, in addition to treatment, in the French manner, of the 
ordinary problems of English works. The sixth edition, pub-. 
lished by Laurent after Frenet’s death (1900), contained an 
* Fr. Junker, Repetitorium und Aufgaben-Sammlung zur Differential- 
rechnung, 3. verb. À , Leipzig, 1911, pp. 129. Repetitorium u. Auf. 
Sammlung z. Integr ung, 3. verb. Aufl., Leipzig, 1912, pp. 135 (Samm- 
I Géschen, 146, 147). | 
. ^| E. Pascal, Esercizi critici di Calcolo differenziale e integrale (Manuali 
Hoepli), Milan, 1895 pp. xvi+275. Se Bene 
t Aufgaben sur Differential- und In echnung, von. H.. Dölp. 
Neubearbeitet von E. Netto. 10. Aufl. lessen, 1903, pp. 216. . (First 
ed, 1899), 12. Aufl., 1912, pp. xii+218, entitled “Grundzüge tind Auf: 
g n, etc. 2 . oo ate a “ y 
|| Collection of Examples of the Applications of the Differential and 
Calculus. ridge, 1820, pp. xiii+506+6 pletes, : 

§ " Examples of the Processes of the Differential and, 1 Caleulus,’” 
collected by D. F. Gregory. Second edition edited [after Gregory’s death 
in 1843] by Wm. Walton, Cambridge, 1846, pp. x+529+4 plates; French 
translation by Clarke, Paris, 1849. a Lamas tT c We A 

TJ. F. Frenet, Recueil d'Exercices sur le Calcul infinitésimal. , Paris, 
1856; 3e éd., 1873; 5e éd. par H. Laurent, Paris, 1891; 6e éd. augmentée, ; 
Paris, 1904, pp. xlv-+538. Russian ed., Moscow, 1899-1900. 
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appendix on residues, elliptic functions, partial differential 
equations, and total differential equations. Tisserand’s ele- 
gant Recueil of 1877 consisted of solved problems only (dif- 
ferential calculus, 55; integral calculus, 41; applications of 
calculus to the solution of various questions concerning 
curves and surfaces, 70) and was intended to be supplementary 
to the third edition of Frenet. At the author’s request 
Painlevé prepared the second edition,* and increased its size 
nearly 100 pages by adding a fourth part relative to the theory 
of functions, (27 exercises on definite integrals, residues, 
periodicity, inversion of integrals, critical points of various 
differential equations). Some problems were added to other 
parts. A Belgian work by Brahy,t more elementary and 
much less interesting, has gone through several editions. 
Apart from the Bandchen of Pascal, Italy’s contribution 
to this class of books is best represented by Vivanti’s Esercizi. 
This is a work of considerable originality and of attractive 
get up. It contains some 600 worked out problems. About 
half of the book is taken up with the problems on the subjects 
of differentiation, limits, indeterminate forms, maxima and 
minima, integration, tracing and other discussion of some two 
score of curves. The latter half develops problems on oscu- 
lating planes, curvature and torsion, differential equations.] 
Corresponding to the classic French treatise by Frenet, we 
have the German classic Uebungsbuch of O. Schloemilch.§ 
In the first edition, among features somewhat different from 
ordinary books of the kind, 40 pages are devoted to maxima 
and minima of a function, 52 to infinite series, 14 to functions 
and series of a complex variable. In the second part about 
80 pages are given over to differential equations. Another 





* F. Tisserand, Recueil complémentaire d’Exercices sur le Calcul infini- 
tésimal. 2 éd. Augmentée de nouveaux Exercices par P. Painlevé; 
Paris, 1896, pp. xxiii 4-624. 

t E. Brahy, Exercices méthodiques de Calcul différentiel, Brussels, 1867. 
3e éd., Paris, 1905. Exercices méth. de Calcul intégral, Brussels, 1895; 
nouv. éd., Paris, 1903, pp. viii 4-301. 

t When it is recalled that Vivanti is the author of the section “ Infinitesi- 
malrechnung," pp. 639-870, of Cantor’s Vorlesungen über ‘Geschichte der 
Mathematik, vol. 4 (1759-1799), Leipzig, 1908, the historical remarks in his 
Esercizi must be regarded as bearing the weight of trustworthy authority. 

$ Uebungsbuch zum Studium der hôheren Analysis, I. Theil: Differ- 
entialrechnung, Leipzig, p OE oa ale 5. Auf. von E. Naetsch, 
Leipzig, 1904, pp. viii--332. . Theil: Integralrechnung, Leipzig, 1870, 
. pp. viu+838; 4. Aufl. von R. Henke, 1900, pp. vili+418. 
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favorite work of a similar character is that by L. A. Sohncke,* 
who died (1853) shortly after the first edition was published. 

All of the above works cover the same general field of pure 
mathematics. When we explore particular regions, we find, 
for example, the important books of P. Frostt and L. I. 
Magnust in differential and analytical geometry and of R. 
d'Adhémar$ in theory of functions, quadratures, and differen- 
tial equations. l 

There are also works in which the authors turn from pure 
mathematics, to dwell upon the applications of calculus to prob- 
lems in such fields as mechanics and natural science—applica- 
tions to so-called “ practical problems.” Many of the examples 
in Professor Byerly’s little book (l. c.) are of this nature, but 
more recently, in America, we have “Applications of the Cal- 
culus to Mechanics,” by Professors E. R. Hedrick and O. D. 
Kellogg.|| Theory and definitions necessary for solving nearly 
300 problems in vectors, statics, dynamics of a particle, work 
and energy, mechanics of a rigid body, are here given in clearly 
formulated fashion. And on six pages near the end are 
“Suggestions and Answers.” 
. But Americans were not the first to publish such problems. 
More than 75 years ago D. C. L. Lehmus issued his book on 
mechanics and ballistics and in later days we have the elab- 
. orate but unfinished “ Anwendungen” of Arwed Fuhrmann** 
(died 1907). From these volumes the mathematician can 
glean many a fascinating “application” and the very carefully 
prepared and full bibliographies are a veritable mine of in- 


* Sammlung von Aufgaben aus der Differential- und E 
Halle, 1850; 5. Aufl. hrag. von H. Amstein, 2 Bde. Halle, 1885; 6. Aufl. Bd. I: 
Differentialrechnung bearb. v. M. Lindow, Halle, 1903, pp. xi+804; Bd. II: 
Integralrechnung, hrsg. v. M. Lindow, Jena, 1905, pp. xii+221+vi-+224. 

T ts for the Solution of Problems in the third edition of Solid Ge- 
ometry, London, 1887, pp. 115. 

T Sammlung von Aufgaben und Lehrsätzen aus der analytischen Ge- 
ometrie. I. Theil, pp. 325-659. Berlin, 1833. 

Fc et Leçons d'Analyse. Paris, 1908, pp. viii+208. 





Boston, 1909, pp. vi+116. : . 
Anwendungen des hóheren Kalküls auf geometrische, mechanische, 
insbesondere auf ballistische Aufgaben. Leipzig, 1836. : 

** Anwendungen der Infinitesimalrechnung in den Naturwissenschaften 
im Hochbau und in der Technik. Lehrbuch und me EYE anng: 
In sechs Theilen, von denen jeder ein selbständiges Ganzes bildet. Theil I: 
Naturwissenschaftliche Anwendungen der Differentialrechnung. Berlin, 
1888, pp. xii+148; Theil II: Naturwissenschaftliche Anwendungen der 

hnung, Berlin 1890, pp. xii--268; Theil III: Bauwissenschaft- 
liche Anwendungen der ifferentialrechnung, Berlin, 1899, pp. xvi--348; 
Theil IV: Bauwiss. Anw. d. Integralrechnung, Berlin, 1903, pp. xiv +292. 
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formation for the inquirer. It may be observed that, at times, 
the treatment is intentionally more in the manner of a text- 
book on the subject in question, than of singly stated problems, 
the solutions of which involve calculus. 

~ In concluding this general survey, reference may be given 
to four other works which are not primarily “problem collec- 
tions,” but are nevertheless of great interest for the large 
number of “practical” examples which they give. These 
works are J. W. Mellor’s “Higher Mathematics for Students 
‘of Chemistry and Physics with special reference to Practical 
"Work,"* W. Nernst and A. Schónflies's “Einführung in die 
mathematische Behandlung der Naturwissenschaft, kurz- 
gefasstes Lehrbuch der Differential- und Integralrechnung mit 
besonderer Berücksichtigung der Chemie,” t John Perry’s “ Cal. 
culus for Engineers”{ and Sir George Greenhill’s “Notes on 
Dynamics.” $ 


Let us now turn to the second of our books under review. 
Dingeldey has remarked that while Fuhrmann gave many 
problems in “Naturwissenschaften und Technik,” the text- 
book character was also in evidence; that “applications” in 
“das ausgezeichnete Werk” of Perry were, primarily, applica- 
tions of calculus to Technik; that Mellor’s examples were 
taken almost wholly from Naturwissenschaften. He therefore 
felt that there was a lack of a book “das nur Aufgabensamm- 
lung sein will und Beispiele enthält, die der Geometrie, den 
Naturwissenschaften und der Technik entnommen sind.” 
The volumes before us are the result of an endeavor to fill 
this want. 

The author has taken pains “solche geometrische Beispiele 
zu bringen, die zumeist auch für den Physiker und Techniker 
von Interesse und Nützen sein werden, während der Studie- 





* London, 1902, PB; xxi+543; 4 ed., 1913, pp. xxi + 641. Ger. ed. “in 
freier Bearbei " Berlin, 1906, p. xi+412. 

T München u. Berlin, 1895; 3. Aufl., 1901, .xii+340; 6. Aufl., 1910, 
pp. xii--442; 7 Auflage, 1913, pp. xii + 444. Russian ed., Moscow, 1907. 

i London, 1897; eleventh impression, 1913, pp. vii+382. Ger. ed. 
Hôhere = für Ingenieure deutsch bearb. v. R. Fricke u. Fr. Süchting, 
Leipzig and Berlin, 1902, pp. ix 4-423; 2. Aufl. 1910, pp. xi+464. Russian 
ed., St. Petersburg, 1904. 

§ Second edition, published by His Majesty’s Station Office, London, 
1908, pp. 222 1-15 plates, in folio format. is remarkable book, which may 
be purchased for the absurdly small sum of 3 shillings, can serve as an 
invaluable source of suggestion for arousing interest in courses on mechanics 
or calculus. I fancy that the “Hiawatha” and “Milton” problems first 
appeared in the 1893 edition of this work. 
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rende der reinen Mathematik hoffentlich den physikalischen 
und technischen Beispielen Interesse entgegenbringen wird, 
zumal diese so gewählt sind, dass ihr Verständnis keine be- 
sonderen Vorkentnisse erfordert; wo solche wiinchenswert zu 
sein schienen, sind die nôtigen Erläuterungen gegeben.” 

The work contains about 1000 Aufgaben with solutions and 
Beispiele accompanied by adequate explanation. At the 
beginning of each of the 48 sections are propositions and rules 
connected with the theme of the paragraph; no proofs are 
given. In contrast to several collections mentioned above, 
there are no paragraphs on differential equations. 

Beispiele in Differential Calculus are not easy to find before 
the discussion of problems on maxima and minima. Never- 
theless in connection with sections on Differentiation of 
exponential functions and of logarithms, on Functions of 
several variables, and on Introduction of a new variable, 
we have a discussion of Snellius’s law of refraction, logarith- 
mic and newtonian potential, Wronskian and functional deter- 
minants, Schwarzian differential invariant. Pedal curves (5 
pages) and Series (24 pages) are subjects of two more sections. 
Discussion of points of inflexion leads to comment on the 
Hessian curve, and among the applications of maxima and 
minime we find the famous problem of the bee’s cell, a rainbow 
problem, and questions in least squares. Anallagmatic curves 
and catétaustics come up naturally in the section on envelopes. 

Almost at the beginning of the integral calculus volume 
and again, later on, are examples of Simpson’s rule (with due 
credit to James Gregory) and its use in ship-building. As 
illustration of integrating trigonometric and cyclometric 
functions, Hooke’s law and pressure of wind on a tower and on 
the sail of a boat are considered. Radio-activity is a Beispiel 
in the integration of exponential functions. Problems on 
Lagrange’s interpolation formula, a falling body, velocity of 
chemical reactions, and on the Staukurve* enter into the 
section on integration of rational functions. In other sections 

‘we have: Fourier series; beta and gamma functions; elliptic 
integrals with pendulum problem; laws of the mean with 
applications to heat, machinery, hydraulics; rectification with 





* I do not know an English equivalent for the name of this curve, to 
which ten pages are devoted by Dingeldey. It may be described as follows: 
suppose the water of a dammed stream to flow through a break in the dam; 
the form of the surface of the water above the dam in longitudinal profile 
is that of the Staukurve. 
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examples on catenary and telegraph wire, Fagnano’s formula, 
parallel curves, spherical loxodrome, and Mercator’s projec- 
tion. The volume closes with sections on the volume of 
certain solids; determination of masses and of centers of 
gravity;* moments of inertia; applications of potential - 
theory. But these brief indications of the contents of the 
volumes must suffice. 

The author has accomplished the task set himself in admir- 
able fashion. Carefully exact statements, in historical notes, 
in references to original sources, in indexes, and elsewhere are 
noticeable throughout. No especially serious error has come 
to the reviewer’s notice. Problem 39 (I, 167) might well cause 
trouble since about a dozen signs are wrong and a di should 
be substituted for a déi, Most of the well-known curves are 
badly drawn. It would be an improvement if the indexes 
included all proper names mentioned in the volumes. 

A few additions and notes at different points might increase 
the interest of the reader. Forexample: (1) after showing that 
a cardioid is a catacaustic of a circle (T, 183), reference might 
be given to Jacob Bernoulli (Acta Eruditorum, June, 1692, 
pages 293-295). (2) Heron of Alexandria may be credited with 
the solution of the problem of plane geometry: Given two 
points on the same side of a line, to find on the line a point 
such that the sum of its distances to the two given points shall 
be a minimum (I, 114). (8) The expression for the area of 
the maximum quadrilateral with given sides a, b, c, d (I, 146) ' 
might be given in the form Vs(s — a)(s — b)(s — c)(s — d) 
(where 28 = a + b+ c + d), with the remark that this was the 
expression for the area of an inscribed quadrilateral, given by 
Brahmagupta in the seventh century. The maximum property 
was shown by Lhuilier.f (4) When the length of the semi- 
cubical parabola (Neilsche Parabel, II, 271) has been found, 
why not remark that this was one of the first curves whose 
lengths were determined mathematically? The honor of effect- 
ing this determination belongs to Fermat and to the English- 
man, William Neil. (5) After considering (II, 227) the integral 


f e dx (which plays an important rôle in the theory of errors 


0 








* Pappus’s theorems on the surface and volume of a solid of rotation, 
are introduced at this point. The usual mistake of attributing them to 
Guldin, who likely stole them from Pappus, is not committed here. ; 

t Cf. Maximis et Minimis, Varsauiae, 1782, p. 18 ff.. ` 
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in observation), make the transformation t = + 5 (1 +2), 
where i = A 1, and it is readily found es f e dz = 
0 


V2 
[sea f cos 3 ds = +3 E integrals studied by 


Euler as early as 1781.* Now if we consider Jacob Bernoulli’s 
problem, t to determine the curve whose curvature is propor- 
tional to its arc, we are led (on taking the constant of propor- 
tion as unity) to the equations 


: z= [sine as, ee 
E 0 


which define a double spiral curve, turning about the asymp- 
totic points, determined by the Euler integrals above, and ` 
hence named by Cesàro the Clothoide.$ It would also be 
interesting to remark that the curve is associated with the 
name of Fresnel, who was led to it in discussing the diffraction 
of light. || 


f cossas 


0 


R. C. ARCHIBALD. 
Brown UNIVERSITY, 
December, 1913. 
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Archimedis Opera Omnia. Volume II. By J. L. HEIBERG. 
Leipzig, B. G. Teubner, 1912. xviii + 554 pp. 8 Marks. 
Ir may seem strange that a new Latin-Greek edition of the 

works of Archimedes should be deemed necessary, the first 

one under the editorship of Professor Heiberg having appeared 
as late as 1880-1881. We expect new translations into modern 





* “De valoribus in ium variabilis ez = © extensorum." 
e S. Academiae exhib. d. 30 Aprilis, 1781. ` uler here evaluates ‘the 
by means of gamma functions. Published in Inst. Calculi Integr. 

IV 1794), pp. 339-345. 

T "Invenire curvam eujus curvedo in singulis punctis est proportionalis 
longitudini arcus; id et, quae ab, le pondere flectitur in rectam,” 
Opera, Genera 1774, vo p. 1084-1086 

. 1 Cf. Picard, Traité d' E yse, tome 1, 2 ed., 1901, p. 357. 

ies Ann. Math. (3), vol. 5 (1886), p. 512 

|| Œuvres complètes, tome I, p. 319 Paris, 1800; “Mémoire sur la 
diffraction de la lumiére,” presented to the Academy of Sciences in 1818, 
crowned in 1819 and first published in 1826. ém. de l'Acad. Fran., 
tome V, for 1821-22, Paris, 1826. 
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languages, and new interpretations of classical treatises from 
‘time to time, but new editions of the text alone, when the 
work has so recently been done by a scholar of such ability as 
Professor Heiberg, are cause for some surprise. 

It is, however, a pleasant indication of the steady advance 
in the history of mathematics that such a state of affairs should 
exist. For the first Heiberg edition was a work of the highest 
order of critical scholarship, so that the present edition means 
that later discoveries have been drawn upon for the new ma- 
terial which is here given. 

It was four years after the publication of Volume I of the 
first Heiberg edition that Rose discovered the Latin translation 
of Archimedes made by the “notorious William Flemming,” 
as Roger Bacon designates William of Moerbecke, or Guilielmus 
Brabantinus, the chaplain to Clement IV. Cantor thought 
that Tartaglia (1543) took the translation of Archimedes, of 
which he so boastfully speaks, entirely from this work.* This 
manuscript dates from the thirteenth century, and was faith- 
fully made from a Greek codex older than any now extant. 
Its importance, therefore, in restoring lost or imperfect 
passages is quite apparent. 

The second noteworthy discovery which makes this edition 
necessary is the one made by Professor Heiberg in 1906, the 
Method of Archimedes} found in a manuscript of the tenth 
century in a monastery at Constantinople. Until thé time of 
this discovery the work was known to the world only through 
brief extracts in the works of Heron and Suidas, and while 
it is now familiar through various publications,t its great 
importance added to the necessity for this present edition.§ 
The manuscript is also important because it contains parts of 
the work on Floating Bodies (’Oxoupévwv) || of which no Greek 
copy had been supposed to be extant, and also certain passages 
from the Stomachion (Zrou&xwr).{ Still more material from 
this manuscript is promised for Volume III. 





* Cantor, Geschichte, vol. IT, p. 514. The question is, however, fully 
discussed in Heath’s Works of Archimedes, p. xxvii, and in the Kliem 
edition, . 14. 





Vol. II, pp. 416424. 
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It is unnecessary to say that Professor Heiberg was the first 
to give a critical and modern study to the works of Archimedes, 
and that, with the exception of Sir Thomas Heath, there is no 
one now living who combines such a perfect knowledge of 
Greek, Latin, and the mathematics of the classical period. 

Davi» EUGENE SMITE. 


Archimedes’ Werke. Mit modernen Bezeichnungen heraus- 
gegeben und mit einer Einleitung versehen von Sir THOMAS 
L. HEATH. Deutsch von Dr. Frrrz Kurem. Berlin, 1914. 
xii + 477 pp. . 

As stated in the preceding review, there was abundant reason 
to justify Professor Heiberg in preparing a new edition of the 
works of Archimedes, and the same may of course be said con- 
cerning a work like that of Sir Thomas Heath. In the case 
of the latter’s well-known treatise the lack of reference to the 
Methodus in the first edition has been overcome in part by the 
publication* of a pamphlet giving an English translation from 
_ the original Greek text. There is, however, good reason for 
a second edition of the work by Sir Thomas Heath, and it is 
to be hoped that he will find time to supply this need. Mean- 
time the German edition by Dr. Kliem is most welcome. 
While the translator, in preparing this edition, has, in the 
main, followed the English text with fidelity, he has not hesi- 
tated tô amplify it, with the author's permission and assis- 
tance, so as to include all the recent discoveries, and to add & 
number of footnotes which are calculated to assist the student. 
Thus in Chapter I we have a reference to Fórster's article on 
Pheidias the astronomer, and some mention of the Stomachion 
as in the Heath supplement of 1912; in Chapter II, a reference 
to the codices used by Heiberg in his second edition, with 
information concerning the finding of the Codex rescriptus 
Metochii Constantinopolitani and the nature of the text, 
and reference to the recent literature on el-Biruni's knowledge . 
of the work of Archimedes on the circle; and in the following 
chapters the same policy has been pursued. 

In Chapter VII, for example, Dr. Kliem has amplified 
the treatment somewhat, particularly with reference (page 
149) to the new matter found in the Methodus. He has, 
however, omitted Chapter VIII, on the terminology of Archi- 
medes. ‘This is perhaps justifiable from one point of view, 

* Cambridge, 1912. 
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but the chapter is a valuable one and the omission means a 
loss to German readers. i 

The chief variation in the text of the works of Archimedes 
as given by Heath Hes in the inclusion of the recently found 
Methodus and fragment of the Stomachion. The former will 
appear in volume III of the new Heiberg edition, and the 
latter is already in volume II. 

Dr. Kliem has done an excellent piece of work. The book 
is well printed, better indeed than the English edition, and 
it will bring to the German scholars a piece of work of the best 
scholar in England in the field of Greek mathematics. Re- 
viewers so commonly refer to the lack of an index that it 
seems almost hopeless to get publishers to realize the annoy- 
ance that is caused by the want of such a time-saving feature. 
In neither the English nor the German edition is an index 
given, although in a work of this kind, where a scholarly intro- 
duction contains many details to which a table of contents 
cannot refer, it would be of great value. 

Davin EUGENE Gw, 


Geheimnisse der Rechenkiinstler. P. MAENNCHEN. Mathe- 
matische Bibliothek, Bd. XIII. Leipzig, B. G. Teubner, 
1918. iv + 48 pp. Price, 80 Pfennige. 

AGAIN have Drs. Lietzmann and Witting made all lovers 
of mathematics their debtors for an entertaining littla volume 
in their new series of handbooks. They have set out to give 
to the world a series of popular essays on the non-technical 
phases of mathematics, and thus far they have been successful 
in showing to their readers the brighter side, sometimes the 
less serious side, but always an interesting side of the science. 
To this rule the recent monograph by Professor Maennchen 
is no exception. The very title is attractive, and the dialogue 
between the Publikum and the Recherikünstler, while very 
Teutonic, is cast in a pleasing style that keeps the reader's 
interest throughout. 

The nature of the work can best be understood by a few 
quotations, but the interest of the reader will doubtless be 
fostered if the reviewer refrains from giving the explanations 
which Dr. Maennchen sets forth in the text. 

The Publikum asks for the cube root of a perfect cube of five 
figures, whereupon the Rechenkiinstler asks for the last three 
figures and is told that they are ---683. He at once states 
that the cube root is 27. 
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The Publikum then asks for the cube root of 45,118,016, 
and the Rechenkiinstler at once states that it is 356. When 
asked for the cube root of a perfect cube of seven figures he 
calls for the last three figures only, and upon being told that 
they are ---313 he at once says that the cube root must be 
: 217, although he is ignorant of the other figures. 

The Publikum then sets the problem to find the seventh root 
of a twelve-figure number, and is asked to state the last figure 
(in this case ---7) and then to give all the figures in any order 
it chooses (in this case given as 887621111107, although the 

‘whole number was really 271,818,611,107). The answer is at 
once given as 43. 

Among some of the more difficult problems worked out 
mentally, the method being stated in the text, are the fol- 
lowing: 

The fifth root of 11,576,155,017,345,132,257 is 6497. The 
eleventh root of a number of fifteen figures (952,809,757,913,- 
927) is given as 23, the computer being told the figures in any 
order whatever (in this case, 012235577789999). 

The thirty-first root of a perfect power, the number having 
thirty-five places, is given as 13, the computer not being told 
even a single figure. The number is 34,059,943,367,449,284,- 
484,947,168,626,829,637. 

The second half of the book is devoted to the Easter problem, 
the famous Elberfeld horses, the multiplication methods of 
Ferrol (which are shown to be applications of processes known 
for many centuries), the relation of the properties of nine to 
the Fermat problem, and the further proposition of Fermat 
with respect to a. 

Davi» Eucene SMITA. 


Konforme Abbildung einfach-zusammenhängender Bereiche. 
Von E. Srupy. Zweites Heft, herausgegeben unter Mit- 
wirkung von W. BLascHkeE. Leipzig, B. G. Teubner, 1913. 
iv + 142 pp. 

Trus is the second volume* of a series of lectures on geom- 
etric topics by Study and deals with the conformal] transforma- 
tion of singly connected domains, a subject which, after a long 
period of stagnation, has in recent years received the attention 
of a number of investigators. In the center of these researches 
stands the possibility of the conformal mapping of a given 


* See review of vol. 1, in this Dos, vol. 19, pp. 15-18. 
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singly connected domain upon a circle, which was definitely 
proved almost simultaneously by Poincaré* and Koebet in 
1907. After the definition of a singly connected domain and 
its different types we find in $$ 1-4 chiefly a reproduction of 
Koebe’s investigations leading to the principal theorem. This 
is followed by a detailed discussion of the intricate problems 
which arise in connection with the mapping of the points on 
the boundary of the domain (88 5-8). The reader of this 
portion of the book is expected to be equipped with a fair 
knowledge of function theory and is repeatedly referred to 
Osgood’s “Lehrbuch,” whose second edition appeared while 
the book under review was in press. The results obtained 
by Koebe are presented by Blaschke. In case the boundaries 
of the domain are Jordan curves there are still some dif- 
ficulties in the way, and to overcome these, the authors, on 
page 65, introduce the hypothesis that the map of a radius of 
the circle K, which is conformally mapped upon the domain 
B, is an analytic single curve in B terminating in a “ Kern- 
menge" Q (t). 

They hope, however, that the problems concerning the 
boundary points which only a short time ago were considered 
as almost unapproachable will soon find their complete solution, 
and also that a simpler method for these theories may be 
established. 

In the second part, §§ 9-16, the problem of conformal 
mapping of a circle upon a convex domain is solved &nd the 
well known formula found by Christoffel and H. A. Schwarz 
is generalized. The treatment is, as may be expected, very 
rigorous and includes the “two-side” and “one-side” as im- 
proper polygons. 

Instead of starting with the formula 


ge cf (s ES alt = z2)”: Ss (z "um Z4)" "dz 
% 


a3 given in advance, we should prefer its derivation by the 
beautiful method in Darboux’s Théorie générale des Surfaces. 
Here the converse problem is solved, to map a given polygon 
upon a circle, or upon the upper half-plane. 





* Acta Mathematica, vol. 31, pp. 1-63, printed on March 19, 1907. 
T Gott. Nachr., May 11, 1907, pp. 175-210; Nov. 23, 1907, pp. 633-669. 
1 Vol. 1, pp. 170-192. 
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Making use of the angle © which the “support” (Stütze) 
of a polygon makes with a fixed directed line and which may 
be defined as a function (Stützwinkelfunktion) of the param- 
eter à in the parametric representation 


t= e 


and the unit circle and Stieltjes’ integrals, §§ 11-12, the 
mapping process is extended to simple convex domains in an 
original manner (§§ 13-14). 

Theorem 7, page 66, which is based upon the hypothesis made 
on the previous page is rigorously proved in § 15 by means of 
Koebe's famous “ Verzerrungssatz” (theorem of distortion). 
In conclusion references to some applications of Koebe's 
theorem and continuity method are given. We merely men- 
tion the interesting theorem: Every singly sheeted domain of 
the plane with n-fold connectivity can always be mapped con- 
formally upon another singly sheeted domain whose boundary 
consists of n rectilinear cuts of given directions. 

Many a reader would have probably greatly appreciated a 
fuller treatment of Koebe’s methods and results indicated at 
the end of this section, and would certainly welcome another 
volume on these more advanced subjects together with the 
results quite recently obtained by Plemelj, Carathéodory, 
Osgood, and others. 

As a most valuable feature of the book I mention the 


interesting examples worked out in the last section. 
ARNOLD Euch. 


NOTES 


Tar April number (volume 36, number 2) of the American 
Journal of Mathematics contains the following papers: “Iter- 
ated limits in general analysis,’ by R. E. Root; “Simply 
transitive primitive groups whose maximal subgroup contains 
a transitive constituent of order pê, or pq, or a transitive 
constituent of degree 5," by Miss E. R. BENNETT; “An 
extension of Green's theorem?" by Miss I. Barney; “On the 
asymptotic solutions of linear differential equations," by 
C. E. Love; “Restricted systems of equations," by A. B. 
CoBLE; “The canonical types of nets of modular conics,” by 
A. H. Wizson; “On long waves,” by J. H. M. WEDDERBURN. 


496 | NOTES. [June, 


Unper the auspices of the Edinburgh mathematical society, 
a mathematical colloquium will be held at the University of 
Edinburgh July 28-31, immediately following the Napier 
tercentenary celebration. The following courses have been 
arranged: By M. »’Ocaane: two lectures on “Nomography”; 
by H. W. Ricumonn: four lectures on "Infinity in geometry"; 
by E. CuwwiNGHAM: four lectures on “Critical studies of 
modern electric theories”; by E. T. WHITTAKER: two lectures 
on “The solution of algebraic and transcendental equations 
in the mathematical laboratory." 


COLUMBIA Untversiry. The following advanced courses 
in mathematics are announced for the summer session, July 6 
to August 14. All courses are five hours a week. By Pro- 
fessor C. J. Keyser: History and significance of central 
mathematical concepts; Modern theories in geometry.—By 
Professor James Maczay: Theory of functions of a real 
variable; Theory of functions of a complex variable.—By Pro- 
fessor W. B. Fire: Differential equations; Higher algebra. 


Tue following courses in mathematics are announced for 
the academic year 1914-1915. 


CoLUMBIA Untversity.—By Professor C. J. KEYSER: 
Philosophy of mathematics, three hours.—By Professor T. S. 
Fiske: Theory of point sets, three hours, second half-year.— 
By Professor F. N. Cong: Algebra, four hours.—By Professor 
James Maczay: Theory of functions, four hours.—By Pro- 
fessor Epwarp KasNzn: Integral equations, two hours, second 
half-year; Seminar in differential geometry, two hours.—By 
Professor W. B. FrrE: Calculus of variations, three hours, first 
half-year.—By Professor H. E. Hawxzs: Differential geometry ` 
of curves, three hours, first half-year—By Professor C. C. 
Grove: Mathematical theory of statistics, three hours, first 
half-year. d 


CoRNELL Untverstry.—By Professor J. McManon: Theory 
of probabilities, three hours.—By Professor J. I. HuTcHınson: 
Elliptic functions, two hours.—By Professor V. SNYDER: De- 
scriptive geometry (first term), three hours; Algebra (second 
term), three hours.—By Professor F. R. SmarpeE: Fourier 
` series and spherical harmonics, three hours.—By' Professor 
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W. B. Carver: Analyti.: and projective geometry, three 
hours.—By Professor A. Ranum; Line geometry (first term), 
three hours.—By Professor D. C. Grzzesrræ: Calculus of 
variations, two hours.—By Dr. F. W. Owens: Mechanics, 
three hours.—By Dr. J. V. McKerver: Advanced calculus, 
three hours.—By Dr. L. L. SILVERMAN: Infinite series (first 
term), three hours.—By Dr. W. A. Hurwırz: Partial differen- 
tial equations of mathematical physies, two hours.—By Dr. 
R. W. Burezss: Differential equations, two hours.—By Dr. 
J. SLEPIAN: Theory of functions, three hours. 


HARVARD Unrversrry.—All courses meet three times a 
week throughout the year except those marked *, which meet 
for half a year.—By Professor W. F. Osaoop: Infinite series 
and products*; Introduction to potential functions and La- 
place’s equation*; Galois theory of equations.*—By Professor 
M. Böcker: Analytic theory of heat; Fourier series and 
Legendre polynomials*; Linear differential and integral equa- 
tions.—By Professor C. L. Bouton: Advanced calculus; 
Elementary differential equations*; Geometrical transforma- 
tions, with special reference to the work of Sophus Lie.—By 
Professor J. L. CooLipgE: Geometry of the circle; Introduc- 
tion to modern geometry and modern algebra (with Dr. 
GREEN).—By Professor E. V. Huntrneton: Fundamental 
concepts, of mathematics*.—By Professor G. D. Brrknorr: 
‘Advanced dynamics; Calculus of variations*—By Dr. D. 
JACKSON: Theory of functions; Definite integrals*.—By Dr. 
G. M. Green: Differential geometry of curves and surfaces*; 
Projective differential geometry*. 

Professors Bouton and Birkhoff will conduct a fortnightly 
seminar in analysis. 

Courses of research are also offered by Professor Osgood in 
the theory of functions; by Professor Bécher in analysis and 
algebra; by Professor Bouton in the theory of point trans- 
formations; by Professor Coolidge in geometry; by Professor 
Birkhoff in the theory of differential equations; by Dr. 
Jackson in the theory of functions of real variables. 


Princeton Universiry.—By Professor H. B. Fine: 
Algebra, three hours.—By Professor L. P. EisENHART: 
Differential geometry, three hours; Mechanics, three hours. 
—By Professor O. VEBLEN: Projective geometry, I, three 
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hours; Projective geometry, II, three hours.—By Professor 
Boutroux: Differential equations and advanced calculus, 
three hours; Higher analysis, three hours.—By Professor 
H. T. Gronwazz: Integral equations, three hours.—By 
Professor E. P. Apams: Hydrodynamics, three hours. 


. Dm. O. HauPr has been appointed docent in Geen 
at the technical school of Carlsruhe. 


“Dr. S. JANISEWSKI has Boon appointed docent in mathe- 
matics at the University of Lemberg. 


Mr. C. S. Darwin has been appointed mathematical lec- 
turer at Christ’s College, Cambridge. 


Prorzssor E. B. Van VLECK delivered a public lecture on 
March 31 at the Paris Ecole Normale Supérieure on “The 
influence of Fourier’s series upon the development of mathe- 
matics.” 


At the invitation of the University of Rome, Professor 
EDWARD KASNER delivered a lecture on March 14 “Sulla 
geometria . della rappresentazione conforme." The lecture 
will be published in the Lincei Rendiconti. 


AT the University of Arizona, Professor L. L. Dives has 
been promoted to a full professorship of mathematics. 


Proressor P. L. SAUREL, of the College of the City of New 
York, has been promoted to a full professorship of mathe- 
matics. 


Dr. Anna J. PELL, of Mount Holyoke College, has been 
promoted to an associate professorship of mathematics. 


Dr. C. E. Brooks has been appointed associate professor of 
mathematics and insurance at the University of California. 


AT the University of Texas, Dr. E. L. Dopp has been pro- 
moted to an adjunct professorship of actuarial mathematics. 


At Harvard University, Dr. C. L. BouroN has been pro- 
moted from an assistant professorship to an associate pro- 
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fessorship of mathematics. Dr. G. M. GREEN has been 
appointed instructor in mathematics. 


AT Princeton University, Dr. T. IT. GRoNwALL has been 
promoted to an assistant professorship of mathematics. The 
notice in the May BULLETIN concerning Professor Gronwall 
was due to an editorial error. 


Dn. R. W. Bunazss and Dr. J. SLEPIAN have been appointed 
instructors in mathematics at Cornell University. 


Dr. CG P. Ktscexe has been appointed instructor in 
mathematics in the University of Washington. 


Proressor G. L. Brown, of the South Dakota State Col- 
lege, has been made acting president of the College. Mr. 
C. N. Muzs has been appointed acting professor of mathe- 
matics. 


Mr. L. S. Hirn has been appointed assistant professor of 
mathematics in the University of Montana. 


Dr. G. W. Gar has been appointed instructor in mathe- 
matics in Washington and Jefferson College. 


Dr. fI. C. Gossarp has been appointed instructor in mathe- 
matics in the University of Oklahoma. 


NEW PUBLICATIONS. 


I HIGHER MATHEMATICS. 


ApHÉMAR (R. D’). Henri Poincaré. Paris, Blond et Gay, 1914. 16mo. 
64 pp. Fr. 0.60 

Bez, (R. J. T.). An elementary treatise on coordinate geometry of three 
dimensions. New edition. New York, Macmillan, 1914. 8vo. en 
381 pp. Cloth. $2.7 

Burnays (P.). Zur elementaren Theorie der Landauschen hae 
pla). (Habilitation.) Zürich, 1913. 8vo. 38 pp. 

Brgnr (H.). Ueber die unvollständige Gammafunktion. (Diss. Bern, 
1912. 8vo. 45 pp. 

Bourrovux (P.). Les principes de l'analyse mathématique. Exposé his- 
torique et critique. Tome 1: Les nombres, les grandeurs, les figures, 


H 
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le calcul combinatoire, le calcul algébrique, calcul des fonctions, 
l'algébre géométrique. Paris, Hermann, 1914. 8vo. ee, p: 
r. 14. 


Bttcugr, Neue, über Naturwissenschaften und Mathematik. (Die Neuig- 
keiten des deutschen Buchhandels, nach Wissenschaften geordnet.) 
Ge Winter 1913/14. Leipzig, Hinrichs, 1913. uin d 


CAMPBELL (D. F.). The elements of the differential and integral calculus. 
New reprint. New York, Macmillan, 1912. 12mo. 362 pp. ET 


CorroqvuIUM, The Madison. Colloquium lectures, volume IV. Delivered 
before the colloquium of the American Mathematical Society at the 
University of Wisconsin, 1013. I: On invariants and the theory of 
numbers, by L. E. Dickson. Il: Topies in the theory of functions of 
several complex variables, by W. F. Osgood. New York, American 
Mathematical Society, 1914. 8vo. 94-230 pp. $2.00 


Corriworn (F.). Considerazioni intorno al calcolo delle probabilità, 
con riguardo alla media. Roma, Manuzio, 1918. 8vo. pp. 


—— —. Degli errori di osservazione e del termine centrale. Roma, Mae 
nuzio, 1918. 8vo. 86 pp. 

CouruRAT (L.). The algebra of logic. Authorized English translation 
by L. G. Robinson, with a preface by P. E. B. Jourdain. Chicago, 
Open Court Co., 1914. 8vo. 144-98 pp. Cloth. $1.50 

Dickson (L. E. See COLLOQUIUM. 

Eurer (L.). Opera omnia. Series I: Opera mathematica. XII: In- 
stitutiones calculi integralis. Ediderunt F. Engel et L. Schlesinger. 
Volumen 2. Adjectae sunt Laurentii Mascheronii adnotationes ad 
calculum in em Euleri. Leipzig, Teubner, 1914. 8vo. 13+ 
542 pp. M. 28.00 


Ferrari (A.). Sopra una proprietà delle bisettriei interne di un«riangolo. 
Torino, Negro, 1913. 8vo. 16 pp. 

Frast (G.) Appunti di fisica e metafisica, intorno ad alcune odierne 
vedute sulla costituzione -della materia e sulla interpretazione dei 
fenomeni naturali; le matematiche transcendentali e la conoscenza 
delle cose; gli spasi metageometrici e l'evoluzione degli esseri viventi; . 
la natura e [a divinità. Parte I: le intuisioni. Napoli, Pierro, 1913. 
8vo. 234-215 pp. L.3.00 

Fischer (A.). Ueber eine zyklische Fläche vierter Ordnung. (Diss.) 
Bern, 1913. 8vo. 22 pp. 

HasussLER (J. W.). Irrationale Aufl der Fermatschen Gleichung 
durch eine unendliche Reihe rationaler Glieder. Berlin, Krayn, 1913. 
Svo. 15 pp. M. 0.75 

HozrzR (H.). Die Integration des zweiten Gliedes in linearen Differen- 
tialgleichungen mit konstanten Koeffizienten. (Progr. Stettin, 
1913. 4to. 15 pp. 

Horsterrer (P.). Die Bernoullische Funktion und die Gammafunktion, 
Eine Vergleichungsstudie. (Diss.) Bern, 1912. 8vo. 76pp. 


Kmeumorr (F.). Eléments d'intégration graphique. Paris, Gauthier- ` 
Villars, 1914. 29 pp. Fr. 1.00 
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Kewwezzy (A. E.. Complex hyperbolic and circular functions. Volume 
1: Tables. Cambridge, Mass., Harvard University, 1914. 8vo. 211 
pp. Cloth. $3.00 


panas (E.). Ueber die Nullstellen Dirichletschen Reihen. Berlin, 1913. 
vo. 


Manvez du baccalauréat. 2e partie: Mathématiques. 4eédition. Paris, 
Vuibert, 1914. 16 mo. 189 pp. 


Maurer (H.) Richtige elementare Lósung des Fermatschen Problems. 
Zürich, Füssli, 1914. 15 pp. M. 0.80 


Matz (M.). Untersuchungen über die Darstellung der Merten’schen 
Resultante in Determinantenform. (Diss. Bern, 1912. 8vo. 53 


pp. 

Osaoop (W. F.). See Corroquium. 

PascAL (E.). I miei integrafi per equazioni differenziali. Napoli, Pel- 
lerano, 1914. 16mo. 6+137 pp. L. 6.00 


Payer (R.). Ueber berührende Kegelschnitte. (Progr. Troppau, 1913. 
8vo. 14 pp. 


Prauzner (H.). Ueber involutorische Raumverwandtschaften und solche 

ormationen bei denen den Ebenen des einen Raumes Flüchen 

4ter Ordnung mit einem Doppelkegelschnitt entsprechen. (Diss.) 
München, 1918. 8vo. 61 pp. 

Poincaré (H.). Dernières pensées: D’ ce et le temps; pourquoi 

l'espace a 3 dimensions; logique de l'infini; rapport de la ers et de 

Véther; etc. Paris, 1913. 8vo. 259 pp. Fr. 3.50 


—. Letzte Gedanken. Uebersetzt von K. Lichtenecker. Leipzig, 
Akademisches Verlagsgesellschaft, 1913. 8vo. 7+261 pp. M. 5.50 


Priester (H.). Ueber Kettenbrüche und einige arithmetische Reihen 
höherer Ordnung. (Progr) Langenberg, 1913. 4to. 22 pp. 


RapoN (X). Theorie und Anwendungen der absolut additiven Mengen- 
funktionen. Wien, 1913. 8vo. 144 pp. 

Ruocert (C.). Curiosité e sofismi matematici. Milano, Sonzogno, 1913. 
16mo. 68 pp. L. 0.20 
SALOMON (C.). Questions inédites de magie arithmétique polygone 
Paris, Gauthier-Villars, 1913. 8vo. 22 pp. . 1.60 
ScHRÖDER (H.). Die Zentralflächen der Paraboloide und Mittelpunkts- 

> flichen zweiten Grades. (Diss.). Halle, 1913. 8vo. 72 pp. 
BrgaMuND (G.). Zyklische Kollineationen. (Progr. Wien, 1913. 8vo. 

. 44 pp. 

Saers (K.). Anwendung der elliptischen Funktionen auf die Theorie der 
Wellengeschwindigkeitsfülàche. (Diss. Dresden, 1913. 8vo. 78 pp. 


STENDER (E.). Anwendungen der Besselschen Funktionen. (Diss.) 
Bern, 1012. 8vo. 79 pp. 
Spunar (V.M.). OnPythagorean numbers and on Fermat’s last theorem. 
Chicago, University of Chicago, 1913. 8vo. 16 pp. $0.25 
WILDRABER (P. U.). Zur projektiven Dreiecksgeometrie in sphürischen 
| Koordinaten. (Diss.) Freiburg, Schweiz, 1912. 8vo. 61 pp. 
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ALLIAUME (M.). ns de trigonométrie plane et sphérique. Louvain, 
Uystpruyst, 1913. 245 pp. Cartonné. Fr. 5.50 


"Ankınson (E. H. ve V.). A textbook of practical solid geometry. 2d 
edition, revised by B. R. Ward. New impression. London, Spon, 
1913. 8vo. 134 pp. 78. 6d. 


Bazpey (E.. Aufgabensammlung für Arithmetik, Algebra und Analysis. 
Reformausgabe A. 2ter Teil. Leipzig, Teubner, 1914. 8vo. 6+ 
170 pp. oth. M. 2.20 

——. Aufgabensammlung für Arithmetik, Algebra und Analysis. Für 
die höheren Mädchenbildungsanstalten. iter Teil. Leipzig, Teub- 
ner, 1914. 8vo. 6+210 pp. Cloth. M. 2.40 


BREUSING. Logarithmen des Semiversus. Zusammengestellt und he- 
rausgegeben von E. Schilling. Leipzig, Hensius, 1913. 8vo. Pp. 
81-132. M. 1.50 

Brown (J. C.) and Corman (L. Di How to teach arithmetic. eu 
education series.) Chicago, Peterson, 1914. 12mo. 873 pp. oth. 

$1.25 


Bruno (G. M.). Algebra y trigonometria. Paris, Procuraduria general, 
1914. 16 mo. 295 pp. 


——. Elementos de aritmética con nociones de Algebra. 12e 
edición. Paris, Procuraduria general, 1914. 12mo. 392 pp. 


BucHaNAN (E. Ei Tables of squares. 11th edition. London, Spon, 
1912. 16mo. 102 pp. - 48, 6d. 


Canen (E.). Cours d'arithmétique. Classes de mathématiques A et B. 
4e édition revue. Paris, Hachette, 1914. 16mo. 2+262 pp. Car- 


tonné. Fr. 2.00 
Caaan (P.) et FAsgBINDER (C.). Algèbre élémentaire. Paris, Gigord, 
1914. 18mo. 198 pp. è 


Carana (S.). Problemi di matematica, con le loro risoluzioni. 3a 
edizione reveduta. Livorno, Giusti, 1914. 16mo. 145 pp. L. 1.00 
CuEgNARD (H.) et VianLE (J.). Géométrie. Paris, Delagrave, 1913. 
18mo. 351 pp. Cartonné. Fr. 3.76 - 
Corrman (L. D.). See Brown (J. C.). 
' Crompuz (E.). Notions d’algébre. 2e partie. Anvers, Van Ishoven 
1913. 208 pp. Fr. 2.25 


Dosss (W. J.). A school course in geometry; including the elements of 
trigonometry and mensuration and an introduction to the methods of 
co-ordinate geometry. New York, Longmans, 1914. 12mo. 22+- 


427 pp. Cloth. $1.00 
Dosser, (C. V.). Test papers in elementary algebra. London, Mac- 
millan, 1914. 8vo. 242 pp. Cloth. 3s. 6d. 


Dux (O.) Analytische Geometrie der Kegelschnitte. (Mentor-Repeti-. 
torien. 49ter Band.) Berlin-Schoeneberg, Mentor-Verlag, 1914. 
86 pp. M. 1.00 
FASSBINDER (C.). See Camman (P.). 


Fine (H. B.) and Tuomepson (H. D.). Coordinate pont New re- 
print. New York, Macmillan, 1912. 12mo. alf leather. $1.60 
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Fourrny. Cours d'algébre. 8e édition. Paris, Ecole spéciale des 
travaux publics, 1913. 8vo. 259 pp. 

FRATTINI (G.). Lezioni di al ebra, geometria e trigonometria. Volume 

II, perla 4a classe. 2a edizione. Torino, Paravia, 1913. 8vo. 7+ 

217 pp. L. 4.00 

Gaspuczxa (J.). Arithmetik und Algebra. Ste, vollständig umgear- 
beitete Auflage. Wien, Tempsky, 1913. 8vo. 202 pp. oth. 


M. 2.50 
GAZZANIGA (P.). See VERONESE (G.). 


GzrezL, (G.) und WEGEMANN (G.). Lehrbuch der Mathematik und Auf- 
abensammlung für Oberlyzeen. 3ter Teil. Bielefeld, Velhagen & 
Kiasing, 1014. 8vo. 54-181 pp. Cloth. . 2,10 


Haccour (M.). Cours élémentaire d’algèbre théorique et pratique. 
Namur, Wesmael-Charlier, 1913. 253 pp. Cartonné. Fr. 2.00 


Hangar (P.). Raumlehre. Berlin, Union, 1918. 8vo. 11+336 pp. 
Cloth. M. 4.20 


HmssmNBERG (G.). Ebene und sphärische Trigonometrie. 3te, neubear- 
beitete Auflage. (Sammlung Géschen. Neue Auflage. Nr. 99.) 
Berlin, Góschen, 1914. Svo. 169 pp. Cloth. M. 0.90 


Lurz (E.). -Analytische Geometrie der Ebene. Elementares Lehrbuch. 
Leipzig, Teubner, 1913. $8vo. 10-+301 pp. M. 6.00 


Martwi Zuccaent (A.). Guida pratica per la risoluzione delle equazioni 
di 1° e 2° grado. 4a edizione. Livorno, Giusti, 1914. 16mo. 10+ 
142 pp. L. 1.00 


— — „Trattato d'algebra. 4a edizione, interamente rifatta. Livorno, 
Giusti, 1913. Svo. 12+350 pp. L. 2.80 


—. Trattato di algebra elementare. 4a edizione, interamente rifatta. 
Livorno, Giusti, 1914. Svo. 13-379 pp. L. 3.00 


Nerro (&.). Elementare Algebra. Akademische Vorlesungen. 2te 
Auflage. Leipzig, Teubner, 1913. 8vo. 10+200 pp. Gen, Eo 


Satomon (A.). Leçons d'algébre. Se édition. Paris, Vuibert, 1913. 
16mo. 267 pp. 


Taart (G. M.). Corso di matematiche. Volume V: Complementi d’al- 
gebra. 2a edizione, corretta. Livorno, Giusti, 1914. 8vo. 9+301 


pp. L. 3.00 
——. Elementi di geometria. 16a edizione. Livorno, Giusti, 1914. 
16mo. 11+239 pp. L. 1.75 


——._ Elementi di matematica. Fascicolo IV: 60 PP; L.0.60. Fascicolo 
Me 5a edizione riveduta; 6+89 pp.; L. 0.70. ivorno, Giusti, 1914. 
mo. 


TuoxrsoN (H. D.). See Fe (E. Bi 


' Venonesz (G.) e Gazzantaa (P.). Elementi di geometria. Parte I. 
ba edizione. Padova, Drucker, 1013. 8vo. 133 pp. L. 1.50 


VIALLE (J.). See CHenarD (H.). 
WEGEMANN (G.). See Geer, (G.). 


WorossmEvrrcH (V.). Problèmes d’algèbre, de géométrie, avec solutions 
complètes. Liège, Livron, 1913. 59 pp. Fr. 2.00 
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Bavpor (P.) Cahiers d'exécution de dessins géométriques. ler cahier. 
3e édition revue. Paris, Hachette, 1914. 4to. 48 pp. Fr. 1.50 


Becker (E.): Ueber Drehfelderscheinungen im elektrostatischen Wech- 
selfeld. Wien, 1913. 8vo. 20 pp. 


BzNorr (E.). Formules nouvelles pratiques de caleul de „coordonnées 
géographiques des points d'une chaine géodésique. Paris, Gauthier- 
Villars, 1913. 8vo. 40 pp. Fr. 2.00 


Bertin (C.). La table de point sphérique. Essai d’une navigation sans 
dogarithmes. (Revue maritime.) Paris, Imhaus & Chapelot, 1913, 
8vo. 96 pp. Fr. 4.00 


BouraNaER (A.). Etude sur la propagation des ondes liquides dans les 
tuyaux tiques. (Travaux et mémoires de l'univergité de Lille, II, 
8.) Paris, Gauthier-Villars, 1913. 8vo. 7 4-120 pp. 


Brew (H.). Ueber eine neue Form des Gauss’schen Prinzips des kleinsten 
Zwanges. Wien, 1913. 8vo. 8pp. 


BriauTmors (A. W.). Structural engineering. New and enlarged edition. 
New York, Funk & Wagnalls, 1913. 8vo. 14+296 pp. EE 

Cuozxer (T.) et Momor (P.). Traité de géométrie descriptive. lre 
partie. Qe édition. Paris, Vuibert, 1914. 8vo. 344 pp. 


Dyson (C. W.). Screw propellers and estimation of power for propulsion 
of ships. Volume 1: Text, 8vo. Volume 2: Atlas, folio. London, 
Chapman & Hall, 1914. Cloth. 31 8. 6 d. 


EnzYkLorinın der mathematischen Wissenschaften. Band IV: Mech- 
anik. III, 3tes Heft: K. Heun, Ansätze und allgemeine Methoden der 
Systemmechanik. Leipzig, Teubner, 1914. 8vo. Pp. ee 

. 4.60 


— —, Band IV: Mechanik. 2II, 4tes Heft: M. Grüning, Theorie der 
Baukonstruktionen. I: Allgemeine Theorie des Fachwerks und der 
vollständigen Systeme. Leipzig, Teubner, 1914. 8vo. Pp. YT 

. 8. 

FLAMARD (E.) Contribution à l'étude des méthodes nouvelles de la 
Sidus den constructions. (Thése.) Paris, Gauthier-Villars, 1913. 
8vo. pp. 


Guzon (G.). Notions d'électricité. 8e édition, corrigée. Paris, Dunod 


et Pinat, 1913. 8vo. 3+472pp. Cloth. Fr. 13.50 
GonpscmwrpT (V.). Atlas der tallformen. 2ter Band. 2 Teile: 
Text und Tafeln. Heidelberg, Winter, 1913. 200 pp. M. 30.00 


Harn .). Selenographische Koordinaten. 4te Abhandlung. (Ab- 
handlungen der k. sächsischen Gesellschaft der Wissenschaften. 33ter 
Band. Nr.1.) Leipzig, Teubner, 1914. 8vo. 113 pp. M. 8.00 


Hunter (J. Ds G.). Survey of India: Formulae for atmospheric refraction 
and their application to terrestrial refraction and geodesy. Dehra 
Dun, Trigonometrical Survey, 1913. 4to. 114 pp. 


Knrmssı (G.). Ueber die periodischen Lösungen jupiternaler Plane- 
toiden. (Diss.) Berlin, 1913. 4to. 17 pp. 


Késrer (F. W.). Logarithmische Rechentafeln für Chemiker, Phar- 
mazeuten, Mediziner und Physiker. 14te, vermehrte und verbesserte 
Auflage. Leipzig, Veit, 1914. 8vo. 107 pp. Cloth. M. 2.80 


1914, | NEW PUBLICATIONS. 505 


Küarer (F. W.) und THEEL (A.). Lehrbuch des allgemeinen physikalischen 
und theoretischen Chemie. 1ter Band: Stöchiometrie und chemische 
Mechanik. Heidelberg, Winter, 1913. Svo. 15-747 pp. M.18.00 


Lanes (M.). Beitrag zur Theorie der Verteilung der Elektrizit&t auf 
Que leitenden Kugeln. (Progr) Frankfurt a. M., 1913. Svo. 
PP. 
Lecoënt (L. Cours de mécanique professé à l'école polytechnique. 
Tome 1. Paris, Gauthier-Villars, 1914. 8vo. 7-4537 pp. Fr. 18.00 


LEITINGER (R.). Ueber Jourdain’s Prinzip der Mechanik und dessen 
Zusammenhang 'mit dem verallgemeinerten Prinzip der kleinsten 
Aktion. Wien, 1913. 8vo. 16 pp. 


Levi (C.). Elementi di geometria descrittiva ed applicazioni al disegno di 
costruzioni, Milano, Albrighi & Segati, 1914. 8vo. 83-222 pp. 


L. 3.00 
MANDART (H.). Leçons de géométrie descriptive, point, droite et plan. 
2e ódition. Namur, Weamael-Charlier, 1913. 80 pp. Fr. 2.50 


Meyer (T. J.). Reflexion langwolliger Wärmestrahlen an rauhen Flüchen 
und Gittern. (Diss. Berlin, 1913. $vo. 31 DP. 


Meur (P). See CHouuer (T.). 


MOLESWORTR (SIR G. L. and H. B.). A pocket-book of useful formulae 
and memoranda for civil, mechanical and electrical engineers. 27th 
edition. London, Spon, 1913. 32mo. 900pp. Leather. 5s. 


MonzcRorr (J. H.). Continuous and alternating current machinery. 
(Wiley technical series.) New York, Wiley, 1914. 12mo. 3+9} 
466 pp. Cloth. $1.75 


Morse (J. A.). Steam turbines; a practical and theoretical treatise, in- 
cluding a discussion of the gas turbine. 2d edition revised and en- 
larged. New York, Wiley, 1914. 8vo. 11-430 pp. Cloth. $3.50 


` Nernst AW.). Zur Thermodynamik kondensierter Systeme. Berlin, 
1913. 8vo. 19 pp. 


NmurELD (N. W.). Studien über die Reibung flüssiger Krystalle. (Diss.) 
Danzig, 1913. 8vo. 75 pp. 


Norra (H. B.). See Tracy (J. C.). 


Onwssx (M. T.) Elementary practical mathematics. 2d edition. 
London, Spon, 1912. 8vo. 12+410 pp. 5s. 


Prerrrer (F.). Ueber ebene Gleit- und Rollbewegung starrer körper. 
(Habilitation.) Danzig, 1918. 8vo. Pp. 113-148. 


Pons (L.). Tables tachéometriques. 4e édition. Paris, Béranger, 1914. 
8vo. 144-225 pp. Fr. 10.00 


Povwrma (J. H.) and THomson (Sm J. J.). A text-book of physics: 
Electricity and magnetism. Parts 1 and 2: Static end and 
magnetism. London, Griffin 1914. 8vo. 360 pp. Cloth. 10s. 6d. 

Renner (J.). Lehrbuch der darstellenden Geometrie und des geom- 
etrischen Zeichnens. 2ter Teil. Wien, Fromme, 1913. 8vo. 8+100 
pp. Cloth. M. 3.00 

Rosson (W.). The elements of electricity. 2d edition. New York, 
Wiley, 1914. 8vo. 154-596 pp. Cloth. $2.50 
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Rocue (L.). Sur la surface des ondes dans la polarisation rotatoire mag- 
nétique, et dans quelques phénomènes plus généraux. (Thése.) 
Paris, Gauthier-Villars, 1913. 4to. 100 pp. Fr. 5.00 


Roswa-Pisoez (I.). Sopra alcune questioni algebriche relative aì piccoli 
movimenti. Pisa, Toscano, 1913. 8vo. 179 pp. 


‘ Rorg& (R.). Darstellende Geometrie des Geländes. (Mathematische 
Bibliothek. Nr. 14.) Leipzig, Teubner, 1914. 8vo. N dd 


zu (C.). Arabische Gnomonik. (Diss. Heidelberg, 1913. Svo. 
pp. ` 
Scraper (O.). Die bedeutenden Sonnenfinsternisse und die grossen 
Mondfinsternisse für Mittel-Europa. besonders für Deutschland in der 
Zeit von 2166-3045. Berlin, Stankiewicz, 1918. 8vo. 137 pp. j 
s + M.8. 


Sirk (H.). Ein Druckgefülle im Glimmstrom bei Einwirkung eines trans- 
versalen Magnetfeldes. Wien, 1913. 8vo. 59 pp. 


TuowrsoN (S. P.). . Electrical tables and memoranda. 2d edition. Lon- 
don; Spon, 1913. 64mo. 8+136 pp. Leather. 18. 


TuoxsoN (Sir J. J.). See Porntine (J. H.). 


Ti«ocguzNEKo (M. S.). Sur la stabilité des systèmes élastiques. (Annales 
des ponis et chaussées.) Paris, Dumas, 1913. 8vo. 174 pp. 


‘Tracy (J. C.) and Norta (H. B.). Descriptive geometry. .Part 1: Lines 
and planes. Part 2:Solids. New York, Wiley, 1914. 4to. 104-126 
pp. Cloth. $2.00 


` VaNEkEREOVE (C.). Géométrie élémentaire des arts et métiers. 4e 
édition, revue et augmentée. Namur, Wesmael-Charlier, 1913. 260 
pp. Cloth. . Fr. 3.00 


Vrcrani (G.). Le principali leggi della mecanica. Milano, Varese, 1913. 
16mo. 81 pp. 


Vincent (M.). Les dépressions sidérales. Nouvelle h othèse sur là 
constitution de la matière et la mécanique céleste. 2e édition. Paris, 
Fischbacher, 1913. 16mo. 5+109 pp. Fr. 2.00 


Wazxpen (S. L.). Aeroplanes in gusts, soaring flight and the stability of 
aeroplanes. 2d edition. London, Spon, 1913. 8vo. 26+280 pp. 
128. 6d. 
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THE APRIL MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY IN 
NEW YORK. 


Tue one hundred and seventieth regular meeting of the 
Society was held in New York City on Saturday, April 25, 
1914, extending through the usual morning and afternoon 
sessions. The attendance included the following forty-four ` 
members: : . 

Mr. E. S. Allen, Dr. F. W. Beal, Mr. R. D. Beetle, Pro- 
fessor W. J. Berry, Professor E. G. Bill, Professor G. D. 
Birkhoff, Professor Maxime Bôcher, Professor Joseph Bowden, 

. Professor B. H. Camp, Professor F. N. Cole, Dr. G. M. Con- 
well, Professor J. L. Coolidge, Professor Elizabeth B. Cowley, 
Professor L. P. Eisenhart, Dr. C. A. Fischer, Professor T. S. 
Fiske, Professor W. B. Fite, Dr. G. M. Green, Dr. T. H. 
Gronwall, Professor C. N. Haskins, Professor H. E. Hawkes, 
Mr. S. A. Joffe, Professor Edward Kasner, Dr. J. K. Lamond, 
Professor W. R. Longley, Professor James Maclay, Dr. E. J. 
.Miles, Mr. B. E. Mitchell, Dr. H. H. Mitchell, Professor C. 
-L. E. Moore, Dr. R. L. Moore, Dr. F. M. Morgan, Professor 
Alexander Pell, Dr. Anna J. Pell, Dr. H. W. Reddick, Professor 
R. G. D. Richardson, Dr. J. E. Rowe, Dr. Clara E. Smith, 
Professor" D. E. Smith, Professor P. F. Smith, Mr. J. M. 
Stetson, Professor H. W. Tyler, Mr. H. S. Vandiver, Mr. 
H. E. Webb. 

Ex-President Maxime Bôcher occupied the chair, being 
relieved by Vice-President L. P. Eisenhart, Ex-President 
T. S. Fiske, and Professor H. W. Tyler. The Council an- 
nounced the election of the following persons to membership 
in the Society: Dr. T. H. Brown, Yale University; Dr. Jo- 
sephine E. Burns, University of Ilinois; Professor C. F. 
Gummer, Queen’s University, Kingston, Ontario; Mr. G. M. 
Hayes, College of the City of New York; Dr. W. L. Miser, 
University of Minnesota; Professor Maximilian Philip, College 
of the City of New York; Mr. S. A. Schwarz, College of the 
City of New York; Professor A. G. Smith, State University of 
Iowa; Mr. R. A. Wetzel, College of the City of New York. 
Ten applications for membership in the Society were received. 

Professor L. E. Dickson was reelected as member of the 
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editorial committee of the Transactions for a term of three 
years beginning October, 1914. It was decided to hold the 
annual meeting of the Society this year in New York City. 

Fifteen members gathered at the usual dinner in the evening. 

The publication was announced of the Madison Colloquium 
Lectures of Professors L. E. Dickson and W. F. Osgood. The 
book has just appeared as volume 4 of the series of Colloquium 
Lectures. 

The following papers were read at this meeting: 

(1) Mr. A. R. Scawærrzer: “An extension of functional 
equations.” 

(2) Professor L. P. ErseNHART: “Transformations of 
conjugate systems with equal point invariants.” 

(3) Dr. H H Mrrcnetz: “The subgroups of the quater- 
nary abelian linear group.” 

(4) Mr. R. D. Beerze: “On the complete independence of 
Schimmack’s postulates for the arithmetic mean." 

(5) Mr. H. S. Vanprver: “Extension of the criteria of 
Wieferich and Mirimanoff in connection with Fermat’s last 
theorem.” 

(6) Professor E. G. Bizz: “Note on the curvature of a 
regular curve in non-euclidean space.” 

(7) Mr. S. A. Jorre: “Triangles whose sides are three 
consecutive integers and whose area is an integer." 

(8) Professor G. D. BrskHorr: “The restricted problem 
of three bodies. Second paper." 

(9) Professor A. B. Coste: “Cremona groups determined 
by point sets." 

(10) Dr. Anna J. PELL: “Non-homogeneous linear equa- 
tions in infinitely many unknowns." 

(11) Miss L. D. CuwurNas: “On a method of comparison 
for triple systems." 

(12) Professor C. L. E. Moore: “A geometry whose 
. element of arc is a linear differential form.” 

(13) Professor C. L. E. Moore: “On the centers and radii 
of curvature of curves traced on a surface in an n-space." 

(14) Dr. J. E. Rowe: “Invariants of the rational plane 
quintic and of rational curves of odd order." 

(15) Dr. J. K. Lamond: “Some applications of a theorem 
of W. H. Young." 

(16) Professor MaxrwE Bócuxn: “On a small variation 
which renders a linear differential System incompatible." 
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(17) Professor R. C. AncnmrBarp: “Euclid’s book on divi- 
sions of figures." 

(18) Mr. C. E. WiLDer: “On the degree of approximation 
to discontinuous functions by trigonometric sums. Second 
paper." l 

(19) Dr. E. J. Mmes: “Transversality and orthogonality 
of space extremals.” 

(20) Mr. P. R. Riper: “Broken extremals in space.” 

(21) Dr. R. L. Moore: “Linear order in terms of point and 
limit." 

(22) Dr..T. H. Gronwazz: “Triply orthogonal systems 
containing one family of minimal surfaces." 

Mr. Wilder's paper was communicated to the Society by 
Dr. Dunham Jackson. Mr. Rider was introduced by Dr. 
Miles. The papers of Mr. Schweitzer, Professor Coble, Miss 
Cummings, Professor Bócher, Professor Archibald, Mr. 
Wilder, and Dr. Miles were read by title. Abstracts of the 
papers follow below. The abstracts are numbered to corre- 
spond to the titles in the list above. 


1. Mr. Schweitzer’s paper is concerned with the determina- 
tion of the properties of the functions satisfying the following 
functional equations: 


Wiele) — Oudl} = Vyole + y) V«6(x — y), 
dë ag — été D) = Verde + y) V yati(s — y). 
By putting (x) = 1 — 6(z) and dıla) = 1 — Di), one 


obtains functional equations previously discussed by the 
author. 








2. When the cartesian coordinates of a surface S are solu- 
tions of an equation of the form 


o. 3000 | ap 30 
dun  ðvðu  OuO» ° 


the parametric conjugate system is said to have equal point 
invariants. Professor Eisenhart shows that when another 
solution of this equation is known which is linearly inde- 
pendent of the coordinates of S, the coordinates of a second 
surface Sı, referred to a similar conjugate system, can be 
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found by quadratures, the surfaee Sı being such that for the 
congruence of lines joining corresponding points on S and $i 
the developables meet the latter in the parametric conjugate 
systems. This result is established by an adaptation of an 
important theorem due to Moutard. "This transformation of 
S into S, is called a transformation K. If two transforms 
Sı and Sz of a surface S are known, a one-parameter family 
of surfaces S’ can be found by quadratures such that each 
surface S’ is in the relation of a transformation K with Ei 
and of a different transformation K with S:: moreover, the 
corresponding points M, Mi, Ms, M’ on four surfaces S, $1, 
Se, BI lie in a plane r, and all the corresponding points M’ for 
surfaces. of the family lie on a line through M. This line.and 
the line MM: meet in the point of contact of the plane r 
with its envelope. These results are equally true in n-space 
of reseaux and congruences in the sense adopted by Guichard. 
In 3-space a transformation K gives rise to four W-congru- 
ences in the relation of a theorem of permutability as con- 
sidered by Bianchi, and conversely four such W-congruences 
‘determine four pairs of surfaces in the relations of trans- 
formations K. The transformations D,, of isothermic surfaces, 
studied by Darboux and Bianchi, are the only transformations 
K for which the two surfaces envelop a two-parameter family 
of spheres. The equations of the theorem of permutability 
of the transformations D, are an immediate consequence of 
the general equations for transformations K. The results of 
this paper reveal the fundamental róle played by the theorem 
of Moutard in the recent theory of transformations of 


surfaces. 


3. One of the most interesting of the modular groups is the 
abelian linear group. For the Galois field GF(p) it has been 
investigated by Jordan, and for the general Galois field 
GF(p") by Dickson. For the case of four variables con- 
‘siderable work has been done on the determination of its 
subgroups, but the problem seems to have been completely 
solved only for n = 1, p= 2, 8. Dickson however has 
proved that for n = 1, p > 3 there is no subgroup of index 
less than p? + p?+p+1. Dr. Mitchell determines the 
maximal subgroups in -case p is an odd prime and n any 
integer. He finds that except for n = 1, p = 8 there is no 
subgroup of index less than p°” + p? + pr + 1. 
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4. In volume 68 of the Mathematische Annalen, Schimmack 
gave a set of axioms for the arithmetic mean, and showed 
that these axioms were independent in the usual sense. 
Mr.. Beetle proves that Schimmack’s axioms form an inter- 
esting example of a completely independent* set. 


5. If 
(1) ay Ex 


is satisfied in rational integers prime to each other and to the 
odd prime p, Mr. Vandiver shows that 


Se e Ti 1 o p—1l« 
Le eG : I ale SÉ 0 (med 2), 





Ze J—1 
wherea=e * (m= 2,3,°+-,p—1), 


p-1 


fi k(a) = 25 ra, 
. ral 
and £ is any of the ratios 


x y z 3 y z 
CTS Uy (ut UI Ue ech 


y z z x D y 


Letting,m — 5 and comparing the resulting congruence with a 
condition given by Mirimanoff, it follows that 57 = 1 
(mod p°) is a criterion for the solution of (1) in rational 
integers prime to each other and to p. 


6. In the two ordinary non-euclidean spaces, two tangents 
to a regular curve C at the points with parameter values s and ` 
s + As form four angles A, (i = 1, 2, 3, 4). Of the four 
limiting values Dm, Ale, two are identically zero 
and two are numerically equal and not identically zero. 
Professor Bill defines the curvature of C at s to be one of 
these limiting values which is not identically zero. 


7. Assuming the three sides of a triangle, a = 2n — 1, 
b = 2n, and c = 2n + 1, so that the area is 
F=nv3nt+ 1)(st — 1), 


* See E. H. Moore: “Introduction to a form of general re New 
Haven Mathematical Colloquium, Yale University , 1910, p. 8 
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Mr. Joffe shows that all the triangles whose sides are three 
consecutive integers and whose areas are integers can be 
obtained from the integral solutions of two indeterminate 
quadratic equations: y? = 32? — 2 and y^ = Ae LL He 
then proves that all the integral roots, x, y, and 2’, y’, of 
these quadratic equations may be obtained simultaneously 
by successive addition, and exhibits the results in a table: the 
proof being based upon two fundamental identities Az; = 222; 
and y; = 2%; — zi, and corresponding identities for + 
and yi’. 

The sides b; and 6,’ are computed (in two tables) from the 
formulas b; = 2(y2+1) and bë = 2(2y;? 1), and it 
develops that the following relation holds between three 
consecutive b’s: 

b; — 14b;1 + b; = 0, 


and that exactly the same relation exists in the b’’s; further- 
more, that b; = 2y;54, and bd = 2y;;. The Us and bis 
are connected with each other by the formula b? — 2 = bz, 
while AT — 2 = by. 


8. Levi-Civita* has given a notable form of the equations 
of motion in the restricted problem of three bodies which is 
free of singularity at collision of the “infinitesimal body”’ 
with one of the other two bodies. The paper by Professor 
Birkhoff contains a new form of the equations of motion 
free of singularity at collision with either of the two bodies, 
and thus throughout the entire motion. Interesting appli- 
cations of this result are possible. 

A rigorous demonstration of the existence of retrograde 
periodic orbits, so long as the motion is confined to an oval 
about one of the bodies, is obtained. Up to the present time 
all proofs of existence of periodic orbits have dealt exclu- 
sively with the case in which one of the bodies is sufficiently 
small or the constant of Jacobi is sufficiently large. F. R. 
Moulton has called attention to the superior simplicity of the 
retrograde orbits and has made interesting conjectures as to 
their character. 

The very difficult questions connected with the direct 

* Acta Mathematiea, vol. 30 (1906), pp. 305-327. 


T Proceedings of the Fifth International Congress of Mathematicians, 
vol. 2, pp. 182-187. 
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orbits are considered by Professor Birkhoff, but equally definite 
results are not obtained. 

This paper will appear incorporated with a paper on the 
game subject presented to the Society at New York at the 
last annual meeting. 


9. In Professor Coble’s paper the definition of an invariant 
of a binary form of order n in terms of the coordinates of the 
corresponding n points in an S; is generalized to apply to a 
set D.I) of n points in an S;. It appears that a set P, is 

-associated with a set P,(7*79 in such a way that either set 
projectively defines the other and that corresponding invari- 
ants are proportional. If the projectively distinct sets P,(? 
or their associated sets be mapped upon the points of a space 
Zum 9), the permutations of the points within a set deter- 
mine in È à Cremona G,;“). The groups thus determined by 
P,® or P,®3 are the cross-ratio groups of Moore. Those 
determined by Pa) or Pk, r > 0, are of additional 
interest due to the fact that they are subgroups of more 
comprehensive Cremona groups. For example Del) deter- 
mines in 24 a Cremona Gs isomorphic with the group of the 
lines on a cubic surface; P7;® or P;9? determines in Ze a Cre- 
mona Gaam isomorphic with that of the bitangents of a plane 
quartic; and P® or Ps“ determines in Ze a Cremona group 
isomorphic with that of the tritangent planes of a space 
sextic of genus 4 on a quadric cone, i. e., a sextic for which 
an even theta vanishes for the zero argument. In all these 
cases the group is in direct algebraic relation with the corre- 
sponding geometric configuration. The extended Cremona 
groups determined by sets of points other than those men- 
tioned are of infinite order. 


10. Using the property of a limited bilinear form that its 
value can be obtained by summation by rows or by columns, 
Mrs. Pell shows that the system of non-homogeneous linear 
equations 


oo 


È get ik = Cy (= l; 2555, i 
as; + 0 being the only restriction om the coefficients, has a 
solution (y;] such that (A;y;] is of finite norm, for every 
{c:} such that {uc;} is of finite norm. The constants IA.) 
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and Inc) are directly and simply expressed in terms of the 
coefficients ax. Extension is made to systems of linear 
equations reducible to this type. 


11. In Miss Cummings’s paper three points fundamental 
in the study of triple-systems are considered: (a) A method of 
comparison applicable to triple-systems of any number of 
elements; (b) an easy process for constructing non-congruent 
systems; (c) a direct means for determining the sets of transi- 
tive elements and the group of a system. "That the group 
does not form an abstract mark for systems containing more 
than 13 elements is established, and several examples are 
shown of non-congruent systems with the same group. In 
this paper a system is characterized by its indices, Two 
systems with different sets of indices are shown to be distinct, 
whether their groups are different or identical. Of the 24 
systems discussed at least 12 are apparently new. The 
known systems of Kirkman, Reiss, Netto, Heffter, and E. H. 
Moore are examined; and the identity or non-congruency of 
these systems is exhibited. The groups are determined for 
the 24 systems. 


12. It is evident that there are but two kinds of geometries 
here possible, viz., (1) arc length an exact differential, (2) arc 
length not an exact differential. The geometries developed 

' by Phillips and Moore* are examples of each kind. Therefore 

. any geometry whose arc length is linear can be mapped (arc 
length being preserved) on one or the other of these. Using 
this map, Professor Moore discusses the geometry ona minimum 
developable surface. 


18. Making use of the well known theorems that the oscu- 
lating planes of all curves traced on a surface through a point 
P in a fixed direction ? generate a 3-space, and that the locus 
of this 3-space as ¢ varies is a quadric cone of four dimensions 
situated in a 5-space, Professor Moore discusses the properties 
of radii of curvature and of centers of curvature of curves 
traced through a fixed point on a surface in Sn. 


14. In his dissertation (Transactions, July, 1911) Dr. Rowe 
has shown how to interpret certain combinants of two binary 


* “An algebra of plane projective geometry," Proceedings Amer. Academ. 
of Arts and Sciences, vol. 47 (1912). j d 
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. quartics (explicitly written out in Salmon’s Higher Algebra) 
as invariants of the rational plane quartic curve. In this 
paper he shows how these same combinants may be in- 
terpreted as invariants of any rational curve of odd order 
by means of substitutions which are easily derived. This 
leads to the development of some interesting facts in regard 
to rational curves. The rational plane quintic is of especial 
interest because of its self-conjugacy, and the substitutions 
which lead to eight of its invariants are actually carried out 
to form a basis of work in the invariant theory.of the rational 
quintic and to illustrate the general process. 


15. In a paper, “On the general theory of integration,” 
published in the Philosophical Transactions in 1905, W. H. 
Young stated and proved a theorem which expressed the 
Lebesgue integral of an upper semi-continuous function as 
the Riemann integral of a monotone decreasing function over 
an interval. In a previous paper Dr. Lamond stated a 
generalization of the above theorem and used it to obtain 
sufficient conditions for the existence and equality of the 
multiple and iterated L-integrals of a function over a field, 
which was not, necessarily, measurable. From his generaliza- 
tion of Young’s theorem Dr. Lamond has now shown that 
the above sufficient conditions are also, in general, necessary, 
and has also applied this generalization to the problem of the 
continuity of an L-integral with respect to a parameter. 


16. If the homogeneous linear differential equation of the 
nth order, L(u) = 0, has k linearly independent solutions 
which satisfy a certain system of homogeneous linear boundary” 
conditions, U,(u) = 0 (=1,2,---,n), the main result 
proved in Professor Bécher’s paper states that, however small 
the positive constant e may be, a continuous function g(x) 
exists such that 0 < g(x) < e and such that the differential 
equation L(u) = g(z)u has no solution except zero which 
_ satisfies the boundary conditions in question. 


17. Euclid was the author of not less than nine works. 
We have approximately complete texts, all carefully edited, 
of four of these: (1) the Elements, (2) the Data, (3) the 
Optics, (4) the Phaenomena. In the case of (5) the Pseudaria, 
(6) the Surface Loci, (7) the Conics, our fragmentary knowl- 
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edge, derived wholly from Greek Sources, makes conjecture 
as to their content of the vaguest nature. On (8) the Porisms, 
Pappus gives extended comment. To (9) the Book on 
Divisions of Figures, Proclus alone among Greeks makes 
slight explanatory reference. But in an Arab MS. translated 
by Woepcke into French (Journal Asiatique, 1851) we have 
not only the enunciation of all 36 of the propositions of the 
Book, but also the proofs of four of them. Professor Archi- 
bald has endeavored to restore the remaining proofs in eu- 
clidean manner, to edit the whole with suitable commentary 
and historical introduction, which, among other things, takes 
due account of various Dee and Cotton MSS. attributed to 
Muhammed Bagdedinus es author. The restoration which 
is based on Leonardo’s Geometria Practice (written in 1220 
and published by Boncompagni in 1862) will soon be pub- 
lished in England, in book form. 


18. This paper is a continuation of the one presented to the 
Society by Mr. Wilder in February, 1913. It contains 
several theorems of a more general character than those of 
the previous paper. The following are typical: 

Corresponding to any finite integrable function f(x), of 
period 27, there is for every positive integral value of n a 
trigonometric sum of order n at most which. approximates 
to f(x) at any point where its derived numbers are allefinite, 
with an error not exceeding Lin multiplied by a quantity 
independent of n. 

Any finite integrable function f(a, y), of period 2r in each 
variable, can be approximated to by an arithmetic mean of 
partial sums of its Fourier’s expansion to terms of order m — 1 
in e and n — 1 in y, at any point having a neighborhood of 
radius ô < r in which f(z, y) satisfies the Lipschitz condition 


ft, ya) — fle, y) | S AV (ey — t1)? + (ys — yi), 
with an error not exceeding 


(zz Er) a a), 


m n 





where c; and cz are absolyte constants, and v is the difference 
between the upper and lower limits of f(x, y). 
Some of the results can be interpreted so as to give infor- - 
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mation concerning the accuracy of approximation by means 
of polynomials. 


19. In Dr. Miles’s paper the general form of the integrand 
function is first obtained when the extremals which are trans- 
versal to & given surface are also perpendicular to that surface. 
Then a general relation between the direction of the extremal 
and the transversal surface is assumed and conditions given 
under which the integrand function can be determined. 


20. Caratheodory and Bolza have treated the case of broken 
extremals in the plane. Mr. Rider’s paper considers the case 
of broken extremals in space. The Weierstrass-Erdmann 
corner-condition is derived, and a corner-surface obtained. 
The analogue of Caratheodory’s Q-function is then found, and 
the Jacobi necessary condition for an extremum derived, as 
are also sufficient conditions. 


21. Dr. Moore adds the following four axioms to a set of three 
fundamental axioms formulated by F. Riesz,* and thereby 
secures a set of seven independent axioms, in terms of point 
and limit, which is a sufficient basis for a definition of a linear 
order satisfying Hilbert’s axioms of group II.t 

In the following, S denotes the set of all points under 
consideration. A set of points is said to be connected if, 
however it be divided into two complementary subsets, one 
of them contains a limit point of the other. 

Axiom 1. S is connected. 

Axiom 2. If P is a point of S, then S — P is composed of 
two connected subsets neither of which contains a limit point 
of the other. 

Axiom 3. There do not exist three rays such that no two 
of them have a point in common. 

Axiom 4. There exist at least two points. 


22. In this paper, Professor Gronwall shows that there 
exist no triply orthogonal systems containing one family of 
minimal surfaces, except those already known, where the 
' minimal surfaces are either planes or catenoids of revolution. 


F: N. Cous, Secretary. 





* Rome Congress, 1908. 
t Hilbert, The Foundations of Geometry, Townsend's translation. 
1 Such subsets are called rays. 
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THE TWENTY-FIFTH REGULAR MEETING OF THE 
SAN FRANCISCO SECTION. 


, Tue twenty-fifth regular meeting of the San Francisco 
Section of the Society was held at the University of Washing- 
ton on May 22, 1914. Thirty-two persons were present, 
including the following members of the Society: 

Professor R. E. Allardice, Professor W. A. Bratton, Dr. 

Thomas Buck, Professor À. F. Carpenter, Professor E. E. 
De Cou, Professor G. I. Gavett, Professor F. L. Griffin, 
Professor F. W. Hanawalt, Professor H. B. Leonard, Pro- 
fessor W. A. Manning, Professor R. E. Moritz, Professor F. 
M. Morrison, Dr. L. I. Neikirk, Dr. L. L. Smail, Professor 
W. M. Smith, Professor R. M. Winger. 
. Professor Manning, chairman of the section,. presided. 
The members present lunched together between sessions at 
the Faculty Club, and were entertained in the evening at the 
home of Professor Moritz. 

The following papers were presented at this meeting: 

(1) Professor W. M. Surrn: “An associated curve.” 

(2) Dr. L. I. Nemz: “The functional variable." 

(3) Professor F. L. Grirrin: “Note on a measure of the 
variability of percentages in unequal samples recentky pro- 
posed by H. B. Frost." . 

(4) Professor F. L. GRIFFIN: “An experiment. in mathe- 
matical pedagogy.” 

(5) Dr. L. E. Wear: “Self-dual rational quartics.” 

(6) Professor F. M. Morrison: “On the relation between 
somė important notions of projective and metric differential 
geometry.” 

(7) Professor A. F. CARPENTER: “Ruled surfaces with 
plane flecnode curves” (preliminary report). 

(8) Dr. E. T. Bert: “Tables for the multiplication of four 
double theta functions." 

(9) Dr. E. T. De: “An arithmetical theory of certain 
numerical functions." 

- (10) Dr. L. L. Smam: “Some theorems on triple limits." 

(11) Dr. L. L. SMAIL: “A new general method for the sum- 
mation of divergent series." 

(12) Professor R. E. Monrrz: “On the general theory of 
cyclic-harmonie curves.” 
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(13) Professor R. E. Morrrz: “The cyclo-harmonograph: 
a new mechanism for tracing curves whose equation isp = 
a cos p6/q + k.” 

(14) Professor R. M. Wincer: “The sextic invariant of 
the Hesse group” (preliminary report). 

Dr. Wear was introduced by Professor Moritz, and Dr. 
Bell by Dr. Neikirk. Abstracts of the papers follow below. 
The abstracts are numbered to correspond to the titles in the 
list above. 


2. The study of integral equations has in recent years led 
to the development of a large body of theory called functional 
calculus.* One part of this is the theory of the functions of 
a line. Volterrat calls any quantity which depends for its 
value on the arc of a curve as a whole a function of the 
line.t He defines the partial derivative of the function at a 
point and derives a formula for the differential (variation). 
He extends the results to functions of more than one line. 
Following Volterra there have been several papers published 
along similar lines. In the present paper Dr. Neikirk gives a 
new definition of the function of a functional variable and also 
a new definition of the partial derivative at a point. He gets 
from this definition a mean value theorem and a Taylor’s 
expansion. The mean value theorem gives, among other 
things, Euler’s differential equation as a necessary condition 
in the calculus of variations.” An example of the derivative 
is the following: the partial derivative of the length of the 
curve at & point is the negative of the curvature at the point, 
except for the end points, where it is infinite. A number of 
other results are given in the paper. 


3. In studying the variation of percentages in a series of 
given samples, it is customary to compare the actual standard 
deviation for the given series with a theoretical limiting 
value, viz. Vpg/h, where p = theoretical percentage for an 
indefinitely large number of cases, q = 1 — p, and h = har- 
monic mean size of ‘the samples. Mr. Frost proposes to 
weight each sample with the number of individuals it contains, 








*See Winter, “Les principes du calcul fonctionnel," Revue de Méta- 
physique et de Morale, July, 1913. . i 

+ Rendiconti della R. Accad. Dei Lincet, vol. 3. 

1 See Hadamard, Leçons sur le Calcul des Variations, pp. 281-303. 
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and thus find a sort of generalized standard deviation, whose 
theoretical limiting value is Ypg/n, where m = arithmetical 
mean size of sample. Professor Griffin’s note merely proves 
the mathematical validity of the process. It will form part 
of a paper intended for joint publication in the American 
Naturalist. — - 


4. In this paper Professor Griffin describes a course taught 
for the past three years under the title of “An introduction 
to mathematical analysis,” which has been evolved to meet 
these generally recognized needs: (1) for an earlier intro- 
duction of calculus, especially integral calculus; (2) for a closer 
correlation of the caleulus with the preliminary subjects, and 
a consequent postponement of unessential parts of those 
Subjects; and (3) for & fuller exposition of the actual uses of 
each topic at the time it is studied. A detailed outline is 
presented, showing how it is possible for students to acquire 

in a single year a considerable familiarity with graphical 

~ methods, calculus, trigonometry, college algebra, and analytic 
geometry,—in fact, to use elementary integral calculus in 
their first semester with a fair degree of facility and under- 
standing. As the course presupposes nothing beyond ele- 
mentary algebra and geometry, its subject matter is within 
the reach of students in the fourth year of preparatory schools. 
Some possible modifications and gains in later courses are also 
described. 


5. A necessary condition for the self-duality of a plane curve 
is that the class of the curve be equal to the order, i. e., 
n = n(n — 1) — 2d — 3c. For the quartic curve there are 
two solutions, viz., 


d=1, c=2; d=4 c=0, 


which correspond respectively to the limacon and the degen- 
erate case of two conics. Dr. Wear finds that the former is 
invariant under a G, consisting of identity, a reflexion, and 
two polarities. The latter are invariant under a Gs consisting 
of four collineations and four correlations. By specializing 
the two conics, groups of orders 16 and 48 may be obtained.. 


6. In his papers on the “Projective differential geometry 
of curved surfaces,” Transactions, volumes 8, 9, and 10, 


| 
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Professor E. J. Wilczynski has shown that the projective 
differential geometry of a surface may be based upon the con- 
sideration of a completely integrable system of two linear 
partial differential equations of the second order. In his study 
of the properties of a surface in the neighborhood of any one 
' of its points, he has systematically used a certain semicovariant 
tetrahedron of reference. If the asymptotic lines are taken as 
the parametric lines, the differential equations used by Pro- 
fessor Wilczynski take exactly the same form as the familiar 
Gauss equations, and we can express directly the coefficients 
of the differential equations in terms of the Christoffel symbols 
used in the metrical theory of surfaces. We are thus able 
to change from the homogenous coordinate system to any 
suitable cartesian system. 

Professor Morrison develops the transformations from the 
homogenous system to the special cartesian system consisting 
of the lines of curvature tangents, and the normal to the 
surface, and makes a study of some of the metrical properties 
of certain geometrical configurations associated with & point 
on a surface which have been defined and studied from a pro- 
jective point of view by Professor Wilczynski. A special 
study is made of the metrical properties of the osculating 
linear complexes of the asymptotic curves and the pencil of 
complexes formed from these two. By a specialization upon 
the two directrices appearing in this pencil certain special 
points on a surface and special types of surfaces are defined 
and a study is made of these. 


7. In this paper, Professor Carpenter sets up, in invariant 
form, the conditions for plane flecnode curves, and applies 
these conditions to the case of anharmonic curves and in par- 
ticular to the case of conics. 


8. There are 121 cases of the formula of H. J. S. Smith for 
the multiplication of four double theta functions (Proceedings 
of the London Mathematical Society, volume 10, pages 87-91; 
also Krazer, Lehrbuch der Thetafunktionen, Chapter VII; 
§10). In using the double thetas, it was found convenient 
to have a compact form from which all of the biquadratic and 
other relations could be read off; it is the purpose of Dr. Bell’s 
tables to supply this. Table-I is a square matrix of the 
integers 0 to 15 with proper signs; Table II is a square matrix 
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of the symbols (u, ui, v, v’) equivalent respectively to Her- 
mite's (^7). It is explained with the tables how any one 
of the 12/1 quadruple products may be found by a single refer- 
ence to gach of the tables. For the triple thetas it is shown 
that thére is a corresponding scheme in three dimensions; to 
Table £ corresponds a cube, three of whose faces meeting in 
0 are identical with Table I. 


9. In this paper Dr. Bell continues a paper on “ Numerical 
functions" presented to the Society at the New York meeting, 
October, 1912. The concept of prime functions here intro- 
duced simplifies the theorv, whose objects are (1) to exhibit 
in concise form the interrelations arising in arithmetic between 
functions f(n), fi(n), --- which exist only when n is a positive 
integer, and are such that f(mn) = f(m)f(n) when, and in 
general only when, m, n are relatively prime, f( ) being any 
one of the functions; (2) to construct a theory of the properties 
of these functions that shall be isomorphic to the theory of 
numbers. By definition, f(n) is a unit function if for n > 1, 
f(n) = 0, and for n= 1, f(n) = 1. In be factored in all 
possible ways into r factors, "i, ne, ---, ns, and the sum of 
all the corresponding products fi(ni)fs(ns) - ++ fr(nr) be formed, 
the result being regarded as a function of n, say f(n), then f(n) 
is defined to be the ideal product of fi(n), fe(n), - - -, f,(n) (note 
that in the ideal product the arguments each = n). Exgmples 
of f( ) functions in use are the totient, the sum and number of 
divisors of an integer, u(n) (Mertens), A(n) (Dirichlet); in all 
about 30. It is shown (1) that these are members of a class 
of functions denumerably infinite in number, (2) that any of 
these © functions may be resolved into its ideal prime func- 
tion factors in one way only, & prime function being an f( ) 
whose only factors are f( ) and unit functions; (3) that there 
are oo unit functions; (4) that any theorem in arithmetic 
regarding divisibility has a unique correspondent in this 
theory, as e. g., the number of prime functions is infinite; 
quotients are unique, etc. The theory of ideal addition for 
f() functions is constructed and shown to be isomorphic to 
addition for numbers: as also the theories of residuation, 
congruences, etc. "These are too lengthy for abstraction. 


10. Dr. Smail's first paper gives conditions under which 
certain triple limits exist, and gives relations between simul- 
taneous and repeated triple limits. 
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. . 1l. In his Columbia dissertation (1913) (presented to the 

Society, April 26, 1913), Dr. Smail gave four general methods 
for the summation of divergent series. In the present paper, 
he gives a general method of summation which includes three 
of the four methods just mentioned. The general properties | 
of this method are studied, and applied to the various special 
methods included in this general method. The known 
methods of summation of Cesäro, Riesz, Le Roy, Borel, 
Euler’s power series method, and a method related to the 
Cesàro-Riesz methods of Hardy and Chapman, all appear as 
` special cases under the general method here discussed. 


12. Any curve whose equation in polar coordinates is p = 
a cos p6/q + k, or whose equation may be reduced to this form 
by a transformation of coordinates, may be generated by a 
composition of a simple harmonic with a uniform circular 
motion. For this reason Professor Moritz designates all such 
curves by the term cyclic-harmonic. This class of curves 
evidently embraces an infinite number of species, only a few 
of which have received any systematic consideration. The 
present paper is the first of several papers dealing with the 
general properties of the whole class of curves. The topics 
considered in the first paper are: (1) the cartesian equation of 
the various species, (2) the number of species having the 
degree np (3) the number and location of the axes of sym- 
metry, (4) the number of polar maxima and minima and 
their location, (5) the number and distribution of double 
points. 


13. The mechanism exhibited by Professor Moritz combines 
a simple harmonic motion, p = c cos pi + k, with a uniform 
circular motion, 8 = gt. A crank-arm of length a imparts 
simple harmonic motion to a tracing pencil or pen which by 
means of a sliding clamp may be adjusted to different values 
of k. The paper on which the curve is to be drawn is fastened 
to a revolving disk. A train of gears enables p and q to assume 
separately all integral values from 1 to 10. The mechanism 
accomplishes thus the continuous description of 63 different 
species of curves. For each species a and k may be given 
all values | a] > 3 inches, | E | 5 inches, subject only to 
the restriction | a | + | Æ| < 6 inches. 


. 14. The complete system of invariants of the Hesse ternary 


524 RATIO OF ARC TO CHORD. [July, 


collineation group Goi. was given by Maschke, Mathematische 
Annalen, volume 33, page 317. Of the five fundamental 
forms one is a proper sextic curve. Naturally this curve is 
closely associated with the syzygetic period of cubic curves 
which the group leaves invariant. Professor Winger discusses 
the sextic by means of its group property and points out somé 
interesting relations to the system of cubics. 
Tuomas Buck, 
` Secretary of the Section. 


THE RATIO OF THE ARC TO THE CHORD OF 
AN ANALYTIC CURVE NEED NOT 
APPROACH UNITY. 


BY PROFESSOR EDWARD KASNER. 


(Read before the American Mathematical Society, September 9, 1913.) 


“Ir P is a fixed point on a curve and Q is a point which 
approaches P along the curve, the limit of the ratio of the 
arc PQ to.the chord PQ is unity." While this statement is 
frequently made without reservation, it is easy, as in most 
analogous statements, to construct exceptions in the domain 
of real functions: by making the curve sufficiently crinkly 
the limit may become say two, or any assigned number 
greater than unity. ; | 

The object of this note, however, is to point out the necessity 
for reservation even in the domain of (complex) analytic 
curves. The limit may then be less than unity. For example, 
in the imaginary parabola 


DEE sf 
the value of the limit in question, at the origin, is not one, but 
about .94. The exact value is easily found to be #V 2. 

Of course all such exceptions will be imaginary. Thus for a 
real non-circular ellipse the limit is obviously unity at each of 
the œ! real points; but of the o»? imaginary points of the ellipse, 
there are four points at which the limit takes the value .94 +. 


These are the points at which the tangent is a minimal (or 
isotropic) line. Thus if we explore all the points of the ellipse, 
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in the complex domain, the limit takes the usual value at all: 
points except four points where the value is .94. The limit 
is therefore a discontinuous function of the point of the curve. 


Regular Elements or Curves in the Plane. 


The general theory is very simple. Consider first any 
analytic curve in the plane in the neighborhood of a point P 
at which it is regular. The equation of the curve referred to 
rectangular axes through P can be taken in the form 


(1) y= et + esa? Let 


where the coefficients c are complex numbers. 
The chord y from the point P(0, 0) to the neighboring 
point Q(x, y) is 


y — va yx 
= NI + e? + Zeie + (eres + N) Le, 
The length of the arc is 


a= [Eye 


= f NT + et + Aoeet + (Bees + Ae E... da. 
0 





(2) 


(8) 





If the term 1 + cı? does not vanish, that is, if the slope cı does 
not equal + 7, then y and o can be developed into integral 
power series starting with the first power of z, the coefficient 
of x in both cases being V1 Lei Letting x = 0, we thus 
have the usual result i 

L= lim afy = 1. 


If, on the other hand, 1 + c;? does vanish, the developments 
of y and o are series in fractional powers of x. Assuming 
that ©; does not vanish, the leading term in + is then 


dieu, 


and that in « is 


F N'Acicordr = 34 4cicort, 
do 
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„where cı, of course, is + 7. Then our limit becomes 
L=%V2= 944. 


If however c: = 0, in addition of course to 1 + c; = 0, while 
c3 + 0, the leading terms in (2) and (3) are 


H . \2cicsr! 
and 
S V 6c.csr?dx = 4 Bous, 


so that | 
L=4V3= .86 +. 

In the most general exceptional curve, we have say cı = + 4, 
Co = 0, c3 = 0, +++, Chi = 0, e + 0, so that the equation of 
the curve is of the form 
(4) y = + iz tp ae + aye + ee (ex + 0). 
The curve then has contact of order k — 1 with its minimal 
tangent. We find then 


k+l 


(5) y = Vaux DEER 
9 k+l 
(6) a= pq ees D deg, ; 
so that 
, arc 2 VE 
(7) L= im od Ecl 


Tarorem I. The limit of the ratio of the arc to the chord 
at a regular point of an analytic curve is unity provided the 
tangent at that point is not a minimal line. In the latter event 
(that is, when the slope is + 1) the limit is given by (T), where 
È — 1 denotes the order of contact of the curve with the minimal 
tangent.* 

In the trivial case where the given curve is a minimal line 
(instead of merely touching a minimal line), the limit does 
not exist. 

Omitting this trivial case, we see that at every point, real 





* That is, & is the number of consecutive points common to the curve 
and the tangent. In this form we observe that (7) remains valid even 
when k = 1, for then L = 1. 
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or imaginary, the limit exists and is always real. If it is not 
one, it is at most .94 +; if it is less than this, it is at most 


.86 + ---. Thus the limit value L is always a number se- 
lected from the denumerable set 
.24% 
| SEI | (k = 1, 2, 3, +++), 
the first few terms being, to two decimal places, 
(8) 1.00, .94, .86, .80, .74, 


Most of these numbers are irrational, but some are rational. 
Thus in the case of third order contact with the minimal line, 
that is, k = 4, we have L = 4/5. 

Notice that in all the exceptional cases L is less than unity, 
that is, the arc becomes less, in absolute value, than thé chord. 
This is as we should expect. For the chord ultimately diverges 
more from the minimal tangent than does the arc, and along a 
minimal line distances are zero. 

The sequence (8) has zero for its limit. That is, if kis made 
larger and larger, so that the curve has higher and higher 
contact with the minimal tangent, the value of L approaches 
zero. But, as observed before, if we actually let the curve 
reduce to & minimal line, the limit L ceases to exist. There- 
fore L cannot be made equal to zero; this number is not con- 
tained in the sequence (8); but L can be made smaller than 
any assigned number. 


Irregular Elements.* 


Consider next irregular analytic arcs, that is, curves which, 
in a neighborhood of the given point P, taken as origin of 
rectangular axes, cannot be represented (for any choice of 
axes) by setting y equal to & series in integral powers of x, 
but can be represented by a series with fractional exponents, 
say a series arranged in powers of the pth root of z. If the 
slope of the curve at P is not + i, the usual value L = 1 is 
obtained. Otherwise we have the following 

THEOREM II. If the analytic curve is irregular at the point 
P, and if the tangent line is minimal, the equation of the curve, 

* We are dealing always with an analytic element, that is, an analytic 


curve at a given point. We apply the adjective irregular either to the 
point or the curve or (preferably) the element.- Cf. the usage of Study, § 6. 
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referred to P as origin; being of the form 
pri-l ptk 


(9) Y = ist ceprit ? Hope? +, 
the limit of the ratio of the arc to the chord is 


=. 2p KEEN 
= p ^C 


For the regular curves we have, of course, p = 1, so that 
this general formula (10) reduces to (7). The range of possible 
values of L for the irregular arcs is greater, since the result 
(10) depends on the two integers p and .k, characterizing the 
type of irregular (singular) point and the contact with the 
minimal tangent. The set of numbers (10) is dense every- 
where between 1 and 0, while set (7) is dense only at 0. 
The value of the limit L may, in particular, now lie between 1 
and .94. Thus for an ordinary cusp with minimal tangent, 
that is, p = 2, k = 2, we have 


L= $ NE = 964. 


If p is fixed and k is made large, L becomes nearly 0; while 
: if k is fixed and p made large, L becomes nearly 1. 

We observe that L? in (10) is always rational and not 
greater than one. Not every proper fraction, however, can 
be a value of L7. The necessary and sufficient condition is 
that 1 — I? shall be the square of a proper fraction. 





(10) L 


A Real Representation of the Results. 


Is it possible to bring the exceptional cases we have found 
within the realm of intuition instead of mere calculation? 
Can we picture, for example, the limiting ratio .94? One 
plan would be to use Study’s real representation of analytic 
curves by means of ©? point pairs. The interpretation of 
_ distance and arc is then of course real but quite complicated. * 
We therefore use an indirect plan which is more convenient 
for our particular purpose. 

We pass from the original (x, y) plane to a (u, v) plane by 
the imaginary affine correspondence | 


(11) u= x + iy, NEE EEN 





* See Study, Vorlesung über ausgewählte enstände der Geometrie 
Erstes Heft (1911), § 2. = À 
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The element of arc in the (+, y) plane, 


(12) ds = Jde + dy’, 
then becomes 
(13) do = Vdudo. 


Thus the distance between two points P and Q in the first 
plane becomes the “pseudo-distance” *P’Q’, defined not as 
the length of the segment P’Q’, but as the side of a square 
having the same area as the rectangle constructed with P’Q’ 
as diagonal, the sides being parallel to the u, v axes. 

The pseudo-length of an arc running from P’ to Q' is of 
course obtained by inserting many intermediate points and 
constructing on the sides of the inscribed broken line little 
rectangles having those sides as diagonals, then adding, not 
the areas of these rectangles (that would give merely zero in 
the limit) but the square roots of the areas. The pseudo- 
length of the chord P'Q' is obtained from the single big rectangle 
constructed for the diagonal P’Q’. 

With these definitions, we readily find that the ratio of 
the pseudo-arc to the pseudo-chord approaches unity when 
Or approaches P’, except when the tangent line at P is hori- 
zontal or vertical. In fact the minimal lines in the (x, y) 
plane are converted by our representation (11) into the lines 
parallel to the u, v axes. If we take a real curve in the (u, v) 
plane touching the horizontal line at P’, the pseudo-are P’Q’ 
will ultimately become smaller than the pseudo-chord P’Q’. 
If the contact is of the first order, the limiting value of the 
ratio is .94 +, a result that could be verified by an accurate 
draughtsman. The other values of L, corresponding to higher 
contact and irregular points according to formulas (7) and (10), 
would be obtained with increasing experimental difficulties. 


Space Curves. 


So far we have been considering only plane curves. For. 
analytic curves in space (of three or more dimensions) the 
results are quite different. The limit of the arc to the chord 
is of course unity for all real curves; and also for all complex 
curves provided the tangent line at the given point is not 
minimal. For the exceptional curves, however, the range of 
possibilities is much greater than in the plane. In the plane 
curve, the limit is always real. For space curves it may be 
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imaginary. In the plane, when the limit is not unity, the arc 
ultimately becomes less in absolute value than the chord. 
In space it may become either less or greater. While the set 
of possible values for L in the plane is denumerable, it consti- 
tutes, in space, a continuum. This is true even if we confine 
ourselves to regular analytic curves. 

To justify these statements, we need not give a complete 
classification; but may confine ourselves to the special cate- 
gory of curves 


Y= aye + aga? + age, x= bit + deat +t bei + ... 
defined by the relations 
ld a4 59-0, aua + bib: = 0, 
(a? + br?) (aias + bibs) + 0: 


By a simple calculation of the leading terms in the develop- 
ments for arc and chord we find for such a curve 


r- DI? 
4A +2? 
where 
Ve 0103 + bibs 
as? To j 
Here L does not depend merely upon certain integers *(arith- 
metic invariants, order of contact), as was the case in the 
plane, but upon the actual coefficients in the equations of the 
curve, that is, upon differential invariants. Since A may 
take any complex value, the same is true for L. f 7 
TmEonEM III. Regular analytic curves in space can be con- 
structed for which, at a given point, L shall have any assigned 
real or imaginary value. S 


Relation to Conformal Geometry. 


It is worth while pointing out that the quantity L defined 
for any point of an analytic curve is. important not only in 
metric geometry, based on the group of displacements, but in 
the more general conformal geometry, based on the group of 
all conformal transformations, a group which is infinite in the 
plane and finite in space. This follows from the fact that the 
value of L depends on the relation of the given curve to 
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minimal lines and curves. In fact the conformal group may 
be defined as consisting of all point transformations for which L 
is invariant. In particular it is found that two regular ele- 
ments in the plane are conformally equivalent when and only 
when they agree with respect to L. 

This is not true of irregular arcs. The complete discussion 
of the conformal invariants of irregular analytic curves, or ele- 
ments, will be given in another paper. The main result is that 
every such curve has differential invariants (certainly more than 
one, and probably an infinite number) except in the type rep- 
resented by an ordinary cusp with non-minimal tangent. This 
type can be reduced formally to the normal form y = at, and 
therefore has no invariant. Furthermore, any such analytic 
cusp can be transformed into any other by a unique con- 
formal transformation. | 

The power series defining an analytic element may be real 
or imaginary, integral or fractional. If, furthermore, we 
allow the series to be divergent as well as convergent, we 
have also a classification of elements as divergent or con- 
vergent. The concept of divergent differential element of in- 
finite order thus introduced promises to lead to greater sim- 
plicity and generality in the differential geometry of curves 
and surfaces. The resulting “geometry of divergent power 


series " will be treated elsewhere. 
COLUMBIA UNIVERSITY, 
NEw YORK. 


A MERSENNE PRIME. 


By Lucas’s theorem (American Journal of Mathematics, vol- 
ume 1, page 305) a Mersenne number n = 2977 — 1 with 
4q + 3 a prime and 8g + 7 composite is a prime number if 
the first term of the series 3, 7, 47, 2207, ... . divisible by n 
lies between the (2q + 1)th and the (4q + 2)th. My compu- 
tations show that 2! — 1 divides the 106th term of the series 
and is therefore a prime number. 


R. E. Powers. 
Denver, Coro. 


532 08G00D’8 THEORY OF FUNCTIONS. [July, 


OSGOOD’S THEORY OF FUNCTIONS. 


Lehrbuch der Funktionentheorie. Von Dr. W. F. Oscoop. 
Erster Band mit 158 Figuren. Zweite Auflage. (Bd. XX: 
1, B. G. Teubner’s Sammlung von Lehrbüchern auf dem 
Gebiete der mathematischen Wissenschaften.) B. G. Teub- 
ner, 1912. 8vo. xii + 766 pp. 

Osaoop’s Theory of Functions is a monument of American 
scholarship. Comparatively few mathematical works of 
broad, comprehensive character have as yet been written by 
Americans. While there is a superabundance of good or 
indifferent texts in English on elementary topics such as 
analytic geometry and elementary calculus, we lack a suffic- 
iency on more advanced subjects. The appearance of a work 
such as this, realizing the highest standards for breadth and 
accuracy of scholarship, is an event. It is therefore to be 
soberly regretted that it has not been published in the English 
tongue. Written by a man of English name and of true Amer- 
ican stock, it appears in the language of that country which 
needs it least. Yet while I voice a widely expressed regret that 
Osgood’s treatise is not written in English, it must, on the 
other hand, be recognized that mathematics is international : 
further, that the inspiration and spirit of the work is in good 
part German. ' S 

Inasmuch as no previous review has appeared in the BULLE- 
TIN,* the task of the reviewer should be a double one, not 
merely to consider the changes occurring in the new edition 
but also to survey the work as a whole, even though the char- 
acteristics and essential features are by this time well known 
to many readers. The attempt to do this, however, brings 
despair to the reviewer because of the many-sidedness of the 
work and its exceeding richness of content. It is amazing 
what a wealth of ideas and detail is packed into a single volume. 
The judiciousness of selection and thorough assimilation of 
material combine to make the work par excellence the most 
authoritative treatise upon the theory of analytic functions. 


d 


The first edition appeared in 1907 and was divided into three 
Abschnitte. The first of these collects the “Theorems and 


* See, however, a translation of the preface by H. S. White, vol. 13, p. 398. 
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methods of the function theory of real variables” and the 
concepts and results of the Mengenlebre which are indis- 
pensable for a thorough and modern treatment of analytic 
functions. In so doing the author implicitly recognizes— 
what has in truth become increasingly apparent with mathe- 
matical progress—that a course in real analysis should logically 
precede a study of the function theory of the complex variable, 
unless the two theories are interwoven as in French treatises 
on analysis. This is nearly, if not quite, imperative when the 
Riemann-Cauchy standpoint is adopted. Though Osgood 
departs outwardly from the French plan in organizing and 
separating the function theories of the real and of the complex 
variable, the dependence of the latter upon the former is 
made so intimate as to produce essentially the same effect ` 
as does their interweaving. After the way has been cleared 
in Abschnitt I, the elements and principal working theorems 
of the theory of analytic functions are developed in Abschnitt 
II with great rapidity. Abschnitt III treats of the applica- 
tions, which are given in successive chapters on elliptie func- 
tions, Reihen- und Produktenentwickelungen, the elementary 
functions, and logarithmic potential. 

In the new edition there is an expansion from the previous 
642 pages to 766 pages. The last chapter of Abschnitt III 
has now been split off and amplified into a fourth Abschnitt 
containing two chapters, which are devoted to logarithmic 
potential arid to conformal representation and the uniform- 
ization of analytic functions respectively. A complete treat- 
ment of the last subject constitutes the main addition to the 
first edition and accounts approximately for a third of the 
increase in the size of the volume. Of this addition I shall 
speak further on. : | 

À second change of much importance is the insertion of 
numerous footnotes concerning the authorship of the theorems 
and results, their origin, place of publication, etc. The com- 
pilation of these footnotes must have been laborious, but they 
are invaluable and greatly enhance the usefulness of the work, 
éspecially for the teacher and investigator. 

Beside these major changes numberless minor changes are 
made from page to page in the new edition, in consequence 
of which the revision may be called, an extensive one, though 
with practically no change of plan. Not infrequently exten- 
sions of theorems are added which result from placing less 
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restriction upon the hypotheses. Some of the more striking 
changes in their order of occurrence are as follows. 

At the close of chapter 1 the familiar Heine-Borel theorem is 
appended under the heading: Ein allgemeines Theorem. The 
author's conception of it is interesting. To quote his words, 
when in the vicinity of every point of a closed interval a 
certain property has been established and the continuation 
of the proof consists in the application of the method of 
* Einschachtelung der Intervalle,” the last part of the proof 
can be formulated in the aforesaid theorem. The appropriate- 
ness of the usual designation of the theorem is not discussed. 
Also, so far as I have observed, no use is anywhere made of 
the theorem. This may be regretted, since only through 
examples will the student gain an idea of its mode of applica- 
tion and of its frequent great convenience. 

A noteworthy modification occurs in the treatment of 
Goursat’s theorem that when f(z) has a derivative at every 
point of a region, this derivative must be continuous. In 
the first edition Goursat’s original proof by the integral 
method was given, and this was followed by Moore’s proof 
by: the differential method. These are now replaced by a 
beautiful demonstration of the author’s own construction (page 
349), based on an extension of the theorem of Morera that ` 
a function f(z) which is continuous within a given region will 
be analytic if its integral taken around an arbitraryeclosed 
curve within the region is always zero. This extension, which is 
found only in the new edition, was suggested to Osgood by a 
similar idea of Bécher in the treatment of logarithmic poten- 
tial. It replaces the requirement that Sf@dz shall vanish for 
a contour of arbitrary shape by the less restrictive require- 
ment that it shall vanish when taken around rectangles in the 
region whose sides are parallel to the real and imaginary axes. 
This change is an important one for simplicity of application. 
_ The theorem occupies a rather prominent place in Osgood’s 

development of the function theory. By its aid Weierstrass’ 
theorem concerning the analytic character of the sum of a 
uniformly convergent series of analytic functions is established, 
and likewise the unlimited differentiability of the series term 
by term. 

As specimen minor additions in the new edition I may cite 
a new and desirable section (II 8, $ 7) relating to the six 
anharmonic ratios and the corresponding division of the com- 
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plex plane; a brief treatment (II 12, §8) of the functional 


. equation 
fo + fY) 

HN =I TOS 
for tan x; Painlevé’s theorem (page '53) on the continuity of 
the boundary values of a function continuous within a region 
S; and Osgood’s illuminating example of non-uniform con- 
vergence (pages 87-89). The section on the convergence of 
infinite products of functions (II 11, § 7) has been much 
modified, Bécher’s definition of uniform convergence being 
now replaced by the more usual Weierstrassian definition. 

I turn now to the consideration of the new paragraphs on 
the uniformization of analytic functions. This subject has 
naturally a special attraction for the author, not only on 
account of its intrinsic importance but also because it is at 
bottom a question of conformal representation, to whose 
solution he had already made a most vital contribution. The: 
first edition closed with a brief paragraph upon the uniformiza- 
tion of analytic functions. Nearly simultaneously with its 
appearance the almost complete uniformization was effected 
by Poincaré and Koebe independently. The inclusion of this 
was the one thing absolutely necessary to bring the last chapter 
up to date. This has been effected by adding the new matter 
at thè end without material modification of the plan. In 
consequence, it seems to me rather difficult for the reader to 
catch the uniting thread of thought which runs through the 
chapter. His attention is shifted rather rapidly from one 
thing to another, though at the close the connection becomes 
clear. Notwithstanding, the chapter is one of the most 
fascinating in the entire volume. For this reason, as well as 
to aid anyone who may wish to skim the chapter superficially, 
I shall analyze its contents further. 

To a considerable. degree the arrangement is parallel with 
historical development. The author starts the chapter by 
presenting Riemann's problem of building a simply connected 
piece of a plane, with or without continuous and one-to-one 
correspondence of boundary, conformally upon a closed or 
open circle respectively. It is announced that first of all the 
problem is to be considered for a closed region with a regular 
boundary; in other words, for a “region S." But the very 
first theorem states that by means of a Green's function 
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the interior T of any simply connected piece of a plane whose 
boundary consists of more than one point can be built con- 
formally upon the interior of acircle. In fact, it is the problem 
of the conformal representation of interiors which is the key . 
note of the new chapter. Next, the construction of a Green's 
function for a region S is made to depend upon the solution 
of the boundary value problem, and this is attained by the 
Murphy-Neumann-Schwarz alternating process. Returning 
then to the consideration of open regions, we have next Osgood’s 
own great achievement, the proof of the existence of a Green’s 
function for any simply connected piece T of the character 
specified above. The proof is applicable, no matter how evil 
the character of the boundary and irrespective of its possession 
of inaccessible points. A few words here concerning possible 
complications of the boundary and the extraordinary things 
which may happen when account is taken of what becomes of 
the boundary points in the representation, would not only 
have been illuminating but would have made visible the 
difficulty of the theorem. 

Next follow paragraphs upon the circular triangle with 
zero-angles (where we consider again the imaging of a closed 
region) and upon Picard’s theorem. Then the consideration 
of the uniformization of analytic functions is begun with a 
novel construction of.a simply-connected Riemann surface 
for any algebraic function. This surface has, in generäl, an 
infinite number of leaves, though there is a coordinate case of 
closure (p = 0) which is put to one side by the author for sub- 
sequent treatment in a “Nachtrag.” It is this surface which, 
as it presently appears, solves the uniformization problem 
by its conformal* representation upon the whole or a part of 
the plane. The surface is introduced to the reader in & para- 
graph headed: “Der algebraische Fall, Uniformisierung 
vermöge automorpher Funktionen mit Grenzkreis.” But 
automorphic functions with a limit-circle are not introduced 
till the close of the next paragraph and are used in only one 
of the three cases possible for the uniformization. The follow- 
ing sections contain several references (pages 721, 723, 731) 
to a Hauptsatz,f though by inadvertence nothing has been so 
marked. The current of development is interrupted by 





s 
* Conformal except at winding points. 

The first paragraph of page 715, beginning with line 3, meets essen- 
y the requiremients of the references. 
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certain considerations of analysis situs and by the necessity of 

proving -the well known theorem of Hurwitz on the number 

of roots: of an analytic function ¢(z) = lim déin, z) in a 
n=O 


` given region. 

I have already paused unduly on the one place in the entire 
volume where the author falls below & uniformly high level 
of execution. Not a little trouble would be saved the reader 
if some such orientation as the following had been placed 
early in the chapter'instead of being left to emerge at the end. 
The fundamental geometrical problem underlying the chapter 
is that of the conformal mapping of a simply-connected region 
of interior points upon the whole or a part of the smooth plane. 
The region may or may not have a frontier and may contain 
an infinite number of leaves, but the winding points, so far 
85 they are included as interior points, are to be of finite order 
(cf. Study's presentation). At such points conformality of 
representation is, of course, renounced. Three cases arise in 
the mapping according as the region can be referred to (1) 
the entire plane, (2) the finite plane, and (3) the interior of the 
unit circle. It is, indeed, by the renunciation of all boundary 
considerations that the recent advance has been made by 
Osgood, Koebe, and Poincaré. When the conformal repre- 
sentation is effected for the simply connected interior of the 
Riemann surface properly constructed for an analytic function 
w = f(z), the uniformization by pairs of one-valued analytic 
functions z = $(t), w = Y(t) at once follows as a corollary, 
three cases being distinguished according as the domain of 
the variable is one or another of the three regions given above. 

In this uniformization work Osgood had before him the 
problem of interpreting the fat pages of Koebe and of getting 
at their kernel. The task is very far from an easy one, and he 
deserves our hearty thanks for having accomplished it in 
brief compass and with great penetration and clearness. The 
desirability of such a presentation was also perceived in an- 
other quarter, and shortly after the publication of Osgood’s 
new edition there also appeared an independent but in some 
ways different treatment at the opening of the second left 
of Study’s Vorlesungen über ausgewählte Gegenstände der 
Geometrie. The reader will find it most interesting to com- 
pare the two presentations. Study and Blaschke throughout 
the Heft employ Osgood’s first edition for reference and, in 
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particular, in their exposition of Koebe assume many of the 
results contained in its last chapter. 

Koebe’s Abbildungsatz (Osgood II 14, $12) should be 
pointed out as an especially happy hit, for by means of it the 
difficult case in which there is no Green's function for the 
region can be controlled, the surface being then built upon the 
open finite: plane (case 2 above). The greater definiteness 
imparted to this lemma by Osgood should also be remarked 
(ef. footnote, page 727). The other two cases (Nos. 1 and 3) 
can be handled with or without the lemma and are discharged 
by Osgood through older and less artificial methods. "The 
volume closes with & proof of the very fundamental point— 
which, so far as I know, was neglected by Koebe—that to every 
analytic function there corresponds a Riemann’s surface, not 
merely im Kleinen but im Grossen; and conversely, under 
certain restrictions, to every simply connected Riemann 
surface an analytic function. 


IL 


It remains yet to consider the characteristics of the work as 
a whole. In good measure we knew what to expect from 
‘Professor Osgood’s pen; clearness, exactness, penetration, 
refined distinctions and proofs, discrimination between the 
vital and unessential. In such anticipations, we are not 
disappointed. The work fairly pulsates with these charac- 
teristics. They are so apparent that it will be unnecessary to 
dwell upon them. To these temperamental qualities there is 
added the fullness of knowledge which began but was by no 
means completed in the preparation of the section upon the 
theory of functions in the Encyklopädie der mathematischen 
Wissenschaften. The influence of this encyclopedic training 
is to be seen in the diversity and fertility of content of the 
present volume. To some extent they impede the swing 
of matter and style. But there is careful ordering and close 
connection of parts. Indeed, the different paragraphs and 
sections are so closely knit together as to necessitate an un- 
usual amount of cross referencing. The reader is kept looking 
both backwards and forwards and must proceed warily. The 
book has the prime merit that it can not be read without 
careful thinking. . 

Few subjects in mathematics offer such opportunity for 
variety of treatment as the theory of functions. The selection 
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and disposition of material must depend largely upon the 
author's aim and his view of the subject. In the present 
instance we find the anomaly of a work from the Cauchy- 
Riemann standpoint by & man of Weierstrassian feeling. 
From remarks in the introduction regarding the use of power 
series it is clear that the Weierstrassian development does not 
seem so fundamental because it is tied up to one form of 
representation. In the author's language “the theorems 
gain in clearness by striking off the incidental element which 
enters in by formulation in terms of power series." Of the 
far greater rapidity of the Riemann-Cauchy method there can 
be, I think, no question, provided the necessary prerequisites 
and knowledge can be assumed. Also there is a gain in steep- 
ing the beginner in that method which has proved itself the 
most powerful but which it is more difficult to master as a 
tool. Never before has the Cauchy-Riemann development 
been given with such completeness and precision. To a 
considerable extent preceding expositions have been on a 
basis of loose analysis. The revision of the calculus and 
fundamental principles of analysis in recent time necessitates 
a reworking of the Cauchy-Riemann development. It is 
easy to imagine the appeal which such a recasting would make 
to one endowed with a Weierstrassian love for strict and legal 
proof. Here Osgood has seen his opportunity and thrown 
himself into the work. 

As has been already said, a thorough comprehension of the 
Cauchy-Riemann basis requires a considerable acquaintance 
with analysis. It is accordingly presupposed that the student 
has a well grounded knowledge of the scientific principles of 
the calculus, not such a knowledge as is derived from a formal 
first course so often found advisable for the American student 
to supplement deficiencies of drill in preliminary subjects, 
but such a grip as may be gained from an extended second 
course concerned largely with its fundamental concepts. 
This course should also be accompanied with a good course 
in mechanics. It is the author’s belief that it is desirable to 
keep the students in mathematics and physics together as long 
as possible in the study of analysis, that thereby the students 
of mathematics, on the one hand, shall perceive its close 
physical relations and applications, while, on the other hand, 
the students of physics shall secure a sound working knowledge 
of analysis, which is with them unfortunately altogether too 
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rare. To achieve this it is highly desirable to carry the phys- 
ical student into the function theory and to unroll it in close 
relation to the subject of potential. Such, as I conceive it, is 
the author's “Glaubensbekenntniss,” the platform beneath 
his text book; and it is a strong one. It explains also the 
formation of his Abschnitt III, devoted largely to physical 
applications and the potential theory. It seems not unlikely 
that the structure and disposition of the material may exert 
a strong influence on the teaching of the theory of functions . 
in at least our own country. 

Incidentally it may be pointed out that another cause which 
may have contributed in some measure to the formation of 
Abschnitt IIT is the author's fondness for conformal representa- 
tion. Attention to this subject is a conspicuous feature of 
the book almost from first to last. I know of no place where 
it is so adequately and broadly handled. 

The discussion just given leads us naturally to consider the 
question how far the work is adapted for introductory use. 
The answer to this query must depend largely upon how the 
book is used. It is not an Einleitung for private study. A 
more descriptive and appropriate term is the word Lehrbuch 
used in the title. The beginner may, I fear, find it diff- 
cult to get the perspective. His feeling might be akin to that 
of a sightseer left alone to take a first view in an enormous 
art gallery like the Louvre. Masterpieces of design ayd por- 
traiture are about him on all sides, and in their multitude he 
feels lost. Furthermore, the beginner rarely has at the start 
the capacity for distinctions necessary for proper reading of 
this book. Large omissions will therefore be advisable for 
him in a first reading. Certain recommendations in this 
regard are made at the opening of the fifth chapter but other 
omissions should also be made, such as naturally occur in 
following a course of lectures. But for collateral use in a 
lecture course the book is invaluable, and it is an indispensable 
handbook for every teacher of the function theory. i 

If a digression is in place here, a plea might be made for a 
brief introductory course in the Weierstrassian theory. The 
student becomes familiar in calculus with the Taylor’s series. 
He will be quick therefore to see the importance of concepts 
and results arising in connection with its further study and 
will then be ready for application of the ideas to other series 
whose terms are not powers or power elements. At the same 
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time concreteness of development is never lost. ‘Inasmuch 
as the Weierstrassian theory requires less preliminary study, 
it can be used to introduce the student into the theory of 
functions at an earlier stage. Pedagogically, therefore, it has 
_ its advantages. Yet it is unquestionalby a narrow develop- 

ment and hence its study should not be pushed by the beginner 
too far. To a far less degree than the Cauchy-Riemann 
method it involves the perpetuation and broadening of the 
analysis which is begun with the calculus. Hence it seems not 
unlikely that an introduction from the other standpoint may 
become increasingly important and prevalent. 

Before leaving general considerations I should not fail to 
reemphasize one aim and achievement. It is, I think, the 
crowning excellence of the work to have culled out of the heart 
of the analytic function theory the most vital methods and 
results and to have given a systematic development of the 
whole upon a secure foundation of analysis. How great a 
progress has been made may be seen by comparing the work 
with some of its predecessors. 

I turn now to more detailed considerations. The theorems 
of Abschnitt I may be divided roughly into two ‘classes 
according to their elementary or their advanced character. 
Those of the former class relate mainly to fundamental con- 
cepts of the function theories and are particularly well done. 
The other group concerns the arithmetization of analysis situs 
and is more exacting in the penetration required. .It is the 
latter to which the specialist will turn and which the author 
has treated con amore. 

As typical of this second group take the familiar theorem 
that a closed Jordan curve divides the plane into two distinct 
regions. Intuitionally the theorem is declared obvious, but 
mathematical progress. has shown that there are curves and 
curves of astounding complexity, even possessing properties 
contradicting intuition. In Osgood’s treatise the student is 
not allowed to jog along whistling, happy in the belief that 
the concept curve is something we know all about or is an 
irreducible element of thought too perfect for analysis. Osgood 
nowhere tells us what he thinks should be called a curve 
(we regret the omission), but Jordan curves, simple (i. e., 
"einfache") curves, analytic curves; regular curves are care- 
fully defined. The above theorem is not proved for any closed 
Jordan curve but is established by the Ames method for any 
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closed curve both simple and regular. It is, indeed, the regular 
curve, composed of a finite number of pieces with continuously 
turning tangent, which he chooses as the fundamental con- 
tour in deriving the integral theorems of Cauchy and others. 
The statement of these theorems with definite and reliable con- 
tour limitations is satisfying. As a characteristic example of 
what I mean I may refer the reader to the formulation of the 
familiar theorem (page 333) connecting 


1 ff 
2m J f(z) 
with the number of ens and number of poles of f(z) in a 
given region. 
A second conspicuous instance of the arithmetization of 


geometrical theorems is to be found in the treatment of re- 
gional theorems; in particular, the theorem that the integral 
f (Pdx + Qdy) taken around a contour vanishes if at every in- 
terior point of the included region we have dP/dy = óQ/0z, 
proper continuity conditions being imposed on P and Q and their 
derivatives. This result is first obtained on the basis of “ Naive 
Anschauung” and with the help of Green'slemmafor transform- 


. oP : : 
ing double integrals f f du dxdy, etc., into contour integrals. 


A brief critique of the method (page 132) then follow$, and 
finally a strict proof involving the decomposition (cf. $ 9, 10 
of chapter 5) of & region with regular contour into a finite 
number of regions of certain standard forms, termed by the 
author o-regions. In this we have some of the author's own 
work. Even as the Weierstrass ‘curve without a tangent is 
beyond intuition, so also the shapes of regions may transcend 
the power of visualization. Hence theorems involving re- 
gional consideration require careful arithmetization to obtain 
&n irreproachable basis. Corresponding care is taken in the 
dissection of & region to obtain the familiar theorems of con- 
nectivity (pages 172-176), the loop cuts and cross cuts being 
here restricted in generality. Like the closed contour in the 
Jordan theorem, the loop cuts are also assumed to be simple 
and regular, and the cross cuts are also regular except possibly 
at their end points. Attentive reading and careful thought 
are required in these sections of the work. In the new edition 
there is a noteworthy simplification in the treatment by 
means of the c-regions. 
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Certain features in the first mentioned class of more ele- 
mentary theorems also deserve mention; for example, the very 
simple and natural proof ‘after Dini of the fundamental 
theorem on implicit functions, and the remarkably fine 
section giving the necessary and sufficient condition for con- 
formal representation, a topic which is only too often slurred 
over in unsatisfactory fashion. A protest may well be made 
against the author's use of the term “infinite derivative" 
(pages 22, 26) to signify one which is either positively infinite 
or negatively infinite. 'This would debar the application of 
the term at a vertical cusp if the curve of the function lies on 
both sides of the cuspidal tangent. . 

The analytic function is first introduced in the opening 
chapter of Abschnitt II, together with its inverse. Then 
follows a detailed study of the elementary functions and the 
corresponding conformal representations. The general theory 
begins with the succeeding chapter, which is devoted to the 
consideration of functions which are single-valued in a given 
domain. The structure of this chapter and, in particular, 
the ordering of the theorems will be of especial interest to the 
reader. The development is rapid and clear. Here, as else- 
where, the author avoids the e-methods which are of so little 
interest to the physicist, and in their stead, without sacrifice 
of rigor, he makes his proofs dependent upon fundamental 
principles and well-ordered results. Note also the excellent 
and careful formulation of the contour integration theorems 
throughout the chapter. Thus, for example, in the very first of 
these we have the pivotal theorem that an analytic function of 2 
is defined by Sf $(Ddt/(t — 2). Here the contour of integra- 
tion, though restricted to be simple and regular, is allowed 
to be open as well as closed, while ¢(é) is any function, real or 
complex, which is merely supposed to be continuous along the 
curve. The theorem is also typical of the special attention 
to parametric integrals, a topic of importance largely neglected 
in other works on the theory of functions. 

The point at infinity is introduced surprisingly late (page 
322). But after its introduction the rôle of this “uneigent- 
licher Punkt” is most carefully observed in theorem and 
proof. One amusing consequence of its late introduction is to 
be seen on page 285, where a footnote of the previous edition 
has.been incorporated into the text, thereby making a theorem 
refer to the point at infinity before its introduction. 
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Chapter 9, on analytic continuation, is noteworthy on ac- 
count of the generality and delicacy of its considerations. 
Painlevé's theorem for continuation (page 434) has here the 
commanding position, the Weierstrassian method of con- 
tinuation by means of overlapping circles being given a sub- 
ordinate place. The chapter closes with a commendable 
paragraph on the principle of permanence of a functional 
equation. A nice application is made to the analytic con- 
tinuation of the T-function when defined in the usual manner 
for the right half-plane by means of an integral, also to the 
continuation of elliptic functions. With regard to the Weier- 
strassian treatment of the theory of functions on the basis of 
power series, it may be said that the sections relating to it are 
necessarily scattered, so that a view of the method as an organ- 
ized whole and in its full strength is not directly afforded. 
Also it does not fall within the scope of the volume to consider 
in any way a large group of investigations which in one form 
or another rest on the determination of an analytic function 
by the coefficients of a power series. 

The term “element” of an analytic function is not employed 
in the narrower Weierstrassian sense of a convergent Taylor’s 
series but is extended to apply to all expressions of form 


te) = Dee a, 


where n is a positive integer and m any integer positive, 
negative, or zero. The smooth or winding circular domain of 
an element may therefore have a pole or a branch point of 
finite order for its center. The wisdom and even necessity of 
this broader use becomes luminous in the last chapter, where 
the inclusion of such elements is indispensable for the uniform- 
ization of an analytic function. The truth is, as the author 
so clearly realizes, that the nature of the element must be 
adapted to the problem in hand. For many purposes a 
meromorphic element is obviously more useful than a holo- 
morphic one. As for the Taylor’s series with its system of 
overlapping circles, it is at best adapted to considerations 
involving a plane with one point lacking, i. e., the point at 
infinity. 

The first two chapters*of Abschnitt III gives a succinct 
and rapid development of fundamental properties of simply 
as well as doublyperiodic functions. In the succeeding 
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chapter the elementary functions are considered from an 
individualistic standpoint unusual for such a treatise. "Though 
the chapter belongs more strictly to the function theory of the 
real variable, it is nevertheless a welcome interruption, since 
it is both profitable and stimulating to see old functional 
friends in new lights. Divers definitions of the functions for 
real values of the arguments are given. Some of these conduct 
to characteristic functional equations, for which, conversely, 
the general solutions are then sought. It will be noted that 
the first of Cauchy's four fundamental types of functional 


equations, 
Fa + y) = Fæ) + f), 


is relegated to an exercise, a subordinate position which is 
altogether natural because of the mode of approach to it but 
which is totally out of relation to its fundamental importance. 
The chapter closes with a novel and interesting method applic- 
able in the real domain to the derivation of standard expan- 
sions for sin z, ctn g, etc., into infinite series and products 
which make visible their zeros and poles respectively. 

It remains yet to speak of the chapter on logarithmic poten- 
tial. In this we find a development of the theory of logarith- 
mic potential in a series of theorems closely parallel to those 
of the function theory but on an independent basis. As is so 
well known, in addition to the Weierstrassian and Cauchy- 
Riemann bases for the function theory there is also a third 
one, which rests on the potential theory and follows on 
separating potential functions into conjugate pairs. I know 
of no place where this is so completely and delightfully pre- 
sented as in Osgood’s Lehrbuch. It has for us the further 
interest of being one to which Bécher has contributed. Many 
of the theorems, as for instance that for continuation of a 
harmonic function across a boundary (III 13, § 6), must in- 
terest the physicist. I may also call attention to the theorem 
(page 673) that for a simply connected region the curve along 
which a Green’s function keeps a constant value is a simple and 
regular closed curve without corners. 

The work is distinguished from most or all other works on 
the theory of functions by a good supply of illustrative exer- 
cises. There is also a fine index hoth of names and matter 
which contributes greatly to its usefulness. 

The system of cross referencing is fatiguing. Beside chapter 
and paragraph numbers (both in same type) there is often 
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& Hauptsatz or Satz number to be looked for under the para- 
graph, and sometimes a Zusatz under the Satz. Inasmuch as 
the number of cross references is extremely large, the method 
employed becomes a matter of some importance to the reader. 
If page references are deemed impracticable because of trouble 
with the proof and because of the necessity of change with 
every new edition, it may be suggested that a system prefer- 
able to the author's would be a division of the subject matter 
into short paragraphs not more than a page or two in length 
and numbered consecutively to the end, as is done in so many 
French works. The terms and definitions are well chosen and, 
with rare exceptions, well explained. So far as I can find, 
the terms Randpunkt for a region and singular point fora 
function are left undefined, being regarded as self-explanatory 
or sufficiently clear from the examples given. It is to be 
regretted that a term so distinctive as “meromorphic” and so 
universally used is nowhere introduced. 

In conclusion, admiration must be expressed for the com- 
bination of a grasp “im Grossen” with one “im Kleinen,” to 
apply descriptive terms which are employed by the author 
and which, if we mistake not, are of his own mint. The 
appearance of the second volume will be awaited with great 
interest. Analytic functions of two or more variables will 
doubtless be considered? What else? From the abundance 
of material on every hand we may confidently expect to*have 
again a selection of great individuality and interest. 

Epwarp B. Van VLECK. 


Panrs, 
March 27, 1914. 


NOTES. 


IN response to the invitation of Brown University to par- 
ticipate in the celebration of its one hundred and fiftieth 
anniversary, the twenty-first summer meeting of the American 
Mathematical Society will be held at that university on 
Tuesday and Wednesday, September 8-9. Titles and ab- 
stracts of papers intended for presentation at the summer 
meeting should be in the hands of the Secretary by August 22. 


Te closing (June) number of volume 15 of the Annals of 
Mathematics contains the following papers: * Some solutions 
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of the Pellian equations z? — Ay? = +4,” by E. E. Warr- 
FORD; “On the rank of a matrix," by W. H. METZLER; “On 
the expression of certain minors of the lth compound of a 
determinant as a function of the elements of a single line of 
mth compound,” by W. H. METZLER; “ Implicit functions at 
a boundary point," by L. S. DEDERICK; “A formula in the 
theory of surfaces," by R. D. BEETLE; “The deviations of 
falling bodies," by F. R. Mourrow; “Properties of certain 
homogeneous linear substitutions," by H. Hron. 


AT the meeting of the London mathematical society held 
on April 23 the following papers were read: By P. A. Mac- 
Manon, “A modified form of pure reciprocants possessing 
the property that the algebraic sum of the coefficients is 
zero”; by P. A. MacManon, “Lattice and prime lattice 
permutations." 


THE Deutsche Mathematiker-Vereinigung will hold its 
summer meeting at Hanover, September 20-26, in affiliation 
"with the eighty-sixth annual convention of the association 
of German naturalists and physicians. 


Tue French association for the advancement of science 
will hold its next meeting at Havre, July 27-August 2, under 
theepresidency of Professor A. Garen, The British asso- 
ciation will participate in the same meeting. 


Tue Swiss mathematical society will hold its annual meeting 
at Bern September 2, during the session of the Helvetian 
society of naturalists. 


Tue following courses in mathematics are announced for 
the academic year 1914-1915: 


Jomns Hopkins Untversrry.—By Professor F. MORLEY: 
Higher geometry, three hours. —By Professor A. B. COBLE: 
Modular functions, two hours; Theory of probability, two 
hours, second half year.—By Dr. A. Comen: Calculus of vari- 
ations, two hours.—By Dr. H. Batman: Differential equa- 
tions of physics, two hours. 


UNIVERSITY OF Iuumors.—By "Professor E. J. TOWNSEND: 
Functions of & complex variable, three hours; Ordinary and 
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partial differential equations and advanced calculus, three 
hours.—By Professor G. A. Murer: Elementary groups, three 
hours; Theory of equations and determinants, three hours, 
second semester.—By Professor H. L. Herz: Actuarial 
theory, three hours, first semester; Averages and the mathe- 
matics of investment, three hours, second semester.—By Pro- 
fessor M. FR£CHET: General analysis, (a) abstract sets, 
two hours; (b) functional operations, two hours.—By Professor 
C. H. Sisam: Algebraic surfaces, three hours; Solid analytic 
geometry, three hours, second semester.—By Professor J. B. 
Saw: General algebra, three hours.—By Professor A. 
Emcu: Projective geometry, three hours.—By Dr. A. R. 
CRATHORNE: Calculus of variations, three hours.—By Dr. 
R. L. BónaEn: Modern algebra, three hours.—By Dr. E. B. 
Lyrze: History of mathematics, two hours, second semester; 
Teacher’s course, two hours, first semester. 


Tue following advanced courses in mathematics are being 
given at the Belgian universities during the present semester. 
The list does not include the courses of the first two years 
nor those offered in the technical schools connected with the 
universities. 

Unrvensiry oF BrussELs.—By Professor E. BRAND: 
Elliptie funetions, two hours; History of mathematics, wo 
hours.—By Professor L. AwsPACH: Dynamics, two hours.— 
By Professor A. Mryzur: Higher geometry, two hours. 


UNIVERSITY oF GHENT.—By Professor A. DEMOULIN: 
Differential geometry, one hour; Analytic and elliptic func- 
tions, two hours.—By Professor M. Stuyvarrt: Theory of 
numbers, one hour; Theory of elimination, one hour.—By 
Dr. C. Servaıs: Algebraic curves and surfaces, two hours. 


University or Lièce.—By Professor J. Deruyrs: Elliptic 
functions, three hours; Partial differential equations and the 
theory of surfaces, two hours.—By Professor C. LE PAIGE: 
Spherical astronomy, two hours; Probabilities, one hour; 
History of mathematics, one hour; Celestial mechanics, two 
hours.—By Dr. J. Farkon: Analytic geometry, two hours. 


UNIVERSITY OF Lovvary.—By Professor C. DE LA VALLÉE- 
Poussin: Partial differential equations of mechanics, two 
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hours.—By Professor E. Pasquier: Dynamics, two hours.— 
By Professor S. Demanet: Thermodynamics, two hours.—By 
Dr. G. Verrrest: Binary forms, one hour.—By Dr. E. 
GozpsEELS: Astronomy, two hours; Probabilities, one hour. 


Mr. G. P. TgowsoN, of Trinity College, Cambridge, has 
been appointed lecturer in mathematics at Corpus Christi 
College. 


Proressor W. F. Osaoon, of Harvard University, has been 
appointed Perkins professor of mathematics; Professor W. C. 
SABINE has been appointed Hollis professor of mathematics 
and natural philosophy. 


Proressor C. J. KEYSER, of Columbia University, received 
the honorary degree of doctor of laws from the University 
of Missouri on the occasion of the seventy-fifth anniversary 
of the foundation of the university. 


AT Purdue University Professor WILLIAM MARSHALL has 
been granted a leave of absence to study a year in France. 
Mr. R. B. Stonz has been promoted to an assistant professor- 
ship of mathematics. Dr. T. E. Mason and Mr. O. W. 
ALBERT have been appointed to instructorships in mathe- 
matics. 


AT Dartmouth College Drs. J. E. Rowe and E. S. ALLEN 
have resigned, the latter to accept an instructorship in Brown 
University. Dr. R. D. BEETLE, of Princeton University, and 
Dr. L. C. MATHEWSON, of the University of Illinois, have been 
appointed instructors in mathematics. Professor J. W. Young 
has accepted the position of chief examiner in geometry of the 
College entrance board. 


Proressor T. M. PurNAM, of the University of California, 
will be abroad on leave of absence during the first half of the 


coming academic year. 


> 
Dr. W. F. SHENTON has been appointed instructor in = 
mathematics in Johns Hopkins University. ; 


Dr. Herren Tappan has been appointed instructor in 
mathematics at the Iowa State College. 
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Dr. E. A. T. Kırcaer has been appointed instructor in 
mathematics at the Massachusetts Institute of Technology. 


Proressor JuLes Mos, of the University of Nancy, di- 
rector of the French edition of the Encyclopedia of Mathe- 
matical Sciences, died May 7 at the age of 56 years. 


NEW PUBLICATIONS. 
I HIGHER MATHEMATICS. 
Kee 8.) Beiträge zum Waringschen Problem. (Diss) Göttingen, 


BmERANOK (A.). Zur sphürischen Abbildung der Flächen zweiter Ordnung 
und ihrer stereographischen Projektion. (Progr. Baden bei Wien, 
1913. 8vo. 12 pp. 


BerxonNune der Zahl = auf Grundlage zyklischer und parabolischer 
Gesetze. Aussig, 1913. 


Boren (É.). Le Hasard. Paris, Alcan, 1914. 12mo. 44812 Dp. 
. 8.50 


Corraı (J. I. DEL). Nuevos métodos para resolver ecuaciones numéricas. 
Madrid, Romo, 1912. 8vo. 22+304 pp. P. 7.00 


Dozsnra (J.). Oeuvres ee Publiées sous les auspices de 
l'Ecole supérieure des Mines de pose Catherine II, a Saint- 
Pétersbourg. Avec une préface de G. Darboux et une notice sur la 
vie et les travaux scientifiques de Dolbnia, par N. Kryloff. Paris, 
Hermann, 1913. 8vo. 14+348 pp. - 


Eicanorx (E.). Konstruktive Ueberführung projektiver Grundgebilde. | 
(Progr.) München, 1918. 8vo. 44 pp. 


Exner (F. M.). Ueber die Korrelationsmethode. (Diss.) Jena, 1913. 
8vo. 36 pp. M. 1.00 


Farr. Ueber eine etrische Darstellung einiger in der Theorie der 
elliptischen F ionen vorkommenden Wurzelgrössen. se? 

. 3.50 

Gauss (C. F.). Die vier Beweise für die Zerl ganser algebraischer 


Funktionen in reelle Faktoren iten und 2ten Grades. (1799—1849.) 
Herausgegeben von E. Netto. (Ostwald’s Klassiker der exacten 
Wissenschaften. Nr. 14) Ste Auflage. Leipzig, Engelmann, 1913. 
8vo. 82 pp. Cloth. g M. 1.20 

GenezN (S.. Die vier Grundoperationen mit abgekürzten Dezimal- 
zahlen. (Progr. Krems, 1913. 8vo. 43 pp. 

Grass (F.). Verwendung des Imaginären in der Geometrie. (Progr.) 
Naumburg a. S., 1913. 8vo. 26 pp. ; 

Hasenicar (B.). Funktionen mit ganzzahligen Hauptpunkten. Linden- 
Hannover, Ellermann, 1913. 8vo. 9 pp. i 

Heme (H.). Arithmetische und geometrische Reihen. Leipzig, Ehler- 
mann, 1913. -^ 7 ,M. 1.20 


Jans (C. pu). Over middelvlakken en middelkrummen. Gand, Hoste, 
1913. 
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Kanpa (A.). Ueber rationale Kurvenpunkte. (Progr) Wien, 1913. 
8vo. 10 pp. 


Knvrorr (N.). See DorBnra (J.). 


Lors (A). Beweis des grossen Fermatschen Satzes. Altenburg, Selbst- 
verlag, 1913. : 


Moors (B. P.). Etude sur les formules (spécialement de Gauss) servant à 
culer des valeurs irr dne d'une intégrale définie. (Konin- 

klijke Akademie van Wetenschappen te Amsterdam.) Amsterdam 

J. Müller, 1918. 8vo. 43 pp. : 


Mera Ein Beitrag zur Lehre von den pythagoreischen Zahlen. (Progr.) 
Wollstein i. Posen, 1913. 8vo. 19 pp. 


MULLEMEISTER (H.). Over de configuratie (84, 84) van Punten en Vlakken 
ende Tetraëders van Moebius. (Diss. Utrecht, 1913. 8vo. 93pp. 


Narro (E). See Gauss (C. F.). 


PaTUSOHKA (A.). Ein Problem der Variationsrechnung. (Progr) Al- 
tenburg, 1913. 8vo. 19 pp. 


Perrin (Ma L.). Extension de la méthode de Laplace aux équations 


dit * dig 

Ee (x, y) Ty = 0. 
(Lunds Universitets Årsskrift.) Lund, Håkon Olsson, 1911. 4to. 
2+165 pp. 

Prarr (H.). Kegelschnittsysteme am vollständigen Vierseit. (Progr.) 
Helmstedt, 1913. 8vo. 26 pp. 


Pommer (O.). Ueber das Wesen der Ordinalzahlen. (Progr. Wien, 
1918. 8vo. 17 pp. 


Ramez (W.). Projektive Gruppen des Raumes, ihre Invarianten und 
geometrische Charakterisierung. Nebst dem Anhang: Charakter- 
isierung einiger Scharen von Transformationen, die keine Gruppen 
bilden, durch Invarianten. (Diss. Königsberg i. Pr., 1013. 8vo. 
107 pp. 

RocKTÄscHEL (E..A.). Geheimnisse des Steines der Weisen. Zittau. 
Selbstverlag, 1913. 


RéórHLENN (R.). Enveloppe der Ebene eines drei Ebenen berührenden 
Kreises. (Diss) ürzburg, 1913. 8vo. 99 pp. 


Saanzını (C). Me und Mächtigkeiten. Eine erkenntniskritische 
Studie. (Diss) Bern, 1913. 8vo. 189 pp. 


Taxenoucui (T.). On the classes of congruent integers in an algebraic 
Körper. (Journ. Coll. Sc.) Tokyo, 1913. 4to. 28 pp. 


TARNUTZER (G.). Ueber die kubischen Nullkurven des linearen Kom- 
plexes. (Diss.) Zürich, 1918. 8vo. 49 pp. 


Txrxmma (J. G.). Obras sobre mathematica. Publicadas por ordem do 
i Governo Portugués. Volume VI: Curso de analyse infinitesimal; 
caleulo integral. Coimbra, 1912. 4to. 542 pp. $4.00 


Tano (H.). Rotations- und Schraubenflichen konstanter positiver 
Totalkriimmung sowie solche von konstanter mittlerer Krümmung. 
iter Teil. (Progr. Nordhausen, 1913. 8vo. 19 pp. 
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WALCKLING (R.). Der goldene Schnitt. (Progr.) Halle a. S., 1913. 
8vo. 32 pp. 


WENDLAND (E.). Ueber den Pohlke’schen Satz. (Diss.) Zürich, 1911. 
8vo. 34 pp. M. 1.60 


Wenzu (A.). Die infinitesimale Deformation der abwickelbaren und 
Regelflichen. (Diss.) München, 1913. 8vo. 67 pp. 


Il. ELEMENTARY MATHEMATICS. 


Buster. Elemente der Mathematik für Realschulen, neubearbeitet von 
Wimmenauer. Lehrbuch und Uebungsbuch. Dresden, REES 
1913. . 5.6 


CHANTICLATRB (C. gr Man C). Ce qu’il faut savoir pour calculer 
rapidement de téte. Nouvelle édition revue, modifiée et augmentée. 
Paris, Nathan, 1914. 8vo. 48 pp. 


Dresszer (H.) und Körner (K.). Der mathematische Unterricht an 
den Volksschulen und Lehrerbildungsanstalten in Sachsen, Thüringen 
und Anhalt. (Abhandlungen über den mathematischen Unterricht 
in Deutschland, Band V, Heft 4.) Leipzig, Teubner, 1914. 8vo. 
57-132 pp. M. 4.80 


Dronxe (J. und LÖTZBEYER (P.). Lehrbuch der Mathematik für die 
Oberstufe der Realanstalten. T: Obersekunda. II: Prima. Dresden, 
Ehlermann, 1913. M. 6.00 


Förn og Juez. Praktisk regnebok for middelskolen. 3 Hefte, 3te 
Auflage. Trondhjem, Brun, 1913. 


GawTER (H.) und Rupro (F.. Die analytische Geometrie der Ebene. 
8te Auflage. Leipzig, Teubner, 1914. Svo. 191 pp. M. 3.00 


GARSTANG (T. J.). Parallel straight lines and the method of direction. 
(International commission.) London, Wyman, 1913. 8 pp. id. 


Harpy (G. H.). See Jorurra (A. E.). , 


Joure (A. E.) and Harpy (G. H.). Examinations for mathematical 
Scholarships at Oxford and Cambridge. (International commission.) 
London, Wyman, 1013. 22 pp. 2d. 


Jones (M. L. M.). Course in mathematics for municipal secon 
schools. (International commission.) London, Wyman, 1914. 15 
pp. lid. 

Körner (K.). See DRESSLER (H.). 


Krauss (H.). Lösungen der Absolutorial-Aufgaben aus Mathematik und 
Physik an den Realgymnasien Bayerns. München, Pohl, 1914. 8vo.: 
4+231 pp. Cloth. M. 4.80 


Lüssen (H.B.). Ausführliches Lehrbuch der Analysis, mit Rücksicht auf 
die Zwecke des praktischen Lebens. Ilte Auflage. Neu bearbeitet 
von A. Donadt. Leipzig, Brandstetter, 1014. ` Sen, 4+208 pp. 
Cloth. M. 4.10 

Lrerzaann (W.). Die Organisation des mathematischen Unterrichts in 
den preussischen Volks- und Mittelschulen. Bad en über den 
mathematischen Unterricht i Deutschland, Band V, Heft 6.) Leip- 
zig, Teubner, 1914. 8vo. 6+106 pp. 


LÖTZBEYER (P.) See Dronxn (J.). 


1914.] NEW PUBLICATIONS. 553 


Ponneta (M.). The groundwork of arithmetic; a handbook for teachers. 
New York, Longmans, 1914. 12mo. 11+234 pp. Cloth. $1.00 


RECHNUNGSYERFAHREN, Das Ferrol’sche Neue. Bte, vermehrte und ver- 
besserte Auflage. Bonn, Huthmacher, 1913. Cloth. M. 12.50 


Ruoıo (F.). See Ganrer (H.). 


SCHUBERT (H.). Arithmetik und Algebra. 2te durchgesehene Auflage. 
Dier verbesserte Neudruck. (Sammlung Góschen. Neue Auflage. 
Nr. 47.) Berlin, Góschen, 1914. 8vo. 171 pp. Cloth. M. 0.90 


Soccr (À.) e Toromær (G.). Elementi di geometria, secondo il metodo di 
Euclide. Volume II. 10a edizione. Firenze, Le Monnier, 1913. 
8vo. 4+324 pp. L. 3.50 


'TonLowEI (G.). See Socor (A.). 


Tuner (H. H.) and others. Practical mathematics at public schools. 
(International commission.) London, Wyman, 1913. 39 pp. 24 d. 


WAGNER (E.). Repetitorium der Mathematik. iter Teil: Geometrie. 
Aufgaben nebst Lósungen. Strassburg, van Hauten, 1914. 8vo. 
3+61 pp. M. 2.00 

WILDBRETT (A.). Algebraische Analysis, Algebra und Infinitesimalrech- 
nung. liter Teil: Algebraische Analysis und Algebra. Nürnberg, 


Korn, 1914. 8vo. 7+195 pp. Cloth. M. 3.80 
WimMENAUER (T.).. Leitfaden für den vorbereitenden geometrischen 
Anschauungsunterrieht. Dresden, Ehlermann, 1913. M. 0.60 


ZIMMERMANN (H.). Rechentafel nebst Sammlung häufig gebrauchter 
Zahlenwerte. 7te Auflage. Ausgabe A. Berlin, 1913. M. 5.00 


II. APPLIED MATHEMATICS. 


Agunpa 1914 pour l’horlogerie, la bijouterie et la petite mécanique. Ile 
année, Paris, Gauthier-Villars, 1914. 32 mo. 872 pp. Fr. 2.00 


AnNbT (K.). Grundbegriffe der höheren Mathematik für Chemiker. 2te 
A e. Berlin, Mayer und Müller, 1914. 8vo. 63 pp. M. 1.60 


Becker (K.). Die Waffentechnik in ihren Beziehungen zur Physik und 
Mathematik. Kapitel V in Technik des Kriegswesens. Leipzig, 
Teubner, 1913. 8vo. 

BESSEL und Stervuem. Briefwechsel. Herausgegeben im Auftrage der 
Akademien der Wissenschaften zu Berlin und München. Leipzig 
Engelmann, 1913. 8vo. 16--249 pp. M. 8.00 

Borrzwezr (K. F.). Die Gravitationstheorie und die Bewegung des 
Mondes. (Diss.) Freiburg, 1912. 8vo. 657 pp. M. 2.00 

Boureurenon (P.). Cours de cinématique théorique et appliquée. Tom 
2. Paris, Prieur, 1914. 8vo. 84-426 pp. Fr. 15.00 

CHoLter (T.) et Mmmur (P.). Traité de géométrie descriptivo. 2e 
partie. be édition. Paris, Vuibert, 1914. 8vo. 280 pp. 

CrmgwznnL (C. E... Direct and alternating current laboratory manual. 
New York, Wiley, 1913. 8vo. 100 pp. Cloth. $1.00 


Dozranrus (J. E. Bi Alle Jahreskalendar auf einem Blatt. Gratis- 
beigabe. Leipzig, Teubner, 1913. ®4mo. 4 pp. 


Duncan (J.). Applied mechanics for engineers. New York, Macmillan, 
1914. 8vo. 14+718 pp. Cloth. $2.60 
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Duwsrax (A. E.) and Tno (F. B.) The viscosity of liquids. sen 
Longmans, 1914. 8vo. 8+91 pp. 


Dyson (C. W.). Screw pum and estimation of power for ms 
of ships. Volume Volume II: Atlas. New York, Wiley, - 
1913. 8vo. 54-142 pp. $7.50 

Foss (K.) und HEN80LD (Qo Lehrbuch der du lite und 12te 
Auflage. Ausgabe für Bayern. Freiburg i. B , Herder, m gem 


Garavito (J. j. Nota sobre o optica matemática. Critica de la hipótesis 
ondulatoria. Bogota, 191 


——. Teoria de la aberración de la luz. Bogota, 1912. 
Gavremme-EcxarD (B.). See PrnsEm (L.). 


Grannt Marcmont (M.). Corso di proiezioni ortogonali, teoria delle 
ombre, prospettiva. Milano, Vallardi, 1913. 16mo. 95 pp. L.2.00 


Gossner (B.). Kristallberechnung und  Kristallzeichnung. Leipzig, 
Engelmann, 1914. 8vo. 7+128 pp. M. 8.00 

Gross (T.). Elektrische Studien. Heft 1: Das EE 
Kraftfeld. Leipzig, 1913. 8vo. 267 pp. M. 7.00 


GuinnAuME (C. E.). Les récents progrès du système métrique. Paris, 
Gauthier-Villars, 1918. 4to. 4+118 pp. Fr 5.00 
Bae (E.). Querschnitts-Dimensionierung und Spannungsvermitt- 
ung für Eisenbetonkonstruktionen. 2te vermehrte Auflage. Leipzig, 
Dee 1913. M. 3.00 
Harz (G. L.). Elementary theory of alternate current working. New 
York, Van Nostrand, 1914. 8vo. 64195 pp. Cloth. $1.50 


Hann (J.). Lehrbuch der Meteorologie. 2te, unter Mitwirkung von 
R. Süring umgearbeitete Auflage. 1te Lieferung. Leipzig, u 


nitz, Nn M.3 
T Die statisch unbestimmten Systeme des Eisen- und 
FRE betur aues. Berlin, Ernst, 1913. M. 8.80 


Hencxy (H.). Ueber den Spannungszustand in rechteckigen ebenen 
Platten bei gleichmässig verteilter und bei konzentrierter Belastung. 
(Diss. Darmstadt, 1913. 8vo. 94pp. M. 4.00 
Hunsoro (G.). See Fuss (K.). 
'Hoaa (C. GJ). A theory of interest. New York, Macmillan, 1914. 
12mo. 11+228 pp. Cloth. $1.50 
Jamuson (J. M.). Exercises in mechanics. London Chapman = a 
(0M 191. 4to. Sewed. ! 
LA “pix (W. ) Mathematische und geodätische Hülfstafeln. toto Au 
| Hannover, Helwing, 1914. 8vo. 128 pp. Cloth. 1.50 
E TRDAIN . E. B). The principle of least action. "T Open 
; | Court Co., 1913. 8vo. 88 pp. 
‚ Comer OH. R. . The engineer's year book of formulae, rules, tables, etc., 
- . 1914. London, Lockwood, 1914. 8vo. Leather. 15s. 
Kerr (E. W.). Power and power transmission. 3d edition, thorou hly 
revised. New York, Wiley, 1914. 8vo. 12+391 pp. 


Kroma (W.). Lehrbuch der Physik. Bearbeitet von K. Bergwitz = 
H. Fenkner. 4te Auflage. Berlin, Grote, 1913. M. 4.00 
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Lóscmwmm (8.). Bei zur Theorie der Balkenbrücken als räumliche 
Gebilde. (Diss.) en, 1913. 


Mapsen (V. H. O.. Konstantbestemmelser ved relative pendulmaalinger. 
(Den Danske gradmaaling. Ny raekke. Hefte 11.) Kjóbenhavn, 
1913. 4to. 122 pp. ` Kr. 7.00 


Massau (J.). Leçons de mécanique rationnelle. Tome II: Cinématique. 
Gand, Buyck, 1913. 17-+343 pp. 


MATHRMATISCHE Vorlesungen an der Universität Göttingen. VI: Vorträge 
über die kinetische Theorie der Materie und der Elektrizität. Gehal- 
ten von M. Planck, P. Debye, W. Nernst, M. v. Smoluchowski, A. 
Sommerfeld und H. A. Lorenz. Leipzig, Teubner, 1914. 8vo. 
4+196 pp. Cloth. M. 8.00 


Meur (P.) See Caozzær (T.). 


Mrrcamit (W. C.) Business cycles: The peonia and its setting; data 
coricerning, the business cycles of 1890-1911 in the United States, 
England, France and Germany; rhythm of business activity. Berkeley 
University of California, 1918. 4to. 184-610 pp. $6.00 


MtLumgR (R.). Theorie der zeitlich veränderlichen Strömung des Wassers 
in Turbinenleitungen mit Berücksichtigung graphischer Verfahren. 
Dresden, Dressel, 1913. M. 2.80 


——. Ueber die RES und fiber das Wesen der malerischen Perspektive. 
(Rektoratsrede.) armstadt, Heedt & Ganss, 1913. 


Noprxer (F.). Ueber den Gültigkeitsbereich der Stokesschen Wider- 
standsformel (Habilitationsschrift.) Leipzig, Teubner, 1913. 8vo. 


Osrmrtac (P.). Berechnung der Kältemaschinen auf Grund der Entropie- 
Diagramme. Berlin, Springer, 1913. M. 4.00 


Perse (L.) et Gaurume-EcHarp (B.). Cours de physique. 3e édi- 
Hop, revue et corrigée. Paris, Nathan, 1914. 8vo. 44-236 pp. 


Pramm. Etude analytique sur les comptes courants et d’intérèts. Paris, 
Pigier. 8vo. 31 pp. 


Porntina (J. H.) and Toompson (SIR J. J.). A textbook of physics. I: 
Properties of matter. 6th edition, carefully revised. London, 
Griffin, 1918. 10s. 6d. 

Rassow (F.). Ueber Knickfestigkeit. Die Eulersche Formel fir die 
Knic ft bei Zugrundelegung verschiedener Dehnungsgesetze. 
(Diss.) Hannover, 1912. 8vo. 47 pp. 

Rucxmvorsen (van). Konstant auftretende sekundäre Maxima und Min- 
ima in dem jährlichen Verlauf der meteorologischen Erscheinungen. 9te 
Abteilung. (Mededeel. Meteorol. Inst.) Amsterdam, 1913. Ge 


pP. 
Rtwmni (T.). Wie bewegt sich fliessendes Wasser? Neuer Weg sur 
Erklärung des Problems. Dresden, 1913. 8vo. 152 pp. M. 4.60 
Scrusrer (R.) Die moderne theoretische Physik und der Ather. Eine 
Verteidigung des materiellen Athers. Karlsruhe, Braun, n. 


Somwarrzun (J.). Das Kristallzeichnen. „Iter Teil: Die Formen des 
regulüren Systems. (Progr.) Schwüb. Hall, 1918. 
Surg (F. E.) Absolute measurements of resistance by & method based 


on that of Lorenz. (Royal Society. London, Dulau, 1914. 4to. 
82 pp. Sewed. 4g. 6d. 
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SPRAGUE (E. H): Hydraulics. London, Scott & Greenwood, 1914. 8vo. 
196 pp. Cloth. 3s. 6d. 


Toon (F.B.). See Dunstan (A. E.). 
Trompson (S J. J.). See Porntine (J. H.). 


TUNZELMANN (G. W. pn). La teoria elettrica ed il problema dell'universo 
considerato dal punto di vista fisico. Prima versione dall'inglese di 
E. DiSambuy. Torino, Bocca, 1914. 8vo. 31-+388 pp. . 14.00 


WaLníAcE (W. M.). Hydraulics. London, Technical Publishing va 
1914. 8vo. 292 pp. Cloth. 


Zant (A). Bausteine des Weltalls, Atome und Moleküle. — 
Frank, 1913. 1.80 


ZAWADZKI ms Les mathématiques appliquées à l'économie Eon 
Paris, Riviére, 1914. 8vo. 331 pp. Fr. 8.00 


ZEEMAN (P.). Researches in magneto-optics. London, Macmillan, 1913. 
6s. 
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TWENTY-THIRD ANNUAL LIST OF PAPERS 


READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES 
. TO THE PLACES OF THEIR PUBLICATION. 


Bauer, G. N., and Srosın, H. L. Some Transcendental Curves and 
Numbers. Read (Chicago) March 21, 1913. Rendiconti del Circolo 
Matematico di Palermo, vol. 36, No. 3, pp. 327-832; Nov.-Dec., 1913. 


Barrus, R. D. A Formula in the Theory of Surfaces. Read Feb. 28, 
1914. Annals of Mathematics, vol. 15, No. 4, pp. 179-183; June, 1914. 


Bannert, E. R. Simply Transitive Primitive Groups whose Maximal 
Subgroup Contains a -Transitive Constituent of Order p!, or pg, or a 
Transitive Constituent of Degree 5. Read Sept. 12, 1911. American 
Journal of Mathematics, vol. 36, No. 2, pp. 184-136; April, 1914. 


Brisxgorr, G. D. QE Théorèmes sur le Mouvement des Systèmes 
Dynamiques. Sept. 14, 1909. Bulletin de la Société Mathé- 
matique de France, vol. 40, No. 4, pp. 305-323; 1912. 


—— A Theorem on Matrices of Analytic Functions. Read Sept. 13, 
1011. Mathematische Annalen, vol. 74, No. 1, pp. 122-133; June, 1913. 


—— Note on the Gamma Function. Read April 26, 1913. Bulletin of 
the American Mathematical Soctety, vol. 20, No. 1, pp. 1-10; Oct., 1913. 


——_ OnaSimple Type of Irregular Singular Point. Read Sept. 13, 1911. 
Transactions of the American Mathematical Society, vol. 14, No. 4, pp. 
462-476; Oct., 1913. 


—— , The Generalized Riemann Problem for Linear Differential Equa- 
tions, and the Allied Problems for Linear Difference and g-Difference 
Equations. Read oul 26, 1913. Proceedings of the American 
Academy of Arts and Sciences, vol. 49, No. 9, pp. 521-568; Oct., 1913. 


—— Demonstration du dernier Théorème de Géométrie de Poincaré. 
Read Oct. 26,1912. Bulletin de la Société Mathématique de France, 
vol. 42, No. 1, pp. 1-12; 1914. , 


Buss, G. A., and Wuss, F. B. A Method of Subdividing the Area 
Enclosed by & Plane Curve, with an Application to Cauchy’s Theorem. 
Read cue) March 22, 1913. Bulletin of the Scientific Laboratories 
of Denison University, vol. 17, No. 11, pp. 374 ff; May, 1914. 


Bôcæer, M. Applications and Generalizations of the Conception of 
Adjoint Systems. Read April 26, 1913. Transactions of the American 
Mathematical Society, vol. 14, No. 4, pp. 403-420; Oct., 1913. 

—— The Infinite Regions of Various Geometries. Read Sept. 8, 1913. 
Bulletin of the American Mathematical Society, vol. 20, No. 4, pp. 185- 
200; Jan., 1914. 


—— On Gibbs’s Phenomenon. Read (Chicago) March 22, 1918. 
Journal fur die Reine und Angewandte Mathematik, vol. 144, No. 1, 
pp. 41-47; Jan., 1914. ® 

Borza, O. Uber den “Anormalen Fall” beim Lagrangeschen und Mayer- 
schen Problem mit gemischten Bedingungen und variablen End- 
punkten. Read Sept.8,1913. Mathematische Annalen, vol. 74, No. 3, 
pp. 430-446; Oct., 1913. : 
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Bussey, W. H. The Tactical Problem of Steiner. Read Sept. 8, 1913. 
American Mathematical Monthly, vol. 21, No. 1, pp. 3-12; Jan., 1914. 


Camp, B. H. A Method of extending A Multiple Integrals Properties of 
Simple Integrals. Read Feb. 22, 1013. Mathematische Annalen, 
vol. 75, No. 2, pp. 274-289; April, 1914. 


CamMicHAEL, R. D. On Transcendentally Transcendental Functions. 
Read (Chicago) April 5, 1912. Transactions of the American Mathe- 
matical Society, vol. 14, No. 3, pp. 311-319; July, 1913. 


—— On the Impossibility of Certain OL Equations and 
Systems of Equations. Read (Chicago) March 21, 1913. American 
Mathematical Monthly, vol. 20, No. 7, pp. 213-221; Sept., 1913. 


—— On the Numerical Factors of the Arithmetic Forms a* + §*. 
Read Dec. 31, 1912. Annals of Mathematics, vol. 15, Nos. 1-2, 
pp. 30-70; Sept.—Dec., 1913. 


—— On Certain Diophantine Equations having Multiple Parameter 
Solutions. Read (Chicago) March 21, 1913. American Mathematical 
Monthly, vol. 20, No. 10, pp. 304-307; Dec., 1918. 


—— On Non-Homogeneous Equations with an Infinite Number of 
Variables. Read Dec. 31, 1912. American Journal of Mathematics, 
vol. 36, No. 1, pp. 13-20; Jan., 1914. 


—— Bome Theorems on the Convergence of Series. Read Sept. 8, 1013. 
Bulletin of the American Mathematical Society, vol. 20, No. A pp. 225- 
233; Feb., 1914. 


Currrenpan, E. W. Relatively Uniform Convergence of Sequences of 
` Functions. Read (Chicago) March 22, 1018. Transactions of the 
American Mathematical Society, vol. 15, No. 2, pp. 197-201; April, 1914. 


CumwmNTS, G. R. Implicit Functions Defined by Equations with Vanish- 
ing Jacobian. Read April 28,1911, and Oct. 26,1912. Transactions of 
pe ean Mathematical Society, vol. 14, No. 3, pp. 325-342; $uly, 
1813. 


— Singular Point Transformations in Two Complex Variables. Read 
En 28,1911. Annals of Mathematics, vol. 15, No. 1, pp. 1-19; Sept. 
1913. 


Conrz, A. B. Restricted Systems of Equations. Read Deo. 31,1913. 
American Journal of Mathematics, vol. 36, No. 2, pp. 167-186; April, 


Coonrmaz, J. L. Congruences and Complexes of Circles. Read Dec. 80, 
1913. Transactions of the American Mathematical Society, vol. 15, 
No. 1, pp. 107-184; Jan., 1914. 5 


Diczson, L. E. Proof of the Finiteness of Modular Covariants. Read 
(Chicaga) March 22, 1913. Transactions of the American Mathe- 
mati ociely, vol. 14, No. 3, pp. 299-810; July, 1913. 


—— On the Rank ofa pramenia Matrix. Read (Chicago) March 22, 
1913. Annals of M ics, vol. 15, No. 1, pp. 27-28; Sept., 1913. 


——  Finiteness of the Odd Perfect and Primitive Abundant Numbers 
with n Distinct Prime Factors. Read Dec. 31, 1912. American 
Journal of Mathematics, vol?35, No. 4, pp. 413-422; Oct., 1913. 


— Linear Associative Algebras and Abelian Equations. Read 
(Chicago) April 4, 1906, and Dec. 27,1913. Transactions of the Ameri- 
can Mathematical Society, vol. 15, No. 1, pp. 31-46; Jan., 1914. 
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— On Invariants and the Theory of Numbers. Read (Chicago) 
March 22, 1913, and Sept. 10-12, 1913. The Madison Colloquium Lec- 
tures, pp. 1-110; New York, 1914. 


Dopp, E. L. The Error-Risk of Certain Functions of the Measurements. 
Read (Southwestern Section) Nov. 30, 1912. Monaishefle fur Mathe- 
matik und Physik, vol. 24, Nos. 3-4, pp. 268-276; July, 1913. 


—— A Justification of Empirical Probability based upon an Undeter- 
mined a priori Probability. Read (Chicago) March 21, 1913. Gior- 
nale di Matemaliche, vol. 51, No. 5; pp. 257-263; Sept.-Öct., 1913. 


— The Error Risk of the Median Compared with that of the Arith- 
metic Mean. Read April 26, 1913. Bulletin of the University of 
Texas, Scientific Series, No. 27; March 15, 1914. 


DRESDEN, A. On the Second Variation, Jacobi's Equation and Jacobi’s 
Theorem for the Integral [re y, z’, y)di. Read (Chicago) Dec. 
29,1911. Annals of Mathematics, vol. 15, No. 2, pp. 78-83; Dec., 1913. 


era, W. C. Number Systems of the North American Indians. Read 
(San Francisco) Oct. 25, 1913. American Mathematical Monthly, vol. 
20, Nos. 9-10, pp. 263-272 and 293-299; Nov.-Dec., 1913: in 
briefer form under the title: On Formation and Use of Numerals in 
Indian Languages of North America, Bibliotheca Mathematica, ger. 3, 
vol. 13, No. 3, pp. 218-222; July, 1913. 


Emsan, J. A. On the Algebraic Curves of a Tetrahedral Complex and 
the Surfaces Conjugate to it. Read Jan. 1, 1913. Rendiconti del 
Circolo Matematico di Palermo, vol. 36, No. 2, pp. 233-275; Sept.—Oct., 
1913. 


'ExugENHART, L. P. Certain Continuous Deformations of Surfaces Appli- 
cable to Quadrics. Read Jan. 1, 1913. Transactions of the American 
Mathematical Society, vol. 14, No. 3, pp. 365—402; July, 1913. 


—+— Transformations of Surfaces of Guichard and Surfaces Applicable 
to Quadries. Read April 26, 1913. Annali d$ Matematica, ser. 3, 
vol. 22, Nos. 3-4, pp. 191-247; May, 1914. 


Emca, A. On Closed Continuous Curves. Read (Southwestern Section) 
Nov. 30, 1912. Bulletin of the American Mathematical Society, vol. 20, 
No. 1, pp. 27-29; Oct., 1913. 


—— Geometric Properties of the Jacobians of a Certain System of Func- 
tions. Read (Chicago) Dec. 26, 1913. Annals of Mathematics, vol. 15, 
No. 3, pp. 186-144; March, 1914. 


—— Two Convergency Proofs, Read Dec. 30, 1913. Bulletin of the 
American Mathematical Society, vol. 20, No.7, pp. 358-864; April, 1914. 

Evans, G. C. The Cauchy Problem for Integro-Differential Equations. 
Read Sept. 8, 1913. Transactions of the American M ical 
Society, vol. 15, No. 2, pp. 215-226; April, 1914. 


Fratp, P. On Constrained Motion. Read Jan. 1, 1913. Zeitschrift für 
Mathematik und Physik, vol. 62, No. 3, pp. 309-319; Jan., 1914. 
.— On Constrained Motion. Read Cheese) Dec. 27, 1913. Amer- 
ican Journal of Mathematics, vol. 36, No.-1, pp. 21-30; Jan., 1914. 


Fina, H. B. ` An Unpublished Theorem*of Kronecker respecting Numerical 
uations. Read. Dec. 30, 1913. Bulletin of the American Mathe- 
matical Society, vol. 20, No. 7, pp. 339-358; April, 1914. 
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Fischer, C. A. A Generalization of Volterra’s Derivative of a Function 
of a Curve. Read Feb. 22, 1913. American Journal of Mathematics, 
vol. 35, No. 4, pp. 369-394; Oct., 1913. 


Frre, W. B. Some Theorems concerning Groups whose Orders are Powers 
of a Prime. Read Jan. 2, 1913. Transactions of the American 
Mathematical Society, vol. 15, No. 1, pp. 47-50; Jan., 1914. 


Frfcuet, M. Sur les Classes V Normales. Read April 26, 1913. Trans- 
actions of the American Mathematical Society, vol. 14, No. 3, pp. 320- 
324; July, 1913. 


——— Sur la Notion de Différentielle d'une Fonction de Ligne. Read 
Sept. 9, 1913. Transactions of the American Mathematical Society, 
vol. 15, No. 2, pp. 135-161; April, 1914. 


Frauen, A. B. A Non-Enumerable Well-Ordered Set. Read (Chicago) 
Dec. 27, 1913. Bulletin of the American Mathematical Society, vol. 20, 
No. 8, pp. 404-405; May, 1914. 


GLENN, O. E. The Symbolical Theory of Finite Expansions. Read 
April 28, 1911, and (Chicago) March 22, 1913. Transactions of the 
American Mathematical Society; vol. 15, No. 1, pp. 72-86; Jan., 1914. 


——— A Translation Principle connecting the Invariant Theory of Line 
Congruences with that of Plane n-Lines. Read Sept. 9, 1913. Bul- 
sik of the American Mathematical Society, vol. 20, No. 5, pp. 233-238; 
Feb., 1914. 


Graves, G. H. Complete Linear Systems of M Curves of Least 
Order of Genera ee and Four. Read Oct. 25, 1913. Author's Dis- 
sertation, 25 pp.; Lancaster, 1914. 


Gronwaiz, T. H. Ueber die Laplacesche Reihe. Read Sept. 11, 1912. 
Mathematische Annalen, vol. 74, No. 2, pp. 213-270; Aug., 1913. 


——— On the Summability of Fourier’s Series. Read Feb. 22, 1913. 
Bulletin of the American Mathematical Society, vol. 20, No. 3, pp. 139- 
146; Dec., 1913. g 


——— On the Degree of Convergence of Laplace’s Series. Read Feb. 22, 
1913. Transactions of the American Mathematical Society, vol. 15, No. 
1, pp. 1-30; Jan., 1914. 


——_ On Lebesgue’s Constants in the Theory of Fourier’s Series, Read 
Feb. 22, 1913. Annals of Mathematics, vol. 15, No. 3, pp. 125-128; 
March, 1914. 


Hepricx, E. R. A Direct Definition of Logarithmic Derivative. Read 
Southwestern Section) Nov. 30, 1912. American Mathematical 
onthly, vol. 20, No. 6, pp. 185-187; June, 1913. 


Hepricx, E. R., and IwGorp, L. A Set of Axioms for Line Geom ; 
Read (Southwestern Section) Dec. 2, 1911. Transactions of t 
American Mathematical Society, vol. 15, No. 2, pp. 205-214; April, 
1914. 


' Henner, C. B. Transformations and Invariants connected with Linear 
Homogeneous Difference Equations and Other Functional Equations. 
Read Jan. 1, 1913. American Journal of Mathematics, vol. 35, No. 4, 
pp. 431-462; Oct., 1918. 


Horwitz, W. A. Postulate Sets for Abelian Groups and Fields. Read 
April 26, 1913. Annals of Mathematics, vol. 15, No. 2, pp. 93-100; 
ec., 1913. 
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— Note on the Fredholm Determinant. Read Dec. 30, 1913. Bul- 
^ Xe ae American Mathematical Society, vol. 20, No. 8, pp. 406-408; 
ay, 4. 


Ingoup, L. See Hmpriox, E. R. 


Jackson, D. On the Approximate Representation of an Indefinite Integral 
and the Degree of Convergence of Related Fourier’s Series. Read 
Sept. 11, 1912, and Oct. 26, 1912. Transactions of the American 
Mathematical Society, vol. 14, No. 3, pp. 343-364; July, 1913. 


— On the Accuracy of Trigonometric Interpolation. Read Feb. 22, 
1913. Transactions of the American Mathematical Soctety, vol. 14, 
No. 4, pp. 453-461; Oct., 1913. 


Bannen, I. C. The Whetstone of Witte (1557). Read (Chicago) 
March 21, 1913. Bibliotheca Mathematica, ser. 3, vol. 18, No. 3, pp. 
223-228; July, 1913. 


—— John Caswell. Read (Chicago) March 21, 1913. Bibliotheca 
Mathematica, ser. 3, vol. 13, No. 3, pp. 248-249; July, 1913. 


—— The Algebra of Abu Kamil. Read Sept. 12, 1911. American 
Mathematical Monthly, vol. 21, No. 2, pp. 37-48; Feb., 1914. 


Kasner, E. The Ratio of the Arc to the Chord of an Analytic Curve 
Need Not Approach Unity. Read Sept. 9, 1913. Bulletin of the 
SE M atical Society, vol. 20, No. 10, pp. 524-631; July, 
1914. 


Kerroca, O. D. Nomograms with Points in Alignment. Read (Chicago) 
March 22, 1913. Zeitschrift für Mathematik und Physik, vol. 63, Nos. 
1-2, pp. 159-173; May, 1914. 


Kers, L.M. Complete Characterization of Dynamical Trajectories in 
n-Space. Read Dec. 31, 1913. Author's Dissertation, 84 pp.; Len- 
caster, 1913. 


Legs, J. Geometric Characterization of Isogonal Trajectories on a Sur- 
face. Read Jan. 1, 1913. Annals of Mathematics, vol. 15, No. 2, pp. 
71-77; Dec., 1913. 


Love, C. E. On the Irregular Integrals of Linear Differential Equations. 
Read (Chicago) Dec. 27, 1913. Annals of Mathematics, vol. 15, No. 8, 
pp. 145-156; March, 1914. 


— On the Asymptotic Solutions of Linear Differential Equations. 
Read Jan. 2, 1913, and (Chicago) March 21,1913. American Journal 
of Mathematics, vol. 36, No. 2, pp. 151-166; April, 1914. 


MoDonwezz, J. On Quadratic Residues. Read (Chicago) March 22, 
1913. Transactions of the American Mathematical Society, vol. 14, 
No. 4, pp. 477-480; Oct., 1913. 


Mannina, W. A. The Primitive Groups of Class Twelve. Read (San 
Francisco) Oct. 28, 1911. American Journal of Mathematics, vol. 35, 
No. 8, pp. 229-260; July, 1913. 


—— On the Class of Doubly Transitive Groups. "Read (San Francisco) 
Oct. 25, 1913. Bulletin of the American Mathematical Society, vol. 20, 
No. 9, pp. 468-476; June, 1914. 


Muss, E. J. Some Properties of Space Curves Minimizing a Definite 
Integral with Discontinuous Integrahd. Read Feb. 25, 1911. Bulletin 
of the American Mathematical Society, vol. 20, No. 1, pp. 11-19; Oct., 
1913. 
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MILLER, G. A. On the Representation Groups of Given Abstract Groups. 
Read (Chicago) March 21, 1913. Transactions of the American 
Mathematical Society, vol. 14, No. 4, pp. 444—452; Oct., 1913. 


——— A Non-Abelian Group whose Group of Isomorphisms is Abelian, 
Read (Chicago) Dec. 26, 1913. Messenger of Mathematics, vol. 43, 
No. 8, pp. 124-125; Dec., 1913. 


—— _ A Group of Order p” whose MA of Isomorphisms is of Order p». 
Read (Chicago) Dec. 26, 1913. 7 essenger of Mathematics, vol. 43, 
No. 8, pp. 126-128; Dec., 1913. 


—— _ Some Properties of the Group of Wr ge of an Abelian Group. 
k Read (San Francisco) Oct. 25, 1913. Bulletin of the American Mathe- 
matical Society, vol. 20, No. 7, pp. 364-368; April, 1914. 


MrrceggLL, H. H. On Some Systems of Collineation Groups. Read 
April 26,1913. Bulletin of the American Mathematical Society, vol. 20, 
No. 3, pp. 134-138; Dec., 1918. 


—— _ Determination of All Primitive Collineation Groups in More than 
Four Variables which Contain Homologies. Read Sept. 10, 1912. 
American Journal of Mathematics, vol. 36, No.1, pp. 1-12; Jan., 1914. 


Moora, C. N. On the Summability of the Double Fourier’s Series of Dis- 
continuous Functions. Read Dec. 27,1911. Mathematische Annalen, 
vol. 74, No. 4, pp. 555-572; Dec., 1913. 


Moraan, F. M. See Smarr, F. R. 


Movrron, F. R. The Deviations of Falling Bodies. Read (Chicago) 
De. 26, 1913. Annals of Mathematics, vol. 15, No. 4, pp. 184-194; 
une, 1914. 


Nyeerg, J.A. Projective Differential Geometry of Rational Cubic Curves. 
Read April 28,1911. American Journal of Mathematics, vol. 35, No. 4, 
pp. 453-464; Oct., 1913. 


Oscoop, W. F. Topics in the Theory of Functions of Several Contplex 
i Variables. Read Sept. 8 and Sept. 10-12, 1913: The Madison Collo- 
quium Lectures, pp. 1-230; New York, 1914. 


PITCHER, A. D. The Interrelations of Eight Fundamental Properties of 
Classes of Functions. Read (Chicago) April 10, 1909. Kansas 
Untversity Science Bulletin, vol. 7, No. 1, pp. 1-68; June, 1913. 


Reaves, S. W. On the Projective Differential Geometry of Plane Anhar- 
monic Curves. Read (Southwestern Section) Nov. 30, 1912. Annals 
of Mathematics, vol. 15, No. 1, pp. 20-26; Sept., 1918. 


Ronver, W. H. The Design and Theory of a Mechanism for Illustrating 
Certain Systems of Lines of Force and Stream Lines, Read April 28, 
1906, (Chicago) April 5, 1912, and (Southwestern Section) Nov. 30, 
1912. Zeitschrift für Mathematik u Physik, vol. 82, No. 4, pp. 376- 
384; March, 1914. 


—— Optical Interpretations in Higher Geodesy. Read (Chi 0) 
April 5 1912. American Mathematical Monthly, vol. 21, NS 3 Db. 
69-77; March, 1914. 


e Roor,R.E. Limits in Terms of Order, with Example of Limiting Element 
Not Approachable by a Sequence. Read (Chicago) March 21, 1913. 
Transactions of the American Mathematical Society, vol. 15, No. 1, pp. 
51-71; Jan., 1914. 
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—— ‘Iterated Limits in General Analysis. Read (Chicago) Dec. 29, 1911. 
American Journal of Mathematics, vol. 36, Nos. 1-2, pp. 79-133; Jan.- 
April, 1914. 


Rowz,J.E. On Fermat’s Theorem and Related Theorems. Read Sept. 8, 
1913. Johns Hopkins University Circular, pp. 35-40; July, 1913. 


—— The Relation between the Pencil of Tangents to a Rational Plane 
Curve from a Point and their Parameters. Read April 26, 1913. 
Messenger of Mathematics, vol. 43, No. 8, pp. 114-120; Dec., 1913. 


Runxıng, T.R. A Graphical Solution of the Differential Equation of the 
First Order. Read Sept. 9, 1913. American Mathematical Monthly, 
vol. 20, No. 9, pp. 279-281; Nov., 1913. 


SANDERSON, M. L. Formal Modular Invariants with Application to 
Binary Modular Covariants. Read (Chicago) March 21, 1913. 
Transactions of the American Mathematical Society, vol. 14, No. 4, pp. 
489-500; Oct., 1913. 


SCHWEITZER, A. R. Some Critical Remarks on Analytical Realism. Read 
Feb. 28, 1914. Journal of Philosophy, Psychology and Scientific 
Methods, vol. 11, No. 7, pp. 169-183; March 26, 1914. 


—— Les Idées directrices de la Logique génétique des Mathématiques. 
Read April 28, 1911, and (Chicago) March 22, 1913. Revue de Méta- 
physique et de Morale, vol. 22, No. 2, pp. 174-196; March, 1914. 


Suanrz, F. R., and Monaas, F. M. Quartic Surfaces Invariant under 
Periodic Transformations, Read Sept. 10, 1912, and Dec. 31, 1912. 
Annals of Mathematics, vol. 15, No. 2, pp. 84-92; Dec., 1913. 


Suaw, J. B. On Differential Invariants. Read (Chicago) Dec. 29, 1911. 
American Journal of Mathematics, vol. 35, No. 4, pp. 395-408; Oct., 
1913. 


SHEFFER, H. M. A Set of Five Independent Postulates for Boolean Alge- 

. bras, with Application to Logical Constants. Read Dec. 31, 1912. 

Transactions of the American Mathematical Society, vol. 14, No. 4, pp. 
481-488; Oct., 1913. 


£LOBIN, H. L. See Bauer, G. N. 


SuLLIvan, C. T. Properties of Surfaces whose Asymptotic Curves Belong 
to Linear Complexes. Read April 26, 1913. Transactions of the 
American Mathematical Society, vol. 15, No. 2, pp. 167-196; April, 1914. 


Taser, H. On the Scalar Functions of pers Numbers. Second. 
Paper. Read Oct. 29, 1904. Proceedings of the American Academy 
of Arts and Sciences, vol. 48, No. 17, pp. 627-667; March, 1913. 


Tracey, J. I. Covariant Curves of the Plane Rational Quintie. Read 
Dec. 31, 1913. American Journal of Mathematics, vol. 36, No. 1, pp. 
31-46; Jan., 1914. 


VANDIVER, H. B. Note on Fermat's Last Theorem. Read Feb. 28, 1914. 
Transactions E the American Mathematical Sociely, vol. 15, No. 2, pp. 
202-204; April, 1914. 

WEBSTER, A. G. The Wave Potential of a Circular Line of Sources. Read 


Sept. 13, 1911. Proceedings of the American Academy of Aris ande 
Sciences, vol. 47, No. 10, pp. 315-318; Dec., 1911. 


WEDDERBURN, J. H. M. A Type of Primitive Algebra. Read Dec. 31, 
1913. Transactions of the American Mathematical Society, vol. 15, 
No. 2, pp. 162-166; April, 1914. 
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gaeren, J. On the Factorization of Rational Primes in Cubie Cyclo- 
tomic Number Fields. Read Jan. 1, 1913. Jahresbericht der 
Deutschen Mathematiker-Vereinigung, vol. 22, Nos. 5-6, pp. 135-140; 
June, 1913. 

Wırczynskı, E. J. Some General Aspects of Modern Geometry. Read 
Dec. 31, 1912. Bulletin of the American Mathematical Society, vol. 19, 
No. 7, pp. 331-342; April, 1913. 

— Ricerche geometriche intorno al Problema dei tre Corpi. Read 
(Chicago) Dec. 31, 1909, and (Chicago) Dec. 29, 1911. Annali di 
Matematica, vol. 21, pp. 1-31; Oct., 1918. 

——- On a Certain Class of Self-Projective Surfaces. Read Sept. 11, 
1912. Transactions of the American Mathematical Society, vol. 14, No, 
4, pp. 421-443; Oct., 1913. 

Wee, F. B. See Briss, G. A. 

Wicrrams, K. P. The Linear Difference Equation of the First Order. 
Read (Chicago) Dec. 27, 1913. Annals of Mathematics, vol. 15, No. 3, 
pp. 129—135; March, 1914. 

Wong, R. M. Self-Projective Rational Curves of the Fourth and Fifth 
Orders. Read Jan. 2, 1913. American Journal of Mathematics, 
vol. 36, No. 1, pp. 58-78; Jan., 1914. : 
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